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1 Introduction

Quantum mechanics is one of the fundamental subjects in physics. It is a key com-
ponent for any undergraduate and graduate curricula, and it is required for students
to obtain a good degree of understanding in order to conduct meaningful research.
From a student’s immediate perspective, however, this goal may be difficult to achieve
without taking fundamental concepts and applying them in practice problems.

As part of our teaching experiences as professors, we have had students constantly
asking for more practice problems. The consensus is that having a variety of available
exercises illustrating key concepts more than one time in different scenarios can give
students that extra knowledge. This skill is strongly desired, especially in quantum
mechanics as being one of the pillars in physics. On the other hand, from a practi-
cal point of view of teaching the course and having to give multiple exams during the
semester, it is useful if a diverse set of problems reflecting modern developments in
quantum mechanics is available.

There are many books on quantum mechanics available in the literature. In addition
to textbooks adapted by universities, professors develop custom-made notes empha-
sizing a particular topic or set of topics, and when it comes to practice problems, the
majority of books cover rather standard topics, such as 1D Schrödinger equations, per-
turbation theory, addition of angular momenta, the simple harmonic oscillator and
hydrogen atom Schrödinger equations, and scattering. However, new research areas
are emerging that rely on many concepts that are less represented in this list (which is
not meant to be exhaustive, of course).

Here are some examples. Recent discoveries of many new materials with topolog-
ically nontrivial nature have elevated the importance of symmetry and geometry in
quantum mechanics. There is a great need to better understand Berry phases and
related properties in free space and periodic environments. Manipulating functions of
operators and various transformations in this context also becomes important. Our
experience in the classroom, as students and professors now, shows that geometri-
cal phases are given rather peripheral attention and are not much studied beyond the
standard Aharonov–Bohm effect. But since topology with its underlined symmetry
and group theory is gaining prominence in various areas, we feel that a larger body of
introductory exercises is needed. After all, future researchers can benefit tremendously
if these concepts are taught in quantum mechanics classes with the opportunity for
extra practice.

Quantum information is forming into a separate scientific field, which uses Dirac
notation with theories relying heavily on the density operator. Describing a given

1
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2 Contemporary QuantumMechanics in Practice

system with a density matrix is in fact more general than the wave function formalism,
for which many problems already exist throughout the literature. However, the statisti-
cal nature of quantum particles, processes, and measurements is much better captured
using the density operator. This formalism is also necessary for the probabilistic nature
of entropy, pure and entangled states, and measurements for quantum information sci-
ence. Although the density operator with some of its basic properties is discussed in
standard textbooks, there is a shortage of practice problems at a more advanced level.

Perhaps the most challenging problems in quantum mechanics involve identical par-
ticles. It is not easy to understand how to apply symmetrization/antisymmetrization
procedures to composite systems that contain two, three, four, seventeen, or an infinite
number of fermions or bosons. Most books focus on the quantum mechanical states
of two identical fermions and bosons making a connection with addition of angu-
lar momenta. For this purpose, the Clebsch–Gordan coefficient table is conveniently
introduced. Our experience shows, however, that students cannot easily translate this
knowledge when they are dealing with three or four identical particles and their angu-
lar momenta have to be added. The problem of handling a large but finite number of
fermions becomes especially important in atoms for which the electron shell structures
are needed. Even though this is well known in chemistry, here we tried to reinforce that
the electron shells in atoms from the periodic table are a consequence of the nature
of identical particles. When dealing with quantum mechanical states that represent
essentially an infinite number of identical fermions or bosons (such as in macro-
scopic materials), second quantization becomes necessary, which is seldom discussed
in standard courses. Here we try to give problems showing how second quantization
is performed in relatively simple Hamiltonians by giving the reader opportunity for
extra practice and to make broader connections in the context of the statistical nature
of quantum mechanics. The problems of second quantization are also quite neces-
sary for students to see how current research can become textbook material. Much
of the research in the past several years has been graphene-driven, thus it would be
beneficial to see how its Hamiltonian quantization occurs. Starting with “simpler”
problems and delving into statistical quantum mechanical concepts, the problems we
work out in detail give an exemplary connection between textbook quantummechanics
and quantum field theory.

Understanding relativistic effects in quantum mechanics has become especially
important in light of many recently discovered new materials, in which the Dirac equa-
tion plays a prominent role. The most important example perhaps is graphene, whose
properties can be described and understood in terms of relativistic quantum mechan-
ics, where the speed of light is substituted by an effective velocity of massless particles.
Scattering of relativistic particles as well as topologically nontrivial edge states also
require knowledge of the Dirac equation and its variations. In addition to these new
developments, relativistic problems are always left at the end of quantum mechanics
courses and students are shortchanged. The problems in the last chapter of the book
give different variations of the Dirac equation, which gives an opportunity for practice
in the context of contemporary research situations.
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3 1 Introduction

These emerging fields of quantum research have created new challenges for teaching
and practice. Universities are currently creating programs and curricula to answer these
demands and train the future workforce with diverse background, so students are bet-
ter prepared for cutting-edge research and industry of tomorrow. The collection of
problems in this book emphasizes less-represented topics in the mainstream literature.
At the beginning of each chapter, a brief introduction of basic concepts is provided.
The reader will notice that this is not a textbook format; rather, it is a brief summary
of some important formulas and relations with concise explanations (a more in-depth
discussion can be found in textbooks). The problems in each chapter are of varying
difficulty and we tried to arrange them by starting with simpler examples. Some prob-
lems are created from scratch, while others are revised from the research literature in
order to make them suitable for practice and instruction.

We certainly hope that the reader will find this book useful. Technical details and
connections that a student or a beginning researcher were expected to make on their
own are now shown explicitly, which is quite beneficial in the interest of saving time
and building skills. We also hope readers will find the book enjoyable. Even though
we have tried very hard to make all notation uniform throughout, it is possible that
improvements are necessary. Some typos are also likely to occur (not many, we hope)
simply because of the nature of the content. We would appreciate it if readers com-
municate with us in case they find such unintentional errors. It would also be great if
readers send us variations of the current problems or new ones based on their research
to include in a new edition of this book in the future.
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2 Operators, Transformations, and Symmetry

In physics we often deal with functions of operators, and in this chapter, we give many
problems to practice this. The key concept to remember is that what stands behind

f (Â) (Â – an operator) is the Taylor series f (Â) =
∞
∑

n=0

f (n)(0)
n! Ân with f (n)(0) being the

nth derivative of the function f evaluated at 0. Actually, such a meaning is embedded
in the translation and rotation operators given in what follows. Here we have given a
collection of problems by including concepts related to magnetic translations, coherent
and squeezed states, for example. Understanding symmetry also relies on functions of
operators, as evident from the many problems on rotations, parity, and time-reversal
operations. Several problems are also given to apply the Bloch theorem in the context
of symmetry, which is especially relevant in condensed matter physics.

For the benefit of the reader, we give some basic concepts and definitions, which
are critical for being successful in solving the problems in this chapter. Some useful
formulas that appear often and can shorten the work process are also given here.

Translation Operator: T̂ (a) = e−
i
h̄ p̂·a

The basic property of the translation operator is to shift the argument of the
Schrödinger wave function by a→ T̂ (a)ψ(x) = ψ(x+a).

Rotation Operator: R̂n̂(ϕ) = e−iĴ ·n̂ϕ/h̄

The basic property of the rotation operator is to rotate a quantum mechanical state
about a given axis n̂ by an angle ϕ such that ψ(x)→ ψ(xR) = ψ(R̂+

n̂ (ϕ)xR̂n̂(ϕ)).

Parity Operator: π̂+r̂π̂= −r̂
The basic property of the parity operator is to perform a reflection of the displace-

ment operator.

Time-Reversal Operator: θ̂ = ÛK̂

The time-reversal operator is an antiunitary operator, as it is a product of a uni-
tary operator Û and a complex conjugation operation K̂. Its property is to reverse the
particle trajectory direction θ̂p̂θ̂−1 = −p̂.
Transforming a Quantum Mechanical State under Operation D̂: ψD(r) = D̂ψ(r)

Transforming an Operator Â under Hermitian Operation D̂: ÂD = D̂+ÂD̂

Transforming an Operator Â under Anti-Hermitian Operation M̂: ÂM = M̂ÂM̂−1

Operator Â Invariant under D̂ Operation: Â = D̂+ÂD̂→ [Â, D̂] = 0

Operator Â Invariant under M̂ Operation: Â = M̂ÂM̂−1→ [Â,M̂] = 0

4
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5 2 Operators, Transformations, and Symmetry

Useful Formulas:

eÂ+B̂ = eÂeB̂e−
1
2 [Â,B̂], where [Â, [Â, B̂]] = [B̂, [Â, B̂]] = 0

[eλÂ, B̂] = λĈeλB̂, where [Â, B̂] = Ĉ and [Â,Ĉ] = [B̂,Ĉ] = 0
eB̂e Â = e ÂeB̂e−[Â,B̂], where [Â, [Â, B̂]] = [B̂, [Â, B̂]] = 0
e ÂB̂e−Â = B̂+[Â, B̂]+ 1

2! [Â, [Â, B̂]]+
1
3! [Â, [Â, [Â, B̂]]]+ . . .

Problem 2.1
The Galilean transformation xv = x − vt (and tv = t) gives the space-time relation
between two inertial frames, as known from classical physics. Here x,xv are vectors
in space for the two reference frames, v is the constant relative velocity between the
two frames, and t denotes time.

Compare the Schrödinger equation for the quantum mechanical wave functions
ψ(x, t) and ψ(xv, tv). Construct a unitary transformation that transforms ψ(r, t) into
ψ(xv, tv), such that the Schrödinger equation is invariant.

The problem is essentially asking us towrite the Schrödinger equation in both reference
frames corresponding to x,xv spatial variables and compare them to find the relation
for the invariance of the Schrödinger equation. It has been considered explicitly in
Brandsen and Joachain (2000).

We begin with the Schrödinger equation in the (r, t) reference frame,

ih̄
∂ψ(x, t)

∂ t
=

(
− h̄2∇2

x

2m
+V (x, t)

)
ψ(x, t).

By writing x = xv + vtv and t = tv, we express ψ(x, t) = ψ(xv+ vtv, tv). From the chain

rule
∂ψ(xν(y′µ))

∂y′µ
= ∂xν

∂y′µ
∂ψ(xν)

∂xν

∣∣∣
xν→xν(y′µ)

, it is then straightforward to see that

∂ψ(x, t)
∂ t

=
∂ψ(xv+ vtv, tv)

∂ t
=

∂xv

∂ t
∂ψ(xv+ vtv, tv)

∂xv
+

∂ tv
∂ t

∂ψ(xv+ vtv, tv)
∂ tv

=
∂ (x− vt)

∂ t
∂ψ(xv+ vtv, tv)

∂xv
+

∂ t
∂ t

∂ψ(xv+ vtv, tv)
∂ tv

= −v · ∂ψ(xv+ vtv, tv)
∂xv

+
∂ψ(xv+ vtv, tv)

∂ tv

=
∂ψ(xv+ vtv, tv)

∂ tv
− v · ∇ xvψ(xv+ vtv, tv),

∇xψ(x, t) =
∂ψ(xv+ vtv, tv)

∂x
=

∂xv

∂x
∂ψ(xv+ vtv, tv)

∂xv
+

∂ tv
∂x

∂ψ(xv+ vtv, tv)
∂ tv

=
∂ (x− vt)

∂x
∂ψ(x, t)

∂xv
+

∂ t
∂x

∂ψ(x, t)
∂ t

=
∂ψ(x, t)

∂xv
+0 = ∇xvψ(xv+ vtv, tv),

∇ 2
xψ(x, t) = ∇x · ∇xψ(x, t) = ∇xv · ∇ xvψ(xv+ vtv, tv) = ∇2

xvψ(xv+ vtv, tv).

Substituting everything in the Schrödinger equation allows its expression in the (xv, tv)
coordinate system:
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6 Contemporary QuantumMechanics in Practice

ih̄
∂ψ(xv+ vtv, tv)

∂ tv
− ih̄ v · ∇ xvψ(xv+ vtv, tv)

= − h̄2

2m
∇2

xvψ(xv+ vtv, tv)+V (xv+ vtv, tv)ψ(xv+ vtv, tv) ,

ih̄
∂ψ(xv+ vtv, tv)

∂ tv
=

(
−

h̄2∇2
xv

2m
+V (xv+ vtv, tv)

)
ψ(xv+vtv, tv)+ih̄ v · ∇ xvψ(xv+vtv, tv).

Clearly, due to the appearance of the term ih̄v ·∇xvψ(xv+ vtv, tv), the Schrödinger equa-
tion is not satisfied if the wavefunction is not transformed. In quantum mechanics,
a symmetry transformation (like the Galilean transformation G) is represented by a
unitary operator Ûv; then, operators are transformed as

ÂG(x, t) = Â(Gx,Gt) = ÛvÂ(xv, tv)Û+
v ,

while the wavefunctions are transformed as

ψG(x, t) = ψ(Gx,Gt) = ψ(xv+ vtv, tv) = Ûvψ(xv, tv).

For the unitary transformation of the Galilean transformation, we define

ψv(x, t) = ψ(xv+ vtv, tv) = e
i
h̄

(
mv·xv+

mv2
2 tv

)
ψ(xv, tv) = Ûvψ(xv, tv).

One also easily finds

∂
∂ tv

Ûv =
∂

∂ tv
e

i
h̄

(
mv·xv+

mv2
2 tv

)
=

i
h̄

mv2

2
e

i
h̄

(
mv·xv+

mv2
2 tv

)
=

i
h̄

mv2

2
Ûv,

∇xvÛv = ∇xve
i
h̄

(
mv·xv+

mv2
2 tv

)
=

i
h̄

mv e
i
h̄

(
mv·xv+

mv2
2 tv

)
=

i
h̄

mv Ûv.

Then the Schrödinger equation in the new Galilean transformed system becomes

∂ψv(x, t)
∂ t

=
∂ψ(xv+vtv, tv)

∂ tv
−v · ∇xvψ(xv+ vtv, tv) =

∂Ûvψ(xv, tv)
∂ tv

−v · ∇ xvÛvψ(xv, tv)

= Ûv
∂ψ(xv, tv)

∂ tv
+

∂Ûv

∂ tv
ψ(xv, tv)− v ·

(
∇xvÛv

)
ψ(xv, tv)−Ûvv · ∇xvψ(xv, tv)

= Ûv
∂ψ(xv, tv)

∂ tv
+

i
h̄

mv2

2
Ûvψ(xv, tv)−v ·

(
i
h̄

mvÛv

)
ψ(xv, tv)−Ûvv · ∇xvψ(xv, tv)

= Ûv

(
∂ψ(xv, tv)

∂ tv
−v · ∇xvψ(xv, tv)−

i
h̄

mv2

2
ψ(xv, tv)

)
,

∇xψv(x, t) = ∇xvψ(xv+ vtv, tv) = ∇xvÛvψ(xv, tv) =
(
∇xvÛv

)
ψ(xv, tv)+Ûv∇xvψ(xv, tv)

=

(
i
h̄

mvÛv

)
ψ(xv, tv)+Ûv∇xvψ(xv, tv) = Ûv

(
i
h̄

mvψ(xv, tv)+∇xvψ(xv, tv)
)
,

∇2
xψv(x, t) =

i
h̄

mv · ∇xv

[
Ûvψ(xv, tv)

]
+∇xv ·

[
Ûv∇xvψ(xv, tv)

]
=

i
h̄

mv ·
[
∇xvÛv

]
ψ(xv, tv)+

i
h̄

mÛvv · ∇xvψ(xv, tv)+
[
∇xvÛv

]
· ∇xvψ(xv, tv)
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7 2 Operators, Transformations, and Symmetry

+ Ûv [∇xv · ∇xvψ(xv, tv)]

= Ûv

(
−1
h̄2 m2v2ψ(xv, tv)+2

i
h̄

m v · ∇xvψ(xv, tv)+∇2
xvψ(xv, tv)

)
.

The potential is transformed as an operator,

Vv(r, t) =V (xv+ vtv, tv) = ÛvV (xv, tv)Û+
v .

Substituting everything in the Schrödinger equation again allows its expression in the
(xv, tv) coordinate system:

ih̄
∂ψv(x, t)

∂ t
=

(
− h̄2∇2

x

2m
+Vv(x, t)

)
ψv(x, t),

ih̄Ûv

(
∂ψ(xv, tv)

∂ tv
− v.∇xvψ(xv, tv)−

i
h̄

mv2

2
ψ(xv, tv)

)
= − h̄2

2m
Ûv

(
−1
h̄2 m2v2ψ(xv, tv)+2

i
h̄

mv · ∇xvψ(xv, tv)+∇2
xvψ(xv, tv)

)
+ ÛvV (xv, tv)Û+

v Ûvψ(xv, tv).

ih̄
∂ψ(xv, tv)

∂ tv
− ih̄v · ∇ xvψ(xv, tv)+

mv2

2
ψ(xv, tv)

=
mv2

2
ψ(xv, tv)− ih̄ v · ∇xvψ(xv, tv)−

h̄2

2m
∇2

xvψ(xv, tv)+V (xv, tv)ψ(xv, tv) .

ih̄
∂ψ(xv, tv)

∂ tv
=

(
−

h̄2∇2
xv

2m
+V (xv, tv)

)
ψ(xv, tv),

which is precisely the Schrödinger equation in the (xv, tv) reference frame.

Food for thought: This problem is actually quite important in showing that,
for an isolated system of particles, the Schrödinger equation is invariant. In
the case of a two-particle system, one can write the Galilean transformation
Rv = R− vt, where the center of mass Rv is related to some initial coordinate
R and v = dx

dt is the velocity for the relative coordinate x. The unitary transfor-
mation ensuring that the Schrödinger equation is invariant in both reference

frames is ψ(Rv+ vt, t) = e
i
h̄

(
mv·Rv+

mv2
2 t
)
ψ(R, t), where M = m1 +m2 is the mass

for the mass center of the two particles.

Problem 2.2
Consider a particle of mass m constrained to move in a periodic potential
U(x+a) =U(x)with period a on a line with length L→∞, such that the wave function
ψ(x) has periodic boundary conditions at the end points of the line. The translation

operator for this periodic environment is then given as T̂ (a) = ei ap̂
h̄ , where p̂ is the

momentum operator. What are the eigenstates and eigenvalues of T̂ (a)?
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8 Contemporary QuantumMechanics in Practice

This problem is a variation of the Bloch theorem, whose importance for condensed
matter physics can never be understated.

The periodicity of the wave function at L = Na (N→∞) shows that ψ(x+L) = ψ(x).
Thus, the wave function can be written as ψ(x) = uk(x)eikx, where uk(x+a) = uk(x) are
the periodic Bloch functions. Also, using ψ(x+L) = ψ(x), we see that

ψ(x+L) = uk(x+Na)eik(x+Na) = uk(x)eikx = ψ(x),

thus eikNa = 1, k = 2nπ
Na , with n ∈ Z. Let us then consider,

T̂ (a)ψ(x) = ψ(x+a) = uk(x+a)eik(x+a) = uk(x)eikxeika,

T̂ (a)ψ(x) = ψ(x+a) = λψ(x) = λuk(x)eikx.

Comparing the preceding relations, we see that ψ(x) is an eigenstate of T̂ (a) with an
eigenvalue λ= eika, where k = 2nπ

Na , with n ∈ Z.

Problem 2.3
An electron with charge (−q) and mass m moves in a periodic crystal potential with an
applied constant external magnetic fieldB. The periodicity is such that, for an arbitrary
real space vector r= ρ+R, where ρ changes inside the unit cell of the crystal, we have
thatV (r) =V (ρ+R) =V (ρ). Show that the Hamiltonian of the electron in the periodic
environment can be written as

Ĥ(ρ̂, R̂) = Ĥ0(ρ̂)+

(
p̂R−qA(R̂)

)2

2m
+

(
p̂ρ−qA(ρ̂)

)
·
(
p̂R−qA(R̂)

)
m

Ĥ0(ρ̂) =

(
p̂ρ−qA(ρ̂)

)2

2m
+V (ρ̂)− qh̄

2m
(σ̂ ·B),

where σ= (σ1,σ2,σ3) are the Pauli matrices.

We begin with the Hamiltonian in real space:

Ĥ (̂r) =
( p̂r−qA(̂r))

2m
+V (̂r)− qh̄

2m
(σ̂ ·B).

It is straightforward to show that A(̂r) = A(ρ̂)+A(R̂) and p̂r = p̂ρ+ p̂R, as we have
done here:

p̂rψ(r, t) = −ih̄∇rψ(ρ+R, t)

= −ih̄∇ρψ(ρ+R, t)− ih̄∇Rψ(ρ+R, t) =
(
p̂ρ+ p̂R

)
ψ(ρ+R, t),

A(̂r) =
1
2
(B× r̂) =

1
2

(
B×

[
ρ̂+ R̂

])
=

1
2
(B× ρ̂)+ 1

2

(
B× R̂

)
= A(ρ̂)+A(R̂).

Therefore, we have

Ĥ (̂r) = Ĥ
(
ρ̂, R̂

)
=

(
p̂ρ+ p̂R −qA(ρ̂)−qA(R̂)

)2

2m
+V (ρ̂+ R̂)− qh̄

2m
(σ̂ ·B)
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=

(
p̂ρ −qA(ρ̂)

)2

2m
+

(
p̂R −qA(R̂)

)2

2m
+2

(
p̂ρ −qA(ρ̂)

)
·
(
p̂R −qA(R̂)

)
2m

+ V (ρ̂)− qh̄
2m

(σ̂ ·B) = Ĥ0(ρ̂)+

(
p̂R −qA(R̂)

)2

2m
+

(
p̂ρ −qA(ρ̂)

)
·
(
p̂R −qA(R̂)

)
m

.

Food for thought: The equation ih̄∂tψ(r, t) = Ĥ (̂r)ψ(r, t) with

Ĥ (̂r) =
( p̂r−qA(̂r))2

2m + V (̂r) − qh̄
2m (σ̂ · B) for a two-component spinor ψ(r, t)

is called the Pauli equation in quantum mechanics and corresponds to the
motion of an electron in the presence of an external electromagnetic field
(Nowakowski, 1999).

Problem 2.4
The Hamiltonian for a given particle Ĥ0 = K(p̂)+U (̂r) has a periodic potential with

period a, such thatU (̂r+a) =U (̂r), and K(p̂) = p̂2

2m is the kinetic energy with p̂ being the

momentum operator. In this case, we know that the translation operator T̂0(a) = e
ia·p̂

h̄

commutes with Ĥ0, as evident from Bloch’s theorem.
Suppose an external magnetic field B = (0,0,B) along the z-direction is applied to

this system. The Hamiltonian then becomes

Ĥ =
( p̂− eA(̂r))2

2m
+U (̂r),

where A(̂r) = 1
2 (−By,Bx,0) is the vector potential and e is the charge of the particle.

What is the translation operator that commutes with Ĥ in this case?

This problem alerts us that the translation operator in a periodic potential when an

external magnetic field is applied is different from the familiar T̂0(a) = e
ia.p̂

h̄ operator.

We immediately see that
[
T̂0(a), Ĥ

]
̸= 0 simply because

[
T̂0(a),A(̂r)

]
̸= 0. Thus, T̂0(a)

must be modified so that
[
T̂ (a), Ĥ

]
= 0.

We note that when B is introduced, then the momentum is rescaled by the vec-
tor potential as given in the Hamiltonian Ĥ. Let’s assume that something similar
happens in the translation operator and construct T̂ (a) = e

i
h̄ (p̂+eA(r̂))·a. Now let’s

consider[
T̂ (a),(K ( p̂− eA(̂r))+U (̂r))

]
=
[
T̂ (a),K ( p̂− eA(̂r))

]
+
[
T̂ (a),U (̂r)

]
.

However, since
[
( p̂− eA(̂r))i ,( p̂+ eA(̂r)) j

]
= ih̄e

(
∂A j
∂xi
− ∂Ai

∂x j

)
, where i, j = x,y,z, we

realize that for the A(̂r) = 1
2 (−By,Bx,0) gauge, one has

[
( p̂− eA(̂r))i ,( p̂+ eA(̂r)) j

]
= 0

for all i, j. This means that [
T̂ (a),K ( p̂− eA(̂r))

]
= 0.
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On the other hand, by using e
i
h̄ ( p̂+eA(̂r))·a = e

i
h̄ p̂·ae

ie
h̄ A(̂r)·a,[

T̂ (a),U (̂r)
]
= e

i
h̄ ( p̂+eA(̂r))·aU (̂r)−U (̂r)e

i
h̄ ( p̂+eA(̂r))·a

=U (̂r+a)e
i
h̄ (p̂+eA(̂r))·a−U (̂r)e

i
h̄ ( p̂+eA(̂r))·a

=U (̂r)e
i
h̄ ( p̂+eA(̂r))·a−U (̂r)e

i
h̄ ( p̂+eA(̂r))·a = 0.

Food for thought: The so-constructed translation operator T̂ (a) = e
i
h̄ ( p̂+eA(̂r))·a

is called a magnetic translation operator. The concept of a magnetic translation
operator was considered by Brown (1964) and Zak (1964), which turns out to
be quite useful, especially in the construction of Wannier function basis sets for
periodic environments in the presence of magnetic fields.

Problem 2.5
Under the application of a magnetic field B= (0,0,B) along the z-direction, the Hamil-

tonian is Ĥ =
( p̂−eA(̂r))2

2m +U (̂r), where the potential is a periodic function such that
U(x+a) =U(x). For the gauge A(r) = 1

2 (B× r) = 1
2 (−By,Bx,0), show that the product

of two magnetic translation operators satisfies

T̂ (a1)T̂ (a2) = T̂ (a2)T̂ (a1)e
ie
h̄ B·(a1×a2) = T̂ (a1 +a2)eiβ·(a1×a2)/2,

where T̂ (a) = e
i
h̄ ( p̂+eA(̂r))·a and β= eB/h̄.

This problem builds on our understanding of magnetic translation operators (intro-
duced in the previous problem) by considering the successive application of two such
translations with different substitute with vectors a1,2.

Let’s first see that

T̂ (a1)ψ(x) = e
i
h̄ ( p̂+eA(̂r))·a1ψ(x) = e

ie
h̄ A(̂r)·a1ψ(x+a1) = e

ie
2h̄ (B×r̂)·a1 T̂0(a1)ψ(x),

where we make the definition of T̂0(a) = e
i
h̄ p̂·a. From the preceding result,

T̂ (a1) = e
ie
2h̄ (B×r̂)·a1 T̂0(a1) = e

−i
2 (β×a1)·r̂T̂0 (a1), thus we have

T̂ (a1) T̂ (a2) = e
−i
2 [β×(a1+a2)]·̂rT̂0 (a1 +a2)e

i
2 (a1×a2)·β

= T̂0 (a1 +a2)e
−i
2 [β×(a1+a2)]·r̂e

i
2 (a1×a2)·β

= T̂0 (a1 +a2)ei e
h̄ A(̂r)·(a1+a2)e

i
2 (a1×a2)·β = T̂ (a1 +a2)e

i
2 (a1×a2)·β,

T̂ (a1)T̂ (a2) = T̂ (a1 +a2)e
i
2 (a1×a2)·β.

In the preceding, we have utilized cross-dot properties in the vector potential
e
h̄A(̂r) =

1
2 [β× r̂], such that

−i
2
[β× (a1 +a2)] · r̂ =

i
2
[β× r̂] · (a1 +a2) = i

e
h̄
A(̂r) · (a1 +a2) .
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11 2 Operators, Transformations, and Symmetry

By exchanging a1 and a2,

T̂ (a2) T̂ (a1) = T̂ (a2 +a1)e
i
2 (a2×a1)·β = T̂ (a1 +a2)e−

i
2 (a1×a2)·β.

Therefore, we have

T̂ (a1 +a2) = T̂ (a2) T̂ (a1)e
i
2 (a1×a2)·β.

By relating the two underlined equations,

T̂ (a1)T̂ (a2) = T̂ (a1 +a2)e
i
2 (a1×a2)·β

= T̂ (a2)T̂ (a1)e
i
2 (a1×a2)·βe

i
2 (a1×a2)·β

= T̂ (a2)T̂ (a1)ei(a1×a2)·β.

Therefore, one finds

T̂ (a1)T̂ (a2) = T̂ (a1 +a2)eiβ·(a1×a2).

Problem 2.6
Under the application of a magnetic field B = (0,0,B) along the z-direction, the

Hamiltonian is Ĥ =
(p̂−eA(̂r))2

2m +U (̂r), where the potential is a periodic function such
that U(x+ a) = U(x). For the gauge A = 1

2 (B × r) = 1
2 (−By,Bx,0), show that when

R1+R2+R3 = 0, then T̂ (R1)T̂ (R2)T̂ (R3)=e2πi ϕϕ0 , where ϕ0=
πh̄
e and ϕ=B · (R2×R3).

This problemof three successive translations is closely relatedwith the previous one, for
which two successive translations were considered in the presence of a magnetic field.

Let’s use the results from the previous problem for two successive magnetic transla-
tions:

T̂ (a1)T̂ (a2) = T̂ (a1 +a2)e
i
2 (a1×a2)·β = T̂ (a2)T̂ (a1)ei(a1×a2)·β.

Let’s try now performing three such successive translations:

T̂ (R1)T̂ (R2)T̂ (R3) = T̂ (R1)T̂ (R2 +R3)e
i
2β·(R2×R3)

= T̂ (R1 +R2 +R3)e
i
2β·[R1×(R2+R3)]e

i
2β·(R2×R3).

Let us further use that R2 +R3 = −R1 and β= eB/h̄:

T̂ (R1)T̂ (R2)T̂ (R3) = T̂ (R1−R1)e
i
2β·[R1×(−R1)]e

1
2β·(R2×R3)

= T̂ (0)e−
i
2β·[R1×R1]e

i
2β·(R2×R3) = e

i
2β·(R2×R3).

Then, using the definitions ϕ0 =
πh̄
e and ϕ= B · (R2×R3):

T̂ (R1)T̂ (R2)T̂ (R3) = e
ie

2 h̄ B·(R2×R3) = e2πi ϕϕ0 .

Problem 2.7
Consider a 2D lattice whose periodic potential satisfies U (x+N1a1 +N2a2) = U(x),
where N1,2 are integers and a1,2 are the unit cell primitive vectors. When an external
magnetic field is applied, this natural periodicity is not fulfilled any more.
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Show that for B = (0,0,B), the magnetic translation operators each associated with
a1 and a2 will commute with each other only when the flux Φ = B · (a1 × a2) satisfies
the conditions eΦ

h = m
N1N2

, where m is an integer.

From the previous problems on magnetic translation operations, we realize that this
is just another variation of Problem 2.5 for the product of two translations, but now
things are considered in the context of periodicity.

Given the periodic potential, we infer that the wave function also contains the same
type of periodicity (as implied by Bloch’s theorem). Thus, we must have

T̂ (N1a1) T̂ (N2a2)ψ(x) = ψ(x+N1a1 +N2a2) = ψ(x).

Using the previously obtained result in Problem 2.4 that
T̂ (a1)T̂ (a2) = T̂ (a1 +a2)eiβ·(a1×a2), we get

T̂ (N1a1) T̂ (N2a2)ψ(x) = T̂ (N2a2) T̂ (N1a1)e
ie
h̄ B·(N1a1×N2a2)ψ(x)

= e
ieN1N2

h̄ B·(a1×a2)T̂ (N2a2) T̂ (N1a1)ψ(x)

= e
ieN1N2

h̄ B·(a1×a2)ψ(x+N1a1 +N2a2)

= e
ieN1N2

h̄ B·(a1×a2)ψ(x).

Comparing the last two relations, we find e
ieN1N2

h̄ B·(a1×a2) = 1→ e
ieN1N2

h̄ B·(a1×a2) = ei2πm,
where m is an integer. Thus,

ieN1N2

h̄
B · (a1×a2) =

ieN1N2

h̄
Φ = i2πm,

where Φ = B · (a1×a2). After some simplifications, we arrive at
e

2πh̄
Φ =

e
h

Φ =
m

N1N2
.

Problem 2.8
Consider now the Landau gauge with A = −Byûx. What is the magnetic translation
vector in this case? Can you derive a property for T̂ (a1) T̂ (a2) similar to the one found
in Problem 2.5?

This problem gives us an opportunity to practice the derivation of two successive mag-
netic translations (similar to Problem 2.5), but for a different gauge for the vector
potential.

Let’s begin with the definition T̂ (a) = e
i
h̄ ( p̂+eA(̂r))·a = e

i
h̄ p̂·ae

i
h̄ eA(̂r)·a = T̂0(a)e

i
h̄ eA(̂r)·a =

e
i
h̄ eA(̂r)·aT̂0(a), in which A(x) ·a = −Byûx ·a = −Byax. Therefore,

T̂ (a) = e−
i
h̄ eByax T̂0(a) = T̂0(a)e−

i
h̄ eByax .

The product of two magnetic translations becomes

T̂ (a1)T̂ (a2) = e−
i
h̄ eBya1,x T̂0(a1)e−

i
h̄ eBya2,x T̂0(a2).
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Exchanging T̂0(a1)e−
i
h̄ eBya2,x = e−

i
h̄ eBa2,x(y+a1,y)T̂0(a1), we arrive at

T̂ (a1)T̂ (a2) = e−
i
h̄ eBya1,x e−

i
h̄ eBa2,x(y+a1,y)T̂0(a1)T̂0(a2)

= e−
i
h̄ eBya1,x e−

i
h eBya2,x e−

i
h̄ eB(a1,ya2,x)T̂0(a1 +a2)

= e−
i
h̄ eBy(a1,x+a2,x)T̂0(a1 +a2)e−

i
h̄ eB(a1,ya2,x) = T̂ (a1 +a2)e−

i
h̄ eB(a1,ya2,x).

Exchanging a1 and a2 in the preceding,

T̂ (a2)T̂ (a1) = T̂ (a2 +a1)e−
i
h̄ eB(a2,y a1,x),

T̂ (a1 +a2) = T̂ (a2)T̂ (a1)e
i
h̄ eB(a2,y a1,x).

Thus, we obtain

T̂ (a1)T̂ (a2) = T̂ (a1 +a2)e−
i
h̄ eB(a1,ya2,x) = T̂ (a2)T̂ (a1)e

i
h̄ eB(a2,ya1,x)e−

i
h̄ eB(a1,ya2,x)

= T̂ (a2)T̂ (a1)e
i
h̄ eB(a1,xa2,y−a1,ya2,x) = T̂ (a2)T̂ (a1)ei e

h̄ B·(a1×a2)

= T̂ (a2)T̂ (a1)eiβ·(a1×a2),

where we have used β= eB
h̄ . This is exactly the same result as found in Problem 2.5.

Problem 2.9
Consider the following transformation, D̂(α) = eαâ+−α∗â, where â, â+ are the annihi-
lation and creation operators for the simple harmonic oscillator and α = |α|eiψ is a
complex number. Show that

D̂(α) = e−
1
2 |α|2eαâ+

e−α
∗â,

D̂+(α)âD̂(α) = â+α,

D̂+(α)â+D̂(α) = â++α∗,

D̂(α+β) = D̂(α)D̂(β)e−iIm(αβ∗).

Because of the second and third relations, D̂(α) is called a displacement operator. This
displacement operator is often applied to the coherent state of the simple harmonic
oscillator, as we will see in the problems that follow.

For the first relation, let’s do the following:

D̂(α) = eαâ+−α∗â = eαâ+
e−α

∗âe−
1
2 [αâ+,−α∗â] = e−

1
2 |α|2eαâ+

e−α
∗â,

where we have used that [â, â+] = 1 and the relations in the useful formulas.
For the second relation, we use the following property: eÂB̂e−Â = B̂ + [Â, B̂] +

1
2!

[
Â, [Â, B̂]

]
+ 1

3!

[
Â,
[
Â,
[
Â, B̂

]]]
+ . . ..We further note that D̂+(α)= D̂(−α)= [D̂(α)]−1.

Therefore,

D̂+(α)âD̂(α) = â+
[(
−αâ++α∗â

)
, â
]
+

1
2!
[(
−αâ++α∗â

)
,
[(
−αâ++α∗â

)
, â
]]
+ . . .

= â+α+0+ . . . ,

where we have used again that [â, â+] = 1.
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The third relation can be proven similarly as the second one.
The fourth relation can be shown by using

D̂(α+β) = eαâ+−α∗â+βâ+−β∗â = eαâ+−α∗âeβâ+−β∗âe−
1
2 [(αâ+−α∗â),(βâ+−β∗â)]

= D̂(α)D̂(β)e−
1
2 (αβ

∗−α∗β) = D̂(α)D̂(β)e−i Im(αβ∗).

Problem 2.10
A coherent state for the simple harmonic oscillator is defined as |α⟩ = D̂(α)|0⟩, where
D̂(α) = eαâ+−α∗â is the displacement operator for the harmonic oscillator, |0⟩ is its
vacuum state, and â, â+ are the annihilation and creation operators. Show that the
coherent state can be written alternatively as |α⟩ = e−

1
2 |α|2 ∑

n

αn
√

n!
|n⟩. Demonstrate that

â|α⟩= α|α⟩.

We start with

|α⟩= D̂(α)|0⟩= eαâ+−α∗â|0⟩= e−
1
2 |α|2eαâ+

e−α
∗â|0⟩= e−

1
2 |α|2eαâ+ |0⟩,

since e−α
∗â|0⟩=

(
1−α∗â+ 1

2α
2,∗â2 + . . .

)
|0⟩= |0⟩.

Also, eαâ+ |0⟩= ∑
n

αn
n! (â

+)
n |0⟩= ∑

n

αn

n!

√
n!|n⟩= ∑

n

αn
√

n!
|n⟩. Therefore, |α⟩=e−

1
2 |α|2 ∑

n

αn
√

n!
|n⟩.

For the second quantity, realizing that D̂(α)D̂+(α) = 1, we can obtain

D̂(α)D̂+(α)â|α⟩= D̂(α)D̂+(α)âD̂(α)|0⟩= D̂(α)(â+α)|0⟩= αD̂(α)|0⟩= α|α⟩.

Food for thought: This is a problem found in many textbooks, and here we are
re-visiting it again in the context of the displacement operator.

Problem 2.11
Show that ⟨(∆x̂)2⟩α = ⟨x̂2⟩α − ⟨x̂ ⟩2α = h̄

2mω and ⟨(∆p̂)2⟩α = ⟨ p̂2⟩α − ⟨ p̂⟩2α = h̄mω
2 , where

the expectation values associated with the displacement and momentum operators of
the simple harmonic oscillator in 1D are evaluated with respect to the coherent state
|α⟩= D̂(α)|0⟩.

We remember that x̂ =
√

h̄
2mω (â+ â+)and p̂ = i

√
h̄mω

2 (â− â+). Therefore, using the
results from Problem 2.9, we find that

⟨α|(â+ â+)|α⟩= ⟨0|D̂+(α)(â+ â+)D̂(α)|0⟩= ⟨0|(â+ â++α+α∗)|0⟩= α+α∗,

⟨α|(â−â+)|α⟩=⟨0|D̂+(α)(â− â+)D̂(α)|0⟩= ⟨0|(â− â++α−α∗)|0⟩= α−α∗,
⟨α|(â+ â+)(â+ â+)|α⟩= (α+α∗)2 +1,

⟨α|(â− â+)(â− â+)|α⟩= (α−α∗)2−1.
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By simple substitution we further find that

⟨(∆x̂)2⟩α =
h̄

2mω
; ⟨(∆p̂)2⟩α =

h̄mω
2

, and ⟨(∆x̂)2⟩α⟨(∆p̂)2⟩α =
h̄2

4
.

Therefore, the coherent state satisfies the minimum uncertainty relation.

Problem 2.12
Show that the expectation value for the displacement operator of a simple har-
monic oscillator in 1D with respect to its time-dependent coherent state |α(t)⟩ is

⟨x̂ ⟩α(t) =
√

2x0|α|cos(ωt −ϕ). Here x0 =
√

h̄
mω and we have used that α= |α|eiφ.

To solve this problem, we realize that we need to evaluate the expectation value of the
displacement operator x̂ of the harmonic oscillator with respect to the time-dependent
wave function ϕα(x, t) corresponding to the coherent state α.

We begin with the representation for the coherent state at time t=0 from Problem
2.10: - |α⟩=e−

1
2 |α|2 ∑

n

αn
√

n!
|n⟩. Thus, the wave function at t=0 corresponding to this

state is

ϕα(x) = ⟨x|α⟩= e−
1
2 |α|2 ∑

n

αn√
n!
⟨x|n⟩= e−

1
2 |α|2 ∑

n

αn
√

n!
ψn(x),

where the eigenfunctions of the simple harmonic oscillator are

ψn(x) = 1√
2nn!
√
πx0

Hn(ξ)e−
ξ2
2 , ξ = x

x0
, x0 =

√
h̄

mω . Since the Hamiltonian for the har-

monic oscillator does not depend explicitly on time, the time dependence of ψn(x) can
be expressed as

ψn(x, t) = e−
iĤt
h̄ ψn(x,0) = e−iω( 1

2+n)tψn(x),

where we have used that ψn(x, t) = Û(t)ψn(x,0) with the evolution operator

Û(t) = e−
iĤt
h̄ .

Therefore, the time-dependent coherent state is simply ϕα(x, t) = e−
1
2 |α|2 ∑

n

αn
√

n!
ψn(x, t)

= e−
1
2 |α|2 e−

iωt
2 ∑

n

αne−inωt
√

n!
ψn(x). Making the substitution α(t) = αe−iωt , we write

ϕα(x, t) = e−
1
2 |α|2e−

iωt
2 ∑

n

αn(t)√
n!

ψn(x) = ϕα(t)(x)e
− iωt

2 .

To find ⟨x̂ ⟩α(t), we write

⟨x̂ ⟩α(t) = ⟨ϕα(t)(x)|x̂ |ϕα(t)(x)⟩=
√

h̄
2mω

⟨ϕα(t)(x)|(â+ â+)|ϕα(t)(x)⟩

=

√
h̄

2mω
(α(t)+α∗(t)) =

√
2x0Re(α(t)) =

√
2x0|α|cos(ωt −ϕ).
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Food for thought: We note that the relation ⟨x̂ ⟩α(t) =
√

2x0|α|cos(ωt −ϕ) indi-
cates that the expectation value of the displacement operator oscillates with
respect to the time-dependent quantum mechanical. This outcome is actually
quite different when compared with the expectation value of the displacement
operator found with respect to the time-dependent quantum mechanical states.
Can you show this quantitatively?

Problem 2.13
Define the following transformation, Ŝ(ξ) = e

ξ∗
2 â+,2− ξ2 â2

, where â, â+ are the annihi-
lation and creation operators for the 1D simple harmonic oscillator and ξ = reiθ is a
complex number (r is real). Show that

Ŝ+(ξ)âS(ξ̂) = âcosh(r)+ â+e−iθ sinh(r),

Ŝ+(ξ)â+S(ξ̂) = â+ cosh(r)+ âeiθ sinh(r).

Using the preceding properties, find Ŝ+(ξ)x̂S(ξ̂) and Ŝ+(ξ)p̂S(ξ̂) when ξ = r is real.

To show the first relation, we use the property eÂB̂e−Â = B̂+
[
Â, B̂

]
+ 1

2!

[
Â, [Â, B̂]

]
+

1
3!

[
Â,
[
Â,
[
Â, B̂

]]]
+ . . ., where Â = ξ

2 â2 − ξ∗

2 â+,2 and B̂ = â. Applying it requires the

evaluation of several commutators,[
Â, â
]
=

[
ξ

2
â2− ξ

∗

2
â+,2, â

]
=
ξ

2
[
â2, â

]
− ξ
∗

2
[
â+,2, â

]
= ξ∗â+,

where we have used that
[
â2, â

]
= 0 and

[
â+,2, â

]
=−2â+

. Similarly, using
[
â+,2, â+

]
= 0

and
[
â2, â+

]
= 2â,[

Â,
[
Â, â
]]

=
[
Â,ξ∗â+

]
= ξ∗

[
Â, â+

]
= ξ∗

ξ

2
[
â2, â+

]
− ξ∗ ξ

∗

2
[
â+,2, â+

]
= |ξ|2â.

The rest of the commutators are found easily, giving the desired result:

Ŝ+(ξ)âS(ξ̂) = â− ξ∗â++
1
2!
|ξ|2â− 1

3!
ξ∗|ξ|2â+

1
4!
|ξ|4â− 1

5!
ξ∗|ξ|4â+ . . .

= âcosh(r)+ â+e−iθ sinh(r).

The second relation can be shown analogously, and it is left for extra practice.

For the last part of the problem, we remember that â =
√

mω
2h̄ x̂ + i

√
1

2mh̄ω p̂;

â+ =
√

mω
2h̄ x̂− i

√
1

2mh̄ω p̂. Then, for the case of real ξ = r,

Ŝ+(r)(â+ â+)S(r) = (â+ â+)cosh(r)+(â+ â+)sinh(r),

Ŝ+(r)x̂S(r) = x̂[cosh(r)+ sinh(r)] = er x̂,

Ŝ+(r)(â− â+)S(r) = (â− â+)cosh(r)− (â− â+)sinh(r),

Ŝ+(r)p̂S(r) = p̂[cosh(r)− sinh(r)] = e−r p̂.

https://doi.org/10.1017/9781009355414.002 Published online by Cambridge University Press

https://doi.org/10.1017/9781009355414.002
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Food for thought: The so-defined Ŝ(ξ) is called “a squeezed operator,” defined
by Stoler (1970) to deal with squeezed states whose property is to give the min-
imum uncertainty principle for the expectation values of the displacement and
momentum operators of the simple harmonic oscillator. More on this in the
next problem.

Problem 2.14
In quantum optics one often has to consider squeezed states, which are defined as

|ξ⟩= Ŝ(ξ)|0⟩, where Ŝ(ξ)= e
ξ∗
2 â+,2− ξ2 â2

and |0⟩ is the vacuum state of the simple harmonic
oscillator with â+, â being the creation and annihilation operators.

By taking that ξ = r is a real number, find the variance of the displacement
and momentum operators ∆x̂ξ, ∆ p̂ξ, and then check the validity of the uncertainty
principle.

We start with(
∆x̂ξ
)2

= ⟨ξ|x̂2|ξ⟩− ⟨ξ|x̂|ξ⟩2 = ⟨0|Ŝ+(ξ)x̂2S(ξ)|0⟩− ⟨0|Ŝ+(ξ)x̂S(ξ)|0⟩2

= ⟨0|e2r x̂2|0⟩− ⟨0|er x̂|0⟩2 = e2r⟨0|x̂2|0⟩− e2r⟨0|x̂|0⟩2 = e2r h̄
2mw

.

In the preceding, we have used the results from the previous problem and

Ŝ+(ξ) = e
ξ
2 â2− ξ

∗
2 â+,2

= Ŝ−1(ξ). Similarly, one can find that(
∆p̂ξ
)2

= e−2r h̄mω
2

.

Given the preceding results, we find that

∆x̂ξ∆p̂ξ =
h̄
2
.

We note that ∆x̂ξ → 0 and ∆ p̂ξ →∞ as ξ = r→∞; the minimum uncertainty relation
is always fulfilled.

Problem 2.15
In quantumoptics one often has to consider squeezed coherent states, which are defined

as |α,ξ⟩= Ŝ(ξ)|α⟩= Ŝ(ξ)D̂(α)|0⟩, where Ŝ(ξ) = e
ξ∗
2 â+,2− ξ2 â2

and D̂(α) = eαâ+−α∗â for the
1D simple harmonic oscillator, whose vacuum state is |0⟩ and â+, â are the creation
and annihilation operators.

Find equivalent expressions for the following relations in the case of α,ξ being real
parameters:

Ŝ+(ξ)D̂+(α)x̂D̂(α)S(ξ), Ŝ+(ξ)D̂+(α)p̂D̂(α)S(ξ),

⟨α,ξ|x̂|α,ξ⟩, ⟨α,ξ| p̂|α,ξ⟩.
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Using the results from the previous problems, we write

Ŝ+(ξ)D̂+(α)x̂D̂(α)Ŝ(ξ) = Ŝ+(ξ)

(
x̂+2α

√
h̄

2mω

)
Ŝ(ξ)

= Ŝ+(ξ)x̂Ŝ(ξ)+2α

√
h̄

2mω
= eξ x̂+2α

√
h̄

2mω
.

Similarly,

Ŝ+(ξ)D̂+(α)p̂D̂(α)Ŝ(ξ) = Ŝ+(ξ)p̂Ŝ(ξ) = e−ξ p̂.

For the last two relations,

⟨α,ξ|x̂|α,ξ⟩= ⟨0|
(

eξ x̂+2α

√
h̄

2mω

)
|0⟩= 2α

√
h̄

2mω
,

⟨α,ξ|p̂|α,ξ⟩= ⟨0|e−ξ p̂|0⟩= 0.

Food for thought: The transformed displacement operator consists of a
squeezed term and a displacement constant, while the transformed momentum
operator consists of a squeezed contribution only.

Problem 2.16
Consider the Hamiltonian Ĥ = ω1

2 σ̂z +ω2N̂ + λ(â + â+)σ̂x, where ω1,ω2,λ are real
constants, N̂ = â+â is the number operator for the simple harmonic oscillator â+, â are
the creation and annihilation operators), and σx,y,z are the Pauli matrices.

a) Find an expression for the transformed Hamiltonian Ĥ12 = Û2Û1ĤÛ+
1 Û+

2 within
first order of ζ1 =

λ
ω1+ω2

and ζ2 =
λ

ω1−ω2
for the unitary operators Û1 = eζ1(â+σ̂+−â σ̂−)

and Û2 = eζ2(â σ̂+−â+σ̂−)

b) Find the expectation value of Ĥ with respect to the nth simple harmonic state whose
spin is in the positive z-direction.

This problem gives an opportunity to exercise manipulations of creation and annihi-
lation operators for the simple harmonic oscillator and spin 1/2 operators.

a) A useful formula here is the expression eÂB̂e−Â = B̂ +
[
Â, B̂

]
+ 1

2!

[
Â, [Â, B̂]

]
+

1
3!

[
Â,
[
Â,
[
Â, B̂

]]]
+ . . . . The transformed Hamiltonian becomes

Ĥ12 = Û2Û1ĤÛ+
1 Û+

2 = Ĥ +
[
ζ1(â+σ̂+− â σ̂−), Ĥ

]
+
[
ζ2(â σ̂+− â+σ̂−), Ĥ

]
+ . . . .

We have kept only the first three terms, which turn out to be enough to obtain the
contribution to first order with respect to ζ1 and ζ2. Working out the commutators
yields [

ζ1(â +σ̂+− â σ̂−), Ĥ
]
= ω2ζ1

(
â σ̂−+ â +σ̂+

)
−λζ1

[
(σ̂z− σ̂0)+

(
â â+2â +â+ â +â +

)
σ̂z
]
,
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[
ζ2(â σ̂+− â +σ̂−), Ĥ

]
= −ω2ζ2

(
â σ̂++ â +σ̂−

)
−λζ2

[
(σ̂z + σ̂0)+

(
â â+2â +â+ â +â +

)
σ̂z
]
,

where σ̂0 is the 2×2 identity matrix.
Grouping everything together and using ζ1 + ζ2 = 2λω1

ω2
1−ω2

2
, ζ1 − ζ2 = −2λω2

ω2
1−ω2

2
,

N̂ = â +â, and σ̂± = 1
2

(
σ̂x ± iσ̂y

)
, we obtain

Ĥ12 =
ω1

2
σ̂z +ω2N̂ +λ

(
â+ â +

)
σ̂x +

[
ζ1(â +σ̂+− â σ̂−), Ĥ

]
+
[
ζ2(â σ̂+− â +σ̂−), Ĥ

]
+ . . . ,

Ĥ12 = ω1

(
1
2
+

2λ2

ω2
2−ω2

1
(1+2N̂ + â â+ â +â +)

)
σ̂z +ω2

(
N̂ +

2λ2

ω2
2−ω2

1

)
σ̂0

+ λ

(
1+

ω2
2

ω2
2−ω2

1

)
(â+ â +)σ̂x + i

λω1ω2

ω2
2−ω2

1
(â− â +)σ̂y.

b) The expectation value for Ĥ for the nth-particle state whose spin is 1/2 in the positive
z-axis is

⟨Ĥ12⟩n =
〈

n,
1
2

∣∣∣Ĥ12

∣∣∣n, 1
2

〉
= ω1

(
1
2
+

2λ2

ω2
2−ω2

1
(1+2n)

)
+ω2

(
n+

2λ2

ω2
2−ω2

1

)
,

where we have used that ⟨n|â|n⟩= ⟨n|â+|n⟩= ⟨n|â â|n⟩= ⟨n|â+â+|n⟩= 0, ⟨n|N̂ |n⟩= n,
and

〈 1
2

∣∣ σ̂z
∣∣ 1

2

〉
= 1.

Problem 2.17
Find an equivalent expression for the operator Π̂ = eiλπ̂, where π̂ is the parity operator
and λ is a real constant.

To find such an expression, we use the fact that functions of operators can be written
using their Taylor series equivalent.

Π̂ = eiλπ̂ = ∑
n

(iλ)n

n!
π̂n.

Remembering the basic property for the parity operator that π̂2 = 1̂, we can easily
recombine this series in even and odd components:

Π̂ = ∑
n

(
1− λ

2

2!
+
λ4

4!
− . . .

)
1̂+ i

(
λ− λ

3

3!
+
λ5

5!
. . .

)
π̂= cos(λ)1̂+ isin(λ)π̂.

Problem 2.18
Consider the bound motion of a quantum mechanical particle in 1D under an
even potential V (x) = V (−x). Demonstrate that the eigenfunctions of the stationary
Schrödinger equation for discrete bound states have a well-defined parity.

This is actually a standard problem that can be seen in many textbooks. Due to its
importance, here we present it again. What is asked in the problem is to show that each

https://doi.org/10.1017/9781009355414.002 Published online by Cambridge University Press

https://doi.org/10.1017/9781009355414.002


20 Contemporary QuantumMechanics in Practice

eigenfunction of the basic 1D Schrödinger equation is either even or odd. A sensible
way to begin is by writing the basic 1D Schrödinger equation[

− h̄2

2m
d2

dx2 +V (x)
]
ψ(x) = Eψ(x),

where ψ(x) is the eigenfunction whose eigenenergy is E. However, since V (x) =V (−x),
we can also write [

− h̄2

2m
d2

dx2 +V (−x)
]
ψ(x) = Eψ(x).

After executing the change of variable x→−x in the preceding equation, one arrives at[
− h̄2

2m
d2

dx2 +V (x)
]
ψ(−x) = Eψ(−x).

Therefore, ψ(x) and ψ(−x) are solutions to the stationary Schrödinger equation with
the same energy E. In 1D motion, however, the energy spectrum of bound states is
always nondegenerate (Can you explain why?), meaning that ψ(x) and ψ(−x) must be
linearly dependent. Also, both functions must be normalized:∫ ∞

−∞
|ψ(x)|2dx =

∫ ∞
−∞
|ψ(−x)|2dx = 1.

Because of the nondegenerate 1D spectrum and the normalization condition for the
eigenfunctions, one concludes that the wave function must satisfy ψ(x) = ψ(−x) or
ψ(x) = −ψ(−x).

Food for thought: Can you give examples of specific 1D potentials for which
their eigenfunctions have definite parity?

Problem 2.19
Show that the eigenstates for the Hamiltonian of the simple harmonic oscillator
potential have a definite parity.

Show that the parity of the eigenstates for even n have an even parity and the
eigenstates with odd n have an odd parity.

Obviously, this problem is related to the previous one, since the potential for the simple

harmonic oscillator is V (x) = 1
2 mω2x2 =V (−x). The Hamiltonian is Ĥ = p̂2

2m + 1
2 mω2x̂2

and it commutes with the parity,
[
Ĥ, π̂

]
= 0. Thus, according to the previous problem,

the eigenstates must have definite parity.
To demonstrate the parity property of the eigenfunctions, we use the relations for

the annihilation and creation operators â =
√

mω
2h̄

(
x̂+ i p̂

mω

)
; a+ =

√
mω
2h̄

(
x̂− i p̂

mω

)
.

Remembering that π̂+x̂π̂= −x̂ and π̂+ p̂π̂= −p̂, one easily shows

π̂+â+π̂= −â+; π̂+âπ̂= −â.
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Thus, one finds

π̂|n+1⟩= π̂
â+

√
n+1

|n⟩= −â+ π̂√
n+1

|n⟩,

where we have used the properties of the creation and annihilation operators
â+|n⟩ =

√
n+1|n+1⟩; â|n⟩ = √n|n−1⟩. On the other hand, since the simple harmonic

oscillator eigenstates |n⟩ have definite parity, we have

π̂ |n⟩= ηn|n⟩; π̂ |n+1⟩= ηn+1|n+1⟩.

Comparing the preceding relations, we arrive at

ηn+1 = −ηn,

meaning that the parities of the successive eigenstates alternate. Noting that the ground

state ψ0(x) = ⟨x|0⟩ ∼ e−
mωx2

2h̄ is even with η0 = (+1). Thus, ηn = (−1)n. Another way to
realize this is by using

π̂+|n⟩π̂= π̂+
(a+)n
√

n!
|0⟩π̂= (−1)n (â

+)n
√

n!
π̂+|0⟩π̂= (−1)n (â

+)n
√

n!
|0⟩η0 = (−1)nη0|n⟩= ηn|n⟩.

Again, since ηn = (−1)n, we conclude that the eigenstates for even n have an even parity,
while the eigenstates for odd n have an odd parity.

Problem 2.20
Consider the Hamiltonian for the simple harmonic oscillator and the definition for the
parity operator in the continuum basis of the position operator π̂=

∫
dx|x⟩⟨−x|.

Find an expression for the parity operator in terms of the number operator N̂ = â+â,
where â+, â are the creation and annihilation operators respectively.

Using bra-ket notation for the wave function of the simple harmonic oscillator
ψn(x) = ⟨x|n⟩, we can write

π̂ψn(x) = π̂⟨x|n⟩= ⟨x|π̂|n⟩=
∫ ∞
−∞

dx0⟨x|x0⟩⟨−x0|n⟩= ⟨−x|n⟩= ψn(−x),

where the definition for the parity π̂ =
∫

dx|x⟩⟨−x| was used. However, we know that

ψn(−x) =

{
−ψn(x), for n−odd

+ψn(x), for n− even
. Since N̂|n⟩= n|n⟩, we arrive at

π̂|n⟩= (−1)n|n⟩= eiπN̂ |n⟩ → π̂= eiπN̂ .

Problem 2.21
Consider a Hamiltonian Ĥ with eigenenergies and eigenstates given by the character-

istic equation Ĥ |ψn⟩= En|ψn⟩. Let Ĥ commute with the parity operator,
[
Ĥ, π̂

]
= 0.

Show explicitly that |ψn⟩ is also an eigenstate of the parity operator π̂ and find its
eigenvalues.
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We will show that |ψn⟩ is an eigenstate of π̂ by construction. Let us take

|ψ̃n⟩=
1
2
(1± π̂)|ψn⟩.

It is easy to see that Ĥ |ψ̃n⟩= En|ψ̃n⟩. Check:

Ĥ |ψ̃n⟩=
1
2
(Ĥ ± Ĥπ̂)|ψn⟩=

1
2
(En|ψn⟩± π̂Ĥ |ψn⟩) =

1
2
(En|ψn⟩±Enπ̂|ψn⟩) = En|ψ̃n⟩.

It is also easy to see that π̂|ψ̃n⟩= ±|ψ̃n⟩. Check:

π̂|ψ̃n⟩=
1
2
(
π̂± π̂2) |ψn⟩=

1
2
(π̂±1)|ψn⟩= ±

1
2
(1± π̂)|ψn⟩= ±|ψ̃n⟩.

Food for thought: This problem was considered explicitly in Sakurai and
Napolitano (2017). Can you give examples of specific Hamiltonians that
commute with the parity operator?

Problem 2.22
The electric dipole moment operator of a quantum mechanical particle is defined as
D̂ = qx̂, where q is the charge and x̂ is the displacement operator. If in the absence of
any external electric field D̂ ̸= 0, then the particle is said to have a spontaneous dipole
moment. Suppose theHamiltonian Ĥ for this particle has nondegenerate spectrum and
is invariant under parity. Show that the expectation value of the spontaneous dipole
moment of the particle is zero.

Since Ĥ is invariant under parity, then π̂+Ĥπ̂= Ĥ and
[
π̂, Ĥ

]
= 0.

Consider the nondegenerate spectrum of the Hamiltonian Ĥ |ψn⟩ = En|ψn⟩ and do
the following: [

π̂, Ĥ
]
|ψn⟩= 0→ Ĥ |ψ′n⟩= E |ψ′n⟩, where |ψ′n⟩= π̂|ψn⟩.

Also, we realize that

⟨ψn|D̂|ψn⟩= ⟨ψn|π̂+π̂D̂π̂+π̂|ψn⟩= ⟨ψ′n|π̂D̂π̂+|ψ′n⟩= −⟨ψ′n|D̂|ψ′n⟩,

where we have used that π̂+π̂= 1̂ and the fact that π̂D̂π̂+ = qπ̂ x̂π̂+ = −qx̂= −D̂. How-
ever, since the Hamiltonian and parity operators commute, then the eigenfunctions of
the Hamiltonian have definite parity, thus |ψ′n⟩= π̂|ψn⟩= ±|ψn⟩. Therefore,

⟨ψn|D̂|ψn⟩= −⟨ψ′n|D̂|ψ′n⟩= −⟨ψn|D̂|ψn⟩,

meaning that the expectation value of the spontaneous dipole moment is zero,
⟨ψn|D̂|ψn⟩= 0.

Why is it necessary to require the spectrum of Ĥ to be nondegenerate? Is it possible
that for such a Hamiltonian for which π̂+Ĥπ̂= Ĥ, the expectation value of D̂ is not zero?
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Suppose Ĥ |ψe
n⟩= En|ψe

n⟩ and Ĥ |ψo
n⟩= En|ψo

n⟩ (e = even parity, o = odd parity). Then
for the linear combination

∣∣ψ̃n⟩=Ce
∣∣ψe

n⟩+Co|ψ0
n⟩, one has

∣∣ψ̃′n⟩= π̂|ψ̃n⟩=Ce
∣∣ψe

n⟩ −
Co|ψ0

n⟩. Therefore |ψ̃n⟩ does not have a definite parity and the expectation value of the
spontaneous dipole moment can be nonzero.

Food for thought: This situation reflects the fact that in systems that lack
inversion symmetry, the average dipole moment can be nonzero.

Problem 2.23
a) Using the definition (⟨ϕ|Â)|ψ⟩ = ⟨ϕ|(Â|ψ⟩) of a linear operator Â, write the cor-

responding definition for an antilinear operator B̂. Also, using the definition
⟨ϕ|Â+|ψ⟩ = (⟨ϕ|Â|ψ⟩)∗ of an adjoint operator, write the definition of an adjoint
antilinear operator B̂.

b) Show that transition probabilities between two states |ψ⟩ and |ϕ⟩ are conserved
under the antiunitary operator transformation B̂.

This problem gives a straightforward exercise for the basic properties of antiunitary
operators.

a) The corresponding definition of an antilinear operator is (⟨ϕ|B̂)|ψ⟩= [⟨ϕ|(B̂|ψ⟩)]∗.
The corresponding definition of the adjoint antilinear operator is

⟨ϕ|(B̂+|ψ⟩) = [(⟨ϕ|B̂)|ψ⟩]∗ = ⟨ϕ|(B̂|ψ⟩).
The antilinear operator is also antiunitary if it satisfies B̂+B̂ = B̂B̂+ = 1̂.

b) Let |ψ′⟩= B̂|ψ⟩ and |ϕ′⟩= B̂|ϕ⟩, then

⟨ϕ′|ψ′⟩=
(
⟨ϕ|B̂+

)(
B̂|ψ⟩

)
= [⟨ϕ|(B̂+B̂|ψ⟩)]∗ = ⟨ϕ|ψ⟩∗.

Therefore, |⟨ϕ|ψ⟩|2 remains unchanged.
We conclude that transition probabilities are not altered by B̂.

Problem 2.24
Let us consider the time-reversal operator of spin 1/2. Using the general definition of the
time-reversal operator Θ̂ = ÛK̂, where Û is a suitable unitary operator and K̂ denotes
complex conjugation, construct the explicit form Θ̂. Specifically, from the basic trans-
formation for the spin 1/2 operator under time reversal and the fact that any 2×2 unitary
matrix can be given as Û = ασ1 +βσ2 +γσ3 + δσ0 (α,β,γ,δ are constants), show that
the time-reversal operator for a spin 1/2 particle can be written as Θ̂ = ηeiσ2π/2K̂. Note
that there is an accumulated phase η upon time-reversal operation, which often is
chosen to be 1. Feel free to take η= 1 in your solution.

We use the following property: Θ̂ŜΘ̂−1 = −Ŝ.
Thus, since Ŝ = h̄

2σ, we find that

−σ1 = Θ̂σ1Θ̂−1 = (ÛK̂)σ1(ÛK̂)−1 = ÛK̂σ1K̂Û−1 = Ûσ1K̂2Û−1 = Ûσ1Û−1,
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where we have used that σ1 is real, thus K̂σ1 = σ1K̂ and that K̂2 = 1. From here one
finds that the anticommutator{

Û ,σ1
}
= Ûσ1 +σ1Û = 0.

Noting that σ2 is imaginary and K̂σ2 = −σ2K̂, we find that

−σ2 = Θ̂σ2Θ̂−1 = (ÛK̂)σ2(ÛK̂)−1 = ÛK̂σ2K̂Û−1 = −Ûσ2K̂2Û−1 = −Ûσ2Û−1,

thus, [
Û ,σ2

]
= 0.

Noting that σ3 is real and K̂σ3 = σ3K̂, we find that

−σ3 = Θ̂σ3Θ̂−1 = ÛK̂σ3(ÛK̂)−1 = ÛK̂σ3K̂Û−1 = Ûσ3K̂2Û−1 = Ûσ3Û−1,

thus, {
Û ,σ3

}
= 0.

In summary, Û anticommutes with σ1, σ3 and it commutes with σ2. Use each result
explicitly, {

Û ,σ1

}
= 0 = α {σ1,σ1}+β {σ2,σ1}+γ {σ3,σ1}+δ {σ0,σ1}

= 2ασ2
1 +2δσ1 = 2ασ0 +2δσ1 = 2

(
α δ

δ α

)
,

α= δ= 0 → Û = βσ2 +γσ3.

Also,
{

Û ,σ3

}
= 0 = β {σ2,σ3}+γ {σ3,σ3}= 2γσ2

3 = 2γσ0 = 2
(

γ 0
0 γ

)
, thus γ= 0,

Û = βσ2.

Additionally, ÛÛ+ = Û+Û = 1̂; thus, by taking β= i,

Û = iσ2 = e
iπσ2

2 = σ0 cos
(π

2

)
+ iσ2 sin

(π
2

)
→ Θ̂ = eiσ2π/2K̂.

We note that, from ÛÛ+ = Û+Û = 1̂, we could take β = iη, with |η| = 1 being an
arbitrary phase. Then Θ̂ = ηeiσ2π/2K̂.

Problem 2.25
Let a spin 1/2 particle be in a spinor state χ= 1√

|α|2+|β|2
(αβ), where this vector is expressed

in the standard eigenbasis representation in which σ3 is diagonal (σi, i = 1,2,3 are the
Pauli matrices). What is the time-reversed spinor state?
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For spin 1/2 particle the time-reversal operator is Θ̂ = iησ2K̂, where σ2 =

(
0 −i
i 0

)
and K̂ is the complex conjugation operation. One easily finds that

χΘ = Θ̂χ= iησ2K̂
1√

|α|2 + |β|2

(
α

β

)
=

η√
|α|2 + |β|2

(
0 1
−1 0

)(
α∗

β∗

)
=

η√
|α|2 + |β|2

(
β∗

−α∗
)
.

Problem 2.26
Consider a particle with angular momentum J = 1, whose spinor is given as

χ = 1√
|α|2+|β|2+|γ|2

 α

β

γ

 in the eigenbasis representation of Ĵz being diagonal. What

happens to this spinor under the operation of time reversal?

Clearly, we have to know the time-reversal operator for the angular momentum Ĵ ,
whose matrix representation is

Ĵx =
h̄√
2

 0 1 0
1 0 1
0 1 0

 ; Ĵy =
h√
2

 0 −i 0
i 0 −i
0 i 0

 ; Ĵz =
h̄√
2

 1 0 0
0 0 0
0 0 −1

 .

The time-reversal operator can be written as

Θ̂ = ηe−iĴyπ/h̄K̂,

where K̂ denotes complex conjugation. Using the series representation of e−iĴyπ/h̄ and

the relation
(

Ĵy
h̄

)3
=

Ĵy
h̄ , we find that

e−iĴyα/h̄ = 1̂− iĴyα

h̄
+

1
2!

(
iĴyα

h̄

)2

− 1
3!

(
iĴyα

h̄

)3

+
1
4!

(
iĴyα

h̄

)4

+ . . .

= 1̂−
(

Ĵy

h̄

)2

(1− cos(α))− i

(
Ĵy

h̄

)
sin(α).

Therefore,

Θ̂ = ηe−iĴyπ/h̄K̂ = η

1̂−
(

Ĵy

h̄

)2

(1− cos(π))− i

(
Ĵy

h̄

)
sin(π)

 K̂ = η

1−2

(
Ĵy

h̄

)2
 K̂.

Then we see that

χΘ = Θ̂χ= η

1̂−2

(
Ĵy

h̄

)2
 K̂

1√
|a|2 + |β|2 + |γ|2

 α

β

γ


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=
η√

|α|2 + |β|2 + |γ|2

 0 0 1
0 −1 0
1 0 0

 α∗

β∗

γ∗


=

η√
|α|2 + |β|2 + |γ|2

 γ∗

−β∗
α∗

 .

Problem 2.27
a) How does the commutator for the displacement and momentum operators [x̂k, p̂ℓ]

transform under time reversal?
b) How does the commutator between two components of the angular momentum

operator [Ĵk, Ĵℓ] transform under time reversal?

a) We recall that [x̂k, p̂ℓ] = ih̄δkℓ. One finds that

Θ̂[x̂k, p̂ℓ]Θ̂−1 = [x̂k,− p̂ℓ]Θ̂Θ̂−1 = −[x̂k, p̂ℓ],

which is consistent with the right-hand side of the commutator,

Θ̂(ih̄δkℓ)Θ̂−1 = −ih̄δkℓΘ̂Θ̂−1 = −ih̄δkℓ.

b) We recall that
[
Ĵk, Ĵℓ

]
= ih̄εkℓmĴm. Thus,

Θ̂
[
Ĵk, Ĵℓ

]
Θ̂−1 =

[
−Ĵk,−Ĵℓ

]
Θ̂Θ̂−1 =

[
Ĵk, Ĵℓ

]
,

which is consistent with the right-hand side of the commutator,

Θ̂
(

ih̄ε kℓmĴm

)
Θ̂−1 = −ih̄εkℓm

(
−Ĵm

)
Θ̂Θ̂−1 = ih̄ε kℓmĴm.

Problem 2.28
Consider the wave function for the quantum mechanical state |α⟩ in momentum
representation.

What is the momentum-space wave function for this state under time reversal Θ̂?

In bra-ket notation, the momentum wave function is ϕα(p) = ⟨p|α⟩. We then write

ϕ̃α(p) = ⟨p|Θ̂|α⟩= ⟨p|Θ̂
∫

dp0|p0⟩⟨p0|α⟩= ⟨p|
∫

d(−p0)| −p0⟩Θ̂ϕα(p0)

= −⟨p|
∫

dp0| −p0⟩ϕ∗α(p0) = ⟨p|
∫

dp1|p1⟩ϕ∗α(−p1) =

∫
dp1⟨p|p1⟩ϕ∗α (−p1)

= ϕ∗α(−p),

where we have used that ⟨p|p1⟩= δ(p−p1) and some obvious change of variables.
In a similar way, one can obtain the wave function in real space under time reversal.

Try it!
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Problem 2.29
Let a spin 1/2 particle be subjected to the following potential:V (r̂)=V0(r̂)+V1(r̂)(σ ·L̂),
where V0(r̂),V1(r̂) are real scalar functions, where r is the distance magnitude σ are the
Pauli matrices, and L is the three-dimensional angular momentum.

a) Determine if the following quantities are conserved: total energy E, total angular
momentum Ĵ = L̂+ Ŝ, and Ĵ2.

b) Is the underlying Hamiltonian invariant under parity or time reversal?

a) The Hamiltonian is time-independent, thus energy E is conserved.

A general operator Â is conserved, providing dÂ
dt = 1

ih̄

[
Â, Ĥ

]
+ ∂ Â

∂ t = 0, where Ĥ is the

Hamiltonian for the system. We note that Ĵ , L̂, Ŝ are time independent, thus ∂ Ĵ
∂ t = 0

and ∂ Ĵ2

∂ t = 0. We further examine [Ĵ, Ĥ] and find that, for all components i = {x,y,z}:[
Ĵi,σ · L̂

]
=

2
h̄

[
Ĵ i, Ŝ · L̂

]
=

1
h̄

[
Ĵi,
(

Ĵ2− Ŝ2− L̂2
)]

= 0,[
Ĵ2,σ · L̂

]
=

2
h̄

[
Ĵ

2
, Ŝ · L̂

]
=

1
h̄

[
Ĵ2,
(

Ĵ2− Ŝ2− L̂2
)]

= 0.

Therefore, Ĵ = L̂+ Ŝ and Ĵ2 are conserved.
b) For the second question, we have

π̂+V (r̂)π̂= π̂+
(

V0(r̂)+V1(r̂)(σ · L̂)
)
π̂=V0(r̂)+V1(r̂)π̂+σ · L̂π̂

=V0(r̂)+V1(r̂)(σ · L̂) =V (r̂),

Θ̂V (r̂)Θ̂−1 = Θ̂
(

V0(r̂)+V1(r̂)(σ · L̂)
)

Θ̂−1 =V0(r̂)+V1(r̂)Θ̂σ · L̂Θ̂−1

=V0(r̂)+V1(r̂)((−σ) · (−L̂)) =V (r̂).

Thus, the Hamiltonian is invariant under both parity and time reversal.

Food for thought: On your own, answer the same questions, but for a
Hamiltonian whose potential is V (r̂) =V0(r̂)+V1(r̂)(σ · ûr).

Problem 2.30
Is the Hamiltonian Ĥ = p̂2

2m +α(x̂ 4+ ŷ 4+ ẑ 4)invariant under (a) parity; (b) the angular
momentum L̂; (c) rotation about the x-axis by an angle π/2?

The Hamiltonian is invariant under a given operator transformation, if their commu-
tator is zero. Thus,

a)
[
Ĥ, π̂

]
= 0 since Ĥ has even powers of p̂ and x̂ operators. Thus, Ĥ is invariant under

parity.
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b)
[
Ĥ, L̂i

]
=

[
p̂2

j
2m , L̂i

]
+
[
x̂ 4, L̂i

]
+
[
ŷ 4, L̂i

]
+
[
ẑ 4, L̂i

]
=
[
x̂ 4, L̂i

]
+
[
ŷ 4, L̂i

]
+
[
ẑ 4, L̂i

]
since[

p̂2
j

2m , L̂i

]
= 0.

By using L̂i = εi jk r̂ j p̂k and p̂k = −ih̄∇k, it is easy to obtain[
r̂ 4

n , L̂i

]
= 4ih̄ r̂ j r̂3

nδnkεijk,[
x̂ 4, L̂x

]
+
[
ŷ 4, L̂x

]
+
[
ẑ 4, L̂x

]
= −4ih̄ŷ ẑ(ŷ2− ẑ2),[

x̂ 4, L̂y

]
+
[
ŷ 4, L̂y

]
+
[
ẑ 4, L̂y

]
= 4ih̄ x̂ ẑ

(
x̂2− ẑ2) ,[

x̂ 4, L̂z

]
+
[
ŷ 4, L̂z

]
+
[
ẑ 4, L̂z

]
= −4ih̄ x̂ ŷ(x̂2− ŷ2).

Therefore, the Hamiltonian is not invariant under the L̂i operation.
c) The rotation operator about the x-axis by an angle β can be written as

D̂x(β)=e−
iĴxβ

h̄ . We have to determine
[
Ĥ, D̂x

(
π
2

)]
= 0 or equivalently

D̂+
x
(
π
2

)
ĤD̂x

(
π
2

)
= Ĥ. Thus,

D̂+
x

(π
2

)( p̂2
x

2m
+

p̂2
y

2m
+

p̂2
z

2m
+αx̂ 4 +αŷ 4 +αẑ 4

)
D̂x

(π
2

)
=

p̂2
x

2m
+

p̂2
z

2m
+

(
− p̂y

)2

2m
+αx̂ 4 +αẑ 4 +α(−ŷ)4 = Ĥ.

In the preceding equation, we have used the fact that the specified rotation is reflec-
tion about the x-axis, such that x→ x; y→ z; z→ −y; px → px; py → pz; pz → −py.
Thus, Ĥ is invariant under the specified rotation.

Food for thought: You can repeat the same problem by considering a differ-
ent type of rotation or giving a different type of Hamiltonian, for example

Ĥ = p̂2

2m +αr̂4, where r̂ = (x̂, ŷ, ẑ).

Problem 2.31
Consider a Hamiltonian that is invariant under time reversal, that is [Ĥ,Θ̂] = 0. Sup-
pose that Θ̂2 = −1̂. Show that in this case, the eigenstates of the Hamiltonian are at
least double-degenerate. Such states are said to have Kramer’s degeneracy.

The eigenstates and energies of the Hamiltonian are denoted as Ĥ |ψn⟩= En|ψn⟩.
Since Ĥ and Θ̂ commute, then Ĥ

(
Θ̂|ψn⟩

)
=En, thus |ψn⟩ and

(
Θ̂|ψn⟩

)
share the same

eigenvalue.

For |ψn⟩ and
(

Θ̂|ψn⟩
)

to be eigenstates, one also needs to show that they are

orthogonal. We see that, using that Θ̂ is an antiunitary operator:
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⟨ψn|(Θ̂ψn)⟩= ⟨(Θ̂ψn)|(Θ̂2ψn)⟩∗ = −⟨(Θ̂ψn)|ψn⟩∗ = −⟨ψn|(Θ̂ψn)⟩ ⇒ ⟨ψn|(Θ̂ψn)⟩= 0.

Therefore, when [Ĥ,Θ̂] = 0 and Θ̂2 = −1̂ the eigenvalues of Ĥ are doubly degenerate.

Food for thought: What kind of particles does the time-reversal outcome
Θ̂2 = −1̂ correspond to? Is there Kramer’s degeneracy for the case of Θ̂2 = 1̂?

Problem 2.32
Construct the explicit form of the time-reversal operator for a spinless particle.

The key point here is to realize that since the particle has no spin, the relevant operators
are the displacement and momentum operators, x̂ and p̂.

Taking the definition Θ̂ = ÛK̂, we find that since the components of the position
operator are real,

r̂ = Θ̂r̂Θ̂−1 = ÛK̂r̂K̂−1Û−1 = Û r̂Û → Û = eiλ Î,

where Î is the identity matrix, λ is a real parameter, and we have used the fact that
Û = Û−1. On the other hand, for the components of the momentum operator,

p̂ = Θ̂p̂Θ̂−1 = ÛK̂p̂K̂−1Û−1 = eiλ ÎK̂p̂K̂−1e−iλ Î = eiλ Î(−p̂)e−iλ Î = −p̂.

By choosing λ= 0, the time-reversal operator for a spinless particle is

Θ̂ = ÎK̂.

By choosing η= eiλ, the time-reversal operator for a spinless particle is

Θ̂ = ηÎK̂.

Problem 2.33
a) Consider a spin 1/2 particle in the presence of an external electric field Eext(x). Is

there Kramer’s degeneracy for this particle?
b) Consider a spin 1/2 particle in the presence of an external magnetic field Bext(x). Is

there Kramer’s degeneracy for this particle?
c) Consider a spin 1/2 particle in the presence of internal electric field E and magnetic

field B. Is there Kramer’s degeneracy for this particle?

a) In the presence of an external electric field, the Hamiltonian of the particle is

Ĥ =
p̂2

2m
− eϕext (̂r),

whereVext (̂r)= eϕext (̂r) is the potential associatedwith the fieldEext(x)=−∇Vext(x).
After the time-reversal operation, we find that

ĤΘ = Θ̂ĤΘ̂−1 =
(−p̂)2

2m
− eϕext (̂r) = Ĥ,
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where we have used the fact that the external field ϕext (̂r) is not affected by Θ̂. Since
[Ĥ,Θ̂] = 0 for the preceding Hamiltonian, we conclude that there is at least twofold
degeneracy of the eigenstates of Ĥ, as we have explicitly shown in an earlier problem.

b) In the presence of an external magnetic field, the Hamiltonian of the particle is

Ĥ =
( p̂− eAext (̂r))

2

2m
−γŜ ·Bext (̂r),

whereAext (̂r) is the vector potential (Bext (̂r)=∇×Aext(x)) and γ is the gyromagnetic
coefficient. The transformed Hamiltonian becomes

ĤΘ = Θ̂ĤΘ̂−1 =
(−p̂− eAext (̂r))

2

2m
−γ(−Ŝ) ·Bext (̂r) ̸= Ĥ.

In the preceding equation, we have used that Θ̂p̂Θ̂−1 =−p̂, Θ̂ŜΘ̂−1 =−Ŝ, and the fact
that the external field and associated vector potential are not affected by the Θ̂ oper-
ation. Therefore, the preceding Hamiltonian does not commute with Θ̂, meaning
that the external magnetic field breaks the time-reversal symmetry and theKramer’s
degeneracy is lifted.

c) The internal electric and magnetic fields are the electromagnetic fields created by
the dynamical degrees of freedom of our system,

Ĥ =

(
p̂− eÂ

)2

2m
− eϕ̂−γŜ · B̂.

In this case, we have to consider the properties of fields and operators under time
reversal: Θ̂ÂΘ̂−1 = −Â; Θ̂ϕ̂Θ̂−1 = ϕ̂; Θ̂ÊΘ̂−1 = Ê; Θ̂B̂Θ̂−1 = −B̂; Θ̂ŜΘ̂−1 = −Ŝ. After
the time-reversal operation, we find that

ĤΘ = Θ̂ĤΘ̂−1 =

(
(−p̂)− e(−Â)

)2

2m
− e(+ϕ̂)−γ(−Ŝ) · (−B̂) = Ĥ.

Thus, [Ĥ,Θ̂] = 0, and we conclude that there is at least a twofold degeneracy of the
eigenstates of Ĥ in the presence of internal electromagnetic fields.

Problem 2.34
Consider Bloch electrons in a periodic system. What is the condition for the Hamilto-
nian of Bloch electrons to remain invariant under the time-reversal operation?

What are the Bloch electron Kramer’s partners for this periodic system?
The time-reversal operation connects Kramer’s pairs and it can be given in a matrix

form whose components are expressed in terms of matrix elements between various
Bloch states wns,ms′ = ⟨uns,k|Θ̂|ums′,−k⟩. Write explicitly the matrix for Θ̂ in this Bloch
state representation (n,m are state indices; s,s′ are the spin projections of the Bloch
states, k is the wave vector).

This problem probes our knowledge of the Bloch theorem for periodic systems and
basic properties of the time-reversal operator.
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We remember that in a periodic system, the eigenvalue equation for the Hamilto-
nian is

Ĥ(k)|ψnk⟩= En(k)|ψnk⟩; |ψnk⟩= eik·x|unk⟩,

where |ψnk⟩ are the eigenfunctions for the wave vector k spanning the first
Brillouin zone. The Bloch states |unk⟩ have the same periodicity as the lattice and the
eigenfunctions of the Bloch Hamiltonian.

To find the condition for Ĥ invariance under Θ̂, we consider ĤΘ(k) = Θ̂Ĥ(k)Θ̂−1 in
the continuous k-representation,

Θ̂Ĥ(k)Θ̂−1 = Θ̂
∫

BZ
dk|k⟩Ĥ(k)⟨k|Θ̂−1

=

∫
BZ

d(−k)| −k⟩Θ̂Ĥ(k)Θ̂−1⟨−k|=
∫

BZ
dk|k⟩Θ̂Ĥ(−k)Θ̂−1⟨k|.

Therefore, the Bloch Hamiltonian is invariant under time reversal, when

Ĥ(k) = Θ̂Ĥ(−k)Θ̂−1 = ÛĤ∗(−k)Û−1.

To give an explicit representation of the time-reversal operator in Bloch state represen-
tation, we recall that the Kramer’s partners are |un↑,k⟩ and |un↓,−k⟩, for which

Θ|un↑,k⟩= eiξn(k)|un↓,−k⟩ and Θ̂|un↓,k⟩= −eiξn(−k)|un↑,−k⟩.

The phase ξn(k) appears since there is no strict one-to-one correspondence between
the Kramer’s partners. Therefore, we have

Θ̂|un,s,k⟩= −sign(s) eiξn(−sign(s)k)|un,−s,−k⟩,
⟨un,s,k|Θ̂|un′,s′,k′⟩= ⟨un,s,k| − sign(s′) eiξn′ (−sign(s′)k′)|un′,−s′,−k′⟩

= −sign(s′) eiξn′ (−sign(s′)k′)⟨un,s,k|un′,−s′,−k′⟩
= −sign(s′) eiξn′ (−sign(s′)k′)δn,n′δs,−s′δ(k+k′).

The Bloch state representation for the time-reversal operator can be obtained simply
by constructing the following matrix:

Θ̂ =


⟨u1s,k |Θ|u1s′ ,k′ ⟩ ⟨u1s,k |Θ|u2s′ ,k′ ⟩ ⟨u1s,k |Θ|u3s′ ,k′ ⟩ . . .

⟨u2s,k |Θ|u1s′ ,k′ ⟩ ⟨u2s,k |Θ|u2s′ ,k′ ⟩ ⟨u2s,k |Θ|u3s′ ,k′ ⟩ . . .

...
...

...
...



=



0 eiξ1(k
′)δ(k+k′) 0 0 . . .

−eiξ1(−k′)δ(k+k′) 0 0 0 . . .

0 0 0 eiξ2(k
′)δ(k+k′) . . .

0 0 −eiξ2(−k′)δ(k+k′) 0 . . .

...
...

...
...

...


.

Problem 2.35
Consider the Bloch Hamiltonian and its eigenstates Ĥ(k)|ψnk⟩ = En(k)|ψnk⟩;
|ψnk⟩= eik·x|unk⟩ for each band index n, where |unk⟩ are the periodic Bloch states. If the
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Hamiltonian is invariant under time reversal, then find the eigenenergies and eigen-
states of Ĥ(−k).

As found in previous problems, for a time-reversal Hamiltonian, Ĥ(k) = ĤΘ(k) =
Θ̂Ĥ(−k)Θ̂−1. Then we have two equivalent expressions:

Ĥ(k) |ψnk⟩= Θ̂Ĥ(−k)Θ̂−1 |ψnk⟩ and Ĥ(k) |ψnk⟩= En(k)|ψnk⟩.

Thus,

Θ̂Ĥ(−k)Θ̂−1 |ψnk⟩= En(k) |ψnk⟩.

From here, we multiply both sides by Θ̂−1 and find that

Θ̂−1Θ̂Ĥ(−k)Θ̂−1 |ψnk⟩= Θ̂−1En(k) |ψnk⟩,
Ĥ(−k)Θ̂−1|ψnk⟩= En(k)Θ̂−1|ψnk⟩= En(k)Û−1|ψnk⟩∗.

Thus, the eigenenergy of Ĥ(−k) is En(k) and the corresponding eigenstate is Û−1|ψnk⟩∗.

Problem 2.36
Consider the case of electrons scattering from a potential V̂ that is invariant under
the time-reversal operation. One example of such a potential is scattering from non-
magnetic impurities in a material. Can this potential elastically scatter the quantum
mechanical state |α⟩ into its time-reversed state Θ|α⟩?

The first thing to realize is what is really being asked here. We need to determine if

α
V−→ Θ̂|α⟩ is possible; in other words, we need to evaluate the matrix element

⟨Θ̂α|V̂ |α⟩=?.

Let us remember that for the (antiunitary) time-reversal operator, we have

⟨Θ̂ψ|Θ̂ϕ⟩= ⟨ϕ|ψ⟩.

Thus, for ⟨Θ̂α|V̂ |α⟩= ⟨Θ̂α|V̂α⟩, we find

⟨Θ̂α|V̂α⟩= ⟨Θ̂V̂α|Θ̂2α⟩= −⟨Θ̂V̂α|α⟩,
⟨Θ̂α|(V̂α)⟩= ⟨Θ̂2α|(Θ̂V̂α)⟩= Θ̂2⟨α|(Θ̂V̂ Θ̂−1Θ̂α)⟩

= −
〈

V̂ Θ̂α|α
〉
= −

〈
Θ̂α|V̂α

〉
where we have used that V̂ is a linear unitary operator invariant under time reversal
Θ̂V̂ Θ̂−1 = V̂ , and that for electrons, Θ̂2 = −1̂. This means that

⟨Θ̂α|V̂ |α⟩= 0.
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Food for thought: The scattering of electrons from a given state to its time-
reversal partner due to a potential that is invariant under time reversal cannot
happen. This conclusion has important consequences for scattering involving
topological materials, as recently considered by Xu and Moore (2006).

Problem 2.37
An electronic particle is subject to the following Hamiltonian:

Ĥ(k) = 2t1 cos(ka)σ3 +[t2−2t3 sin(ka)]σ1,

where t1, t2, t3 are real constants, k is a wave vector, a is a lattice constant, and σi are
the Pauli matrices.

a) How does this Hamiltonian behave under time-reversal symmetry?
b) Compare the eigenvalues of the original Hamiltonian and its time-reversal coun-

terpart.

a) We begin by remembering that the time-reversal operator for an electron is

Θ̂ = ÛK̂ = iησ2K̂,

where the unitary operation is Û = iσ2 and K̂ denotes complex conjugation. Therefore,

ĤΘ(k) = Θ̂Ĥ(k)Θ−1 = 2t1 cos(−ka)Θ̂σ3Θ̂−1 +[t2−2t3 sin(−ka)]Θ̂σ1Θ̂−1

= 2t1 cos(ka)iσ2σ3iσ∗2 +[t2 +2t3 sin(ka)] iσ2σ1iσ∗2
= −2t1 cos(ka)σ3− [t2 +2t3 sin(ka)]σ1.

The Hamiltonian is not invariant under time reversal.
b) Let’s then compare the eigenvalues. For the original Hamiltonian, we have

Ĥ =

(
2t1 cos(ka) t2−2t3 sin(ka)

t2−2t3 sin(ka) −2t1 cos(ka)

)
.

The eigenvalues are E12(k) = ±
√

(2t1 cos(ka))2 +(t2−2t3 sin(ka))2.
The transformed Hamiltonian is

ĤΘ =

(
−2t1 cos(ka) −t2−2t3 sin(ka)
−t2−2t3 sin(ka) 2t1 cos(ka)

)
and the eigenvalues are EΘ

12(k) = ±
√

(2t1 cos(ka))2 +(t2 +2t3 sin(ka))2.

Problem 2.38
In physics, problems related to particle-hole symmetry occur often. For this purpose,
one defines a particle-hole operator, which is antiunitary (similar to the time-reversal
operation). More specifically, the particle-hole operation can be given as the tensor
product between

Ĉ = σ2⊗σ1K̂,
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where the unitary part of the operation is a tensor product of Pauli matrices

ÛC = σ2⊗σ1 =

(
0 −i
i 0

)
⊗
(

0 1
1 0

)
=

 0
(

0 1
1 0

)
−i
(

0 1
1 0

)
i
(

0 1
1 0

)
0
(

0 1
1 0

)


=


0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

 ,

and K̂ is a complex conjugation operation. Verify that ĈĈ = −1.
Write an equivalent expression for a transformed Hamiltonian in reciprocal space

defined by the wave vector k, ĤC(k) = ĈĤ(k)Ĉ−1, and discuss the implications for
particle-hole symmetry.

We start with

ĈĈ = ÛCK̂ÛCK̂ = σ2⊗σ1K̂σ2⊗σ1K̂ = (σ2⊗σ1)(σ
∗
2⊗σ1) K̂2

= (σ2⊗σ1)(σ
∗
2⊗σ1) = ([σ2 ·σ∗2]⊗ [σ1 ·σ1]) = ([−σ0]⊗σ0)

= −(σ0⊗σ0) = −1.

Let us then consider the second question,

ĤC(k) = ĈĤ(k)Ĉ−1 = ÛCK̂Ĥ(k)K̂−1Û−1
C = ÛCĤ∗(−k)Û−1

C .

Thus, the Hamiltonian that has particle-hole symmetry must satisfy
H(k) =UCH∗(−k)U−1

C .

Problem 2.39
In physics we often have to deal with problems related to chiral symmetry. For this
purpose, one defines a chiral operator, which is another antiunitary operation. It is
defined as a product between the time-reversal and particle-hole operators,

Ŝ = T̂Ĉ = ÛT K̂ÛCK̂ = ÛTÛ∗C,

where ÛT = iσ0⊗σ2 and ÛC = σ2⊗σ1.
Show that ŜŜ = 1̂. Write an equivalent expression for a transformed Hamiltonian

in reciprocal space defined by the wave vector k, ĤS(k) = ŜĤ(k)Ŝ−1, and discuss the
implications for chiral symmetry.

We start with

Ŝ = ÛTÛ∗C = i(σ0⊗σ2) · (σ∗2⊗σ1) = i([σ0 ·σ∗2]⊗ [σ2 ·σ1]) = i(σ∗2⊗ [−iσ3]) = σ∗2⊗σ3,

ŜŜ = ÛTÛ∗CÛTÛ∗C = (σ∗2⊗σ3) · (σ∗2⊗σ3) = [σ∗2 ·σ∗2]⊗ [σ3 ·σ3] = σ0⊗σ0 = 1̂.
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Additionally,

ĤS(k) = ŜĤ(k)Ŝ−1 = (ÛTÛ∗C)Ĥ(k)(ÛTÛ∗C)
−1

= (σ∗2⊗σ3) Ĥ(k)(σ∗2⊗σ3)
−1 = (σ∗2⊗σ3) Ĥ(k)(σ∗2⊗σ3)

= (σ∗2⊗σ3) · (σ∗2⊗σ3) Ĥ(k) = Ĥ(k).

Therefore, there is chiral symmetry if ĤS(k) = ŜĤ(k)Ŝ−1 =+Ĥ(k).

Problem 2.40
Is the following Hamiltonian invariant under time-reversal, particle-hole, or chiral
symmetries?

Ĥ(k) =


t1 cos(ka) iλsin(ka) t2− t3 sin(ka) −iλ
−iλsin(ka) t1 cos(ka) −iλ t2 + t3 sin(ka)

t2− t3 sin(ka) iλ −t1 cos(ka) iλsin(ka)
iλ t2 + t3 sin(ka) −iλsin(ka) −t1 cos(ka)

 ,

where k is a 1D wave vector and t1, t2, t3, λ are real parameters.

The conditions for a Hamiltonian in reciprocal space to be invariant under time-
reversal Θ̂ chiral Ĉ and particle-hole Ŝ symmetries are

ĤΘ(k) = Θ̂Ĥ(k)Θ̂−1 = ÛT (K̂Ĥ(k)K̂−1)Û−1
T = ÛT Ĥ∗(−k)Û−1

T ,

ĤC(k) = ĈĤ(k)Ĉ−1 = ÛC(K̂Ĥ(k)K̂−1)Û−1
C = ÛCĤ∗(−k)Û−1

C ,

ĤS(k) = ŜĤ(k)Ŝ−1 = ÛTÛ∗CĤ(k)Û∗−1
C Û−1

C .

Thus, we find

Ĥ∗(−k) =


t1 cos(−ka) −iλsin(−ka) t2− t3 sin(−ka) iλ
iλsin(−ka) t1 cos(−ka) iλ t2 + t3 sin(−ka)

t2− t3 sin(−ka) −iλ −t1 cos(−ka) −iλsin(−ka)
−iλ t2 + t3 sin(−ka) iλsin(−ka) −t1 cos(−ka)



=


t1 cos(ka) iλsin(ka) t2 + t3 sin(ka) iλ
−iλsin(ka) t1 cos(ka) iλ t2− t3 sin(ka)

t2 + t3 sin(ka) −iλ −t1 cos(ka) iλsin(ka)
−iλ t2− t3 sin(ka) −iλsin(ka) −t1 cos(ka)

 .

We also use the following:

ÛT = iσ0⊗σ2 =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

= −Û−1
T ,
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ÛC = σ2⊗σ1 =


0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

= −Û−1
C ,

Ŝ = σ∗2⊗σ3 =


0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0

= Ŝ−1.

Then, we obtain

ĤΘ(k) = ÛT Ĥ∗(−k)Û−1
T = Ĥ(k),

ĤC(k) = ÛCĤ∗(−k)Û−1
C = −Ĥ(k),

ĤS(k) = ŜĤ(k)Ŝ−1 = −Ĥ(k).

We conclude that Ĥ(k) is invariant under time-reversal symmetry. However, Ĥ(k) is
not invariant under chiral and particle-hole symmetries.
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The appearance of a geometrical phase due to the evolution of a given system
under a time-dependent potential can be understood by realizing that in many prob-
lems the time-dependent Hamiltonian can be parametrized as Ĥ(t) = Ĥ(ξ(t)), where
ξ(t) = (ξ1(t),ξ2(t), . . . ,ξl(t)) is a time-dependent n-dimensional vector. Connecting
with the adiabatic approximation, the parameter ξ(t) is a slow variable, while the
fast variables are transitions associated with the electronic states. Interestingly, the
parametrization in terms of (ξ1(t),ξ2(t), . . . ,ξl(t)) may not be unique.

The properties regarding the geometrical phases are associated with the eigenvalue
problem Ĥ(ξ(t)) |ψn(ξ(t))

〉
= En(ξ(t)) |ψn(ξ(t))

〉
, where the eigenstates |ψn(ξ(t))

〉
and

eigenenergies En(ξ(t)) are also functions of ξ(t) in general. In this approximation,
the state of a given quantum mechanical system eigenstate can be represented as
|Ψ(ξ(t))

〉
= ∑

n
an(ξ(t)) |ψn(ξ(t))

〉
, where an(ξ(t)) = an(t = 0)e−

i
h̄
∫ t

0 dτEn(τ)e−iΦn(ξ(t)).

The appearance of the phase factor Φn(ξ(t)) is related to the geometry in the system
and it is called the Berry phase (Berry, 1984). There are actually several properties
related to Φn(ξ(t)), which are used throughout the scientific literature. Additionally,
these properties can be given in real and reciprocal spaces with different versions of the
formulas. In the following section we summarize those expressions for the benefit of the
reader.

3.1 Real Space Expressions

Berry phase for the nth eigenstate |ψn(ξ(t))
〉
of Hamiltonian Ĥ(ξ(t)):

Φn(t) =
∫ t

0
⟨ψn(ξ(t))|i

d
dt
ψn(ξ(t))⟩dt =

∫ ξ(t)
ξ(0)
⟨ψn(ξ(t))|i∇ξψn(ξ(t))⟩ ·dξ(t)

Berry connection for the nth eigenstate |ψn(ξ(t))
〉
of Hamiltonian H(ξ(t)):

An(ξ(t)) = ⟨ψn(ξ(t))|i∇ξψn(ξ(t))⟩,
An
µ(ξ(t)) = ⟨ψn(ξ(t))|i∇µψn(ξ(t))⟩.

In the second component expression one uses ∇µ = ∂
∂ξµ . The Berry connection is a real,

nonconservative vector field. It is also termed the “geometrical” vector potential. It is
gauge-dependent, and sometimes it is also called “gauge potential.”

37
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Berry phase for the nth eigenstate in terms of the Berry connection for a general ξ(t):

Φn(t) =
∫ ξ(t)
ξ(0)
⟨ψn(ξ(t))|i∇ξψn(ξ(t))⟩ ·dξ(t) =

∫
C
An(ξ(t)) ·dξ(t),

Φn(t) =
∫ ξ(t)
ξ(0)
⟨ψn(ξ(t))|i∇µψn(ξ(t))⟩dξµ(t) =

∫
C

An
µ(ξ(t))dξ

µ(t).

In the preceding expressions, C is the path of ξ(t) along the followed trajectory for the
particle in ξ-space.

Berry phase for the nth eigenstate in terms of the Berry connection for a closed path
ξ(t):

Φn(t) =
∮

∂S
An(ξ(t)) ·dξ(t) =

∫
S

[
∇ξ ×An(ξ)

]
·d2ξ,

Φn(t) =
∮

∂S
An
µ(ξ(t))dξ

µ(t) =
∫

S
εµνρ∇µAn

ν(ξ)d
2ξρ.

In the precedingC = ∂S defines the closed path traced by ξ(t). In this case, Φn(t) cannot
be eliminated by a local “gauge” transformation.
Berry curvature tensor for the nth eigenstate |ψn(ξ(t))

〉
of Hamiltonian Ĥ(ξ(t)):

Ωn
µν(ξ(t)) = ∇µAn

ν −∇νAn
µ.

This is a second-rank antisymmetric tensor.
Berry curvature vector for the nth eigenstate |ψn(ξ(t))⟩ of Hamiltonian Ĥ(ξ(t)):

Ωn(ξ(t)) =∇ξ ×An(ξ(t))→Ωρ
n(ξ(t)) = i

(〈
∇ψn(ξ(t)) |×|∇ψn(ξ(t))

〉)ρ
.

This vector is defined only when ξ(t) is a 3D vector. Note the relation:
Ωρ

n(ξ(t)) = εµνρΩn
µν(ξ(t)).

Berry phase for the nth eigenstate in terms of the Berry curvature for a closed path ξ(t):

Φn(t) =
∮

∂S
An(ξ(t)) ·dξ(t) =

∫
S

[
∇ξ ×An(ξ)

]
·d2ξ =

∫
S
Ωn(ξ) ·d2ξ,

Φn(t) =
∮

∂S
An
µ(ξ(t))dξ

µ(t) =
∫

S
εµνρ∇µAn

ν(ξ)d
2ξρ =

∫
S

Ωρ
n(ξ)d

2ξρ.

The Berry curvature is gauge-invariant, thus it is potentially observable. It is the geo-
metrical analog of a magnetic field, and it is sometimes called “gauge field.” The Berry
curvature is singular at degenerate points.
Chern number for the nth eigenstate |ψn(ξ(t))

〉
of Hamiltonian Ĥ(ξ(t)):

Cn =
1

2π

∮
∂S

An(ξ) ·dξ =
1

2π

∫
S
Ωn(ξ) ·d2ξ.

Here ∂S is the (simply connected) closed trajectory of ξ(t), which defines the boundary
of a 2D surface S, also in ξ-space. Note that Cn ∈ Z is a quantized topological number,
as known from Chern’s theorem.
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3.2 Reciprocal Space Expressions

The same properties can be expressed for periodic systems in reciprocal space for a
closed path traced by the wave vector k(t) = k(ξ(t)). In this case, the eigenfunctions
are given as |ψnk(ξ(t))

〉
= eik(t)·x |u0

nk(ξ(t))
〉
≡ eik(t)·x |u0

n(k(t))
〉
with |u0

n(k(t))
〉
being the

nth Bloch state. The definitions just given can be adapted into the following:

Berry phase for the nth Bloch state |u0
n(k(t))

〉
:

Φn(t) =
∮

∂S
An(k(t)) ·dk(t) =

∮
∂S

An
µ(k(t))dkµ(t).

Berry connection for the nth Bloch state |u0
n(k(t))

〉
:

Anα(k(t)) = ⟨u0
n(k(t))|i

∂
∂kα(t)

u0
n(k(t))⟩= ⟨u0

n(k(t))|i∇αu0
n(k(t))⟩.

Berry curvature tensor for nth Bloch state |u0
n(k(t))

〉
:

Ωn
µν(k(t)) = ∇µAn

ν −∇νAn
µ.

Berry curvature vector for the nth Bloch state |u0
n(k(t))

〉
:

Ωn(k(t)) =∇k×An(k(t))→Ωρ
n(k(t)) =

(
i
〈
∇u0

n(k(t)) |× |∇u0
n(k(t))

〉)ρ
,

Ωα
n (k(t)) = iεαβγ

〈
∂u0

n(k(t))
∂kβ

∣∣∣∣∂u0
n(k(t))
∂kγ

〉
= εαβγ

∂Anγ

∂kβ
.

Chern number for the nth Bloch state |u0
n(k(t))

〉
:

Cn =
1

2π

∮
∂S

An(k) ·dk =
1

2π

∫
S
Ωn(k) ·d2k ∈ Z.

In the preceding formulas in reciprocal space, S = BZ is the Brillouin zone and
∂ S = ∂ BZ is its boundary.

Problem 3.1
Show that the Berry phase is a real quantity.

To demonstrate that Φ(t) = i
∮
⟨ψ(ξ)|∇ξψ(ξ)⟩ · dξ is real means that we have to show

that the imaginary part is zero or equivalently Φ = Φ∗.
This can be shown by starting with

⟨ψ(ξ(t))|ψ(ξ(t))⟩= 1.

After differentiating with respect to ξ on both sides, one obtains

(∇ξ⟨ψ(ξ)|)|ψ(ξ)⟩+ ⟨ψ(ξ)|(|∇ξψ(ξ)⟩) = 0.
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Since (∇ξ⟨ψ(ξ)|)|ψ(ξ)⟩= ⟨ψ(ξ)|(∇ξψ(ξ))⟩∗, then ⟨ψ(ξ)|(|∇ξψ(ξ)⟩)=−⟨ψ(ξ)|(∇ξψ(ξ))⟩∗,
meaning that this quantity always imaginary. Therefore, Φ(t) = i

∮
⟨ψ(ξ)|∇ξψ(ξ)⟩ · dξ

is always real.

Problem 3.2
Show that the Berry phase is gauge-invariant under the transformation
|ψ(ξ)

〉
→ |ψ̄(ξ)

〉
= eiγ(ξ) |ψ(ξ)

〉
.

We remember that a given quantity is gauge-invariant under a specified transforma-
tion, which means that this quantity stays the same under the transformation. Thus,
we have to show that Φ(t) corresponding to |ψ(ξ)

〉
and Φ̄(t) corresponding to |ψ̄(ξ)

〉
are the same.

The best way to show this is to use the definition for the Berry phase together with
the Stokes theorem and the Berry connection.
Start with

Φ̄(t) =
∮

∂S
⟨ψ̄(ξ)|i∇ξψ̄(ξ)⟩ ·dξ =

∮
∂S

Ā(ξ) ·dξ =
∫
S
∇ξ × Ā(ξ) ·d2s

=

∫
S
∇ξ×

(
⟨ψ̄(ξ)|i∇ξψ̄(ξ)⟩

)
·d2s.

However,

Ā(ξ) = ⟨ψ̄(ξ)|i∇ξψ̄(ξ)⟩= e−iγ(ξ)〈ψ(ξ)|i∇ξ(eiγ(ξ)|ψ(ξ)
〉
)

= e−iγ(ξ)
〈
ψ(ξ)

∣∣∣∣((i∇ξeiγ(ξ)
) ∣∣∣∣ψ(ξ)〉+ eiγ(ξ)

∣∣∣∣i∇ξψ(ξ)〉)
= e−iγ(ξ)

〈
ψ(ξ)

∣∣∣∣(i2eiγ(ξ) (∇ξγ(ξ)) ∣∣∣∣ψ(ξ)〉+ eiγ(ξ)
∣∣∣∣i∇ξψ(ξ)〉)

= −
(
∇ξγ(ξ)

)
⟨ψ(ξ)|ψ(ξ)⟩+ ⟨ψ(ξ)|i∇ξψ(ξ)⟩= −∇ξγ(ξ)+A(ξ).

Therefore,

Φ̄(t) =
∫
S
∇ξ×Ā(ξ) ·d2s =

∫
S
∇ξ ×

(
−∇ξγ(ξ)+A(ξ)

)
·d2s =

∫
S
∇ξ×A(ξ) ·d2s = Φ(t).

Here we have used that ∇ξ ×∇ξγ(ξ) = 0, as known from vector algebra. Thus, the
Berry phase is gauge invariant; thus it can be understood as a gauge potential.

Problem 3.3
Show that the Berry curvature can bewritten asΩn(ξ(t))= Im ∑

m̸=n

⟨ψn |∇Ĥ |ψm⟩×⟨ψm |∇Ĥ |ψn⟩
(En−Em)2 ,

where the notation follows the one given at the beginning of the chapter.

The preceding property appears inmany textbooks already.Herewe repeat the solution
for the benefit of the reader.We start with the components of theBerry curvature vector,

Ωρ
n(ξ(t)) = εµνρΩn

µν(ξ(t)) = εµνρ∇µAn
ν =

(
∇µAn

ν −∇ νAn
µ

)ρ
= εµνρ∇µ⟨ψn(ξ(t))|i∇ νψn(ξ(t))⟩
= iεµνρ⟨∇µψn(ξ(t))|∇ νψn(ξ(t))⟩=

(
i
〈
∇ψn(ξ(t)) |× |∇ψn(ξ(t))

〉)ρ
.
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Using that Î = ∑
m
|ψm(ξ(t))

〉〈
ψm(ξ(t)) |, we obtain

Ωρ
n(ξ(t)) = iεµνρ∑

m
⟨∇µψn(ξ(t))|ψm(ξ(t))⟩⟨ψm(ξ(t))|∇νψn(ξ(t))⟩.

Applying the operator ∇µ to the eigenvalue problem Ĥ(ξ(t)) |ψn(ξ(t))
〉
=En |ψn(ξ(t))

〉
,

we find (
∇µĤ

)
|ψn⟩+ Ĥ ∇µ |ψn⟩=

(
∇µEn

)
|ψn⟩+En ∇µ |ψn⟩ .

Multiplying both sides of the preceding equation by the bra
〈
ψm(ξ(t))

∣∣ for m ̸= n, we
obtain 〈

ψm

∣∣∣∇µĤ
∣∣∣ψn

〉
+
〈
ψm

∣∣∣Ĥ∣∣∣∇µψn

〉
=
〈
ψm
∣∣(∇µEn

)∣∣ψn
〉
+
〈
ψm |En|∇µψn

〉
,〈

ψm

∣∣∣∇µĤ
∣∣∣ψn

〉
+
〈
ψm |Em|∇µψn

〉
=
(
∇µEn

)
⟨ψm|ψn⟩+En

〈
ψm|∇µψn

〉
,〈

ψm

∣∣∣∇µĤ
∣∣∣ψn

〉
=
(
∇µEn

)
δmn +(En−Em)

〈
ψm |∇ µψn

〉
,

〈
ψm|∇µψn

〉
=

〈
ψm

∣∣∣∇µĤ
∣∣∣ψn

〉
(En−Em)

−
(
∇µEn

)
δmn

(En−Em)
.

Multiplying by the bra
〈
ψn(ξ(t))

∣∣, we find〈
ψn

∣∣∣∇µĤ
∣∣∣ψn

〉
=
(
∇µEn

)
δnn +(En−En)

〈
ψn|∇µψn

〉
=
(
∇µEn

)
.

Applying the operator ∇µ to the normalization condition ⟨ψm|ψn⟩= δmn, we obtain

∇µ (⟨ψm|ψn⟩) = ∇µδmn,〈
∇µψm|ψn

〉
+
〈
ψm|∇µψn

〉
= 0,〈

∇µψm|ψn
〉
= −

〈
ψm|∇µψn

〉
.

Therefore,

〈
∇µψn|ψm

〉
= −

〈
ψn

∣∣∣∇µĤ
∣∣∣ψm

〉
(Em−En)

+

(
∇µEm

)
δmn

(Em−En)
.

Now we continue with the expression for Ωρ
n(ξ(t)),

Ωρ
n(ξ(t)) = iεµνρ∑

m


〈
ψn

∣∣∣∇µĤ
∣∣∣ψm

〉
(En −Em)

−
(
∇µEm

)
δmn

(En −Em)


〈
ψm

∣∣∣∇νĤ∣∣∣ψn

〉
(En −Em)

− (∇νEn)δmn

(En −Em)

 ,
Ωρ

n(ξ(t)) = iεµνρ∑
m


〈
ψn

∣∣∣∇µĤ
∣∣∣ψm

〉
(En −Em)

〈
ψm

∣∣∣∇νĤ∣∣∣ψn

〉
(En −Em)

−
(
∇µEm

)
δmn

(En −Em)

〈
ψm

∣∣∣∇νĤ∣∣∣ψn

〉
(En −Em)

−

〈
ψn

∣∣∣∇µĤ
∣∣∣ψm

〉
(En −Em)

(∇νEn)δmn

(En −Em)
+

(
∇µEm

)
δmn

(En −Em)

(∆νEn)δmn

(En −Em)

 ,
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Ωρ
n(ξ(t)) = iεµνρ∑

m


〈
ψn

∣∣∣∇µĤ
∣∣∣ψm

〉〈
ψm

∣∣∣∇νĤ∣∣∣ψn

〉
(En −Em)

2 −
(
∇µEm

)
(∇νEn)δmn

(En −Em)
2

 .
Using εµνρFµFν = 0, we obtain εµνρ

(
∇µEm

)
(∇νEn)δmn = 0 and, for m = n,

εµνρ
〈
ψn

∣∣∣∇µĤ
∣∣∣ψm

〉〈
ψm

∣∣∣∇νĤ∣∣∣ψn

〉
δmn = εµνρ

〈
ψn

∣∣∣∇µĤ
∣∣∣ψn

〉〈
ψn

∣∣∣∇νĤ∣∣∣ψn

〉
= 0.

From here, we find

Ωρ
n(ξ(t)) = iεµνρ ∑

m ̸=n

〈
ψn

∣∣∣∇µĤ
∣∣∣ψm

〉〈
ψm

∣∣∣∇νĤ∣∣∣ψn

〉
(En−Em)

2

= Im

εµνρ ∑
m ̸=n

〈
ψn

∣∣∣∇µĤ
∣∣∣ψm

〉〈
ψm

∣∣∣∇ νĤ∣∣∣ψn

〉
(En−Em)

2

 ,

Ωn(ξ(t)) = i ∑
m ̸=n

〈
ψn

∣∣∣∇Ĥ
∣∣∣ψm

〉
×
〈
ψm

∣∣∣∇Ĥ
∣∣∣ψn

〉
(En−Em)

2

= Im

∑
m ̸=n

〈
ψn

∣∣∣∇Ĥ
∣∣∣ψm

〉
×
〈
ψm

∣∣∣∇Ĥ
∣∣∣ψn

〉
(En−Em)

2

 ,

where we have made use of the fact that
〈
∇µψm |ψn

〉
=
〈
ψm|∇µψn

〉∗.
Problem 3.4
Consider a particle of spin 1/2 under a time-dependent magnetic field along an
arbitrary direction n̂, as given in the sketch in Figure 3.1.

a) Write the Hamiltonian by taking into account only the spin properties of the
particle and find the corresponding eigenvalues and eigenfunctions.

b) Find the Berry curvature and Berry connection. Is there a region where these are
not defined?

c) Express the eigenfunctions in a different gauge and calculate the Berry curvature
and Berry connection again.

d) What can you say about the gauge dependence of the Berry curvature and the Berry
connection?

a) The Hamiltonian for the electron under a magnetic field B(t) is

Ĥ = −γB · Ŝ = −γh̄
2

B ·σ.

Here γ is the gyromagnetic ratio, Ŝ is the spin operator, and σ = (σ1,σ2,σ3) are
the Pauli matrices.
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tFigure 3.1 Schematic of a spin 1/2 particle under an external magnetic field directed along an arbitrary n̂ direction.

The best way to solve this problem is in spherical coordinates with
n̂ = (sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)) (see Figure 3.1). Note that these angles
change in time. The Hamiltonian and its eigenvalues and eigenstates are

Ĥ = −γh̄B
2

(
cos(θ) sin(θ)e−iϕ

sin(θ)eiϕ −cos(θ)

)
,

E− = −
γh̄B

2
; χ− =

(
cos(θ/2)

eiϕ sin(θ/2)

)
; E+ =

γh̄B
2

; χ+ =

(
−sin(θ/2)

eiϕ cos(θ/2)

)
.

b) To find the Berry curvature and the Berry connection, one needs to calculate ∇χ±,
and since we are working in spherical coordinates, we need to use ∇= r̂ ∂

∂ r +
θ̂
r

∂
∂θ +

ϕ̂
rsin(θ)

∂
∂ϕ . Thus,

∇χ− =
θ̂

2r

(
−sin(θ/2)

eiϕ cos(θ/2)

)
+

iϕ̂
r sin(θ)

(
0

eiϕ sin(θ/2)

)
,

∇χ+ = − θ̂
2r

(
cos(θ/2)

eiϕ sin(θ/2)

)
+

iϕ̂
r sin(θ)

(
0

eiϕ cos(θ/2)

)
.

To find the Berry connection, we can use A±(ξ) = i⟨χ±|∇χ±⟩, and to find the Berry
curvature, we can use Ω± = i(∇

〈
χ±|)× (∇|χ±

〉
). The results are

A− = −
ϕ̂

2r
tan
(
θ

2

)
; A+ = − ϕ̂

2r
1

tan
(
θ
2

) ; Ω− = −
r̂

2r2 ; Ω+ =
r̂

2r2 .

All quantities diverge at r→ 0.
c) Let us choose a different gauge, which means we have to use a different represen-

tation for the eigenvectors. In addition to the results in (a), we also have another
valid solution as

E− = −
γh̄B

2
; χ− =

(
e−iϕ cos(θ/2)

sin(θ/2)

)
; E+ =

γh̄B
2

; χ+ =

(
−e−iϕ sin(θ/2)

cos(θ/2)

)
.

Thus, using the definitions for the Berry connection and curvature, as in part (b),
we find

A− =
ϕ̂

2r
1

tan
(
θ
2

) ; A+ =
ϕ̂

2r
tan
(
θ

2

)
; Ω− = −

r̂
2r2 ; Ω+ =

r̂
2r2 .

https://doi.org/10.1017/9781009355414.003 Published online by Cambridge University Press

https://doi.org/10.1017/9781009355414.003


44 Contemporary QuantumMechanics in Practice

d) This is simply a manifestation of the fact that the Berry connection is gauge
dependent, while the Berry curvature is gauge independent.

Food for thought: Berry connection has the same interpretation as a “vector”
potential, which, as we know from electrodynamics, is not unique. The Berry
curvature has an interpretation of a magnetic field of “monopole” with (+) and
(−) charges, which are invariant.

Problem 3.5
Consider the case of a spin S = 1 particle placed under a time-dependent magnetic field
B = B0(sin(α) cos(ωt)x̂+ sin(α) sin(ωt)ŷ+ cos(α)̂z). Calculate the Berry connection
and the Berry phase for this particle.

For the Berry connection and phase one needs the eigenstates of the Hamiltonian,
which can be written as Ĥ = −γB · Ŝ, where γ is the gyromagnetic ratio and

Sx =
h̄√
2

 0 1 0
1 0 1
0 1 0

 ,Sy =
h̄√
2

 0 −i 0
i 0 −i
0 i 0

 ,Sz = h̄

 1 0 0
0 0 0
0 0 −1

 .

The matrix form of the Hamiltonian then becomes

Ĥ = − h̄γB0√
2


√

2cos(α) sin(α)e−iωt 0
sin(α)eiωt 0 sin(α)e−iωt

0 sin(α)eiωt −
√

2cos(α)

 ,

whose eigenvalues and eigenstates are

E0 = 0, χ0 =
1√
2

 −e−iωt sin(α)√
2cos(α)

eiωt sin(α)

 ; E− = −h̄γB0, χ− =

 e−iωt cos2
(
α
2

)
1√
2

sin(α)
eiωt sin2 (α

2

)
 ;

E+ = h̄γB0, χ+ =

 e−iωt sin2 (α
2

)
−1√

2
sin(α)

eiωt cos2
(
α
2

)
 .

Then using the definition for Berry connections (in vector form) and phases, we find

A0 = 0; A− =
1

B0 tan(α)
ϕ̂; A+ = − 1

B0 tan(α)
ϕ̂,

Φ0 = 0; Φ− =+cos(α)ωt; Φ+ = −cos(α)ωt.

Problem 3.6
Consider a material whose periodic lattice has time reversal and inversion symmetries
at the same time. Show that for such a system the Berry curvature vanishes.
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This problem concerns the Berry curvature expressed in Bloch states, since the question
is about amaterial with a periodic lattice. Thus, we work in the first Brillouin zone (BZ)

and the following definition: Ωnα(k) = iεαβγ
〈

∂u0
n(k)

∂kβ

∣∣∣ ∂u0
n(k)

∂kγ

〉
, where u0

n(k) are the Bloch

states for the nth orbital and εαβγ is the Levi–Civita symbol (α,β,γ = x,y,z).
From the properties of time-reversal operation, we see that

Θ̂Ωnα(k)Θ̂−1 = Θ̂iεαβγ

〈
∂u0

n(k)
∂kβ

∣∣∣∣∂u0
n(k)

∂kγ

〉
Θ̂−1 = Θ̂iεαβγ

∫
BZ

∂u0∗
n (k)

∂kβ

∂u0
n(k)

∂kγ
dkΘ̂−1

= −iεαβγ
∫

BZ

∂u0
n(−k)

∂ (−kβ)
∂u0∗

n (−k)
∂ (−kγ)

d(−k)Θ̂Θ̂−1

= iεαβγ
∫

BZ

∂u0
n(−k)
∂kβ

∂u0∗
n (−k)
∂kγ

dk = iεαβγ

〈
∂u0

n(−k)
∂kγ

∣∣∣∣∂u0
n(−k)
∂kβ

〉
= −iεαβγ

〈
∂u0

n(−k)
∂kβ

∣∣∣∣∂u0
n(−k)
∂kγ

〉
= −Ωnα(−k),

Ωnα(k)
Θ̂−→ −Ωnα(−k).

From the properties of inversion operation, we have

π̂Ωnα(k)π̂−1 = π̂iεαβγ

〈
∂u0

n(k)
∂kβ

∣∣∣∣∂u0
n(k)

∂kγ

〉
π̂−1 = π̂iεαβγ

∫
BZ

∂u0∗
n (k)

∂kβ

∂u0
n(k)

∂kγ
dkπ̂−1

= iεαβγ
∫

BZ

∂u0
n(−k)

∂
(
−kβ
) ∂u0∗

n (−k)
∂ (−kγ)

d(−k)π̂ π̂−1

= −iεαβγ
∫

BZ

∂u0
n(−k)
∂kβ

∂u0∗
n (−k)
∂kγ

dk

= −iεαβγ

〈
∂u0

n(−k)
∂kγ

∣∣∣∣∂u0
n(−k)
∂kβ

〉
= iεαβγ

〈
∂u0

n(−k)
∂kβ

∣∣∣∣∂u0
n(−k)
∂kγ

〉
= Ωnα(−k),

Ωnα(k)
π̂−→Ωnα(−k).

Since the Berry curvature is invariant under both operations, we have

Ωnα(k) = Θ̂π̂Ωnα(k)π̂−1Θ̂−1 = Θ̂Ωnα(−k)Θ̂−1 = −Ωnα(k).

Therefore, Ωnα(k) = 0.

Food for thought: It is important to observe that the Berry curvature does not
vanish if the periodic system has inversion symmetry, but it does not have time-
reversal symmetry. The same is true if the periodic system has inversion, but
not time-reversal symmetry.
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Problem 3.7
The anomalous Hall conductivity for a given material with d-dimension is given
as σxy =

e2

h̄(2π)d ∑
n

∫
BZ dkΩn,xy(k)nF(En(k)), where nF(En(k)) is the Fermi distribution

function for the nth Bloch band u0
n(k) with energy En(k) and Ωn,xy(k) is the xy

component of the Berry curvature tensor. The summation is over all Bloch states and
the integration is over the first Brillouin zone.

Show that for a lattice that has time-reversal symmetry, the anomalous Hall con-
ductivity vanishes.

Here we notice that the expression for the anomalous Hall conductivity is given using
the tensor form of the Berry curvature. Nevertheless, if the lattice is invariant under
time reversal, then

Θ̂Ĥ(k)Θ̂−1 = Ĥ(−k); En(k) = En(−k).

Therefore, nF(En(k)) = nF(En(−k)).
From the last exercise, we also have Θ̂Ωn,xy(k)Θ̂−1 = −Ωn,xy(−k).
Under time reversal, then

Θ̂σxyΘ̂−1 =
e2

h̄(2π)d ∑
n

∫
BZ

Θ̂dkΩn,xy(k)nF(En(k))Θ̂−1

=
e2

h̄(2π)d ∑
n

∫
BZ

d(−k)
(
−Ωn,xy(−k)

)
nF(En(−k))

= − e2

h̄(2π)d ∑
n

∫
BZ

dk0Ωn,xy (k0)nF(En (k0)) = −σxy,

where we have made the k = −k0 change of variable in the last step. Thus, comparing
σxy and Θ̂σxyΘ̂−1, we realize that σxy vanishes.

Problem 3.8
The Hamiltonian for an electron in a periodic environment with wave vector k is given
in the following general form,

Ĥ(k) = a0(k)σ0 +a(k) ·σ,

where σ0 is the identity matrix in 2D and σ= (σ1,σ2,σ3) are the Pauli matrices. Also,
a(k) = (a1(k),a2(k),a3(k)) is k-dependent and real, and the real scalar function a0(k)
is also k-dependent. Find the eigenvalues and eigenstates of this Hamiltonian, and then
obtain the corresponding Berry connections and Berry curvatures.

Working directly with the Hamiltonian in the xyz-coordinate system, we find that

Ĥ =

(
a0 +a3 a1− ia2

a1 + ia2 a0−a3

)
,
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where aµ(k)= aµ (µ= 0,1,2,3) for clarity. The two eigenvalues and their corresponding
eigenfunctions are found as

E± = a0±a; |χ±⟩=
1

N±

(
a3±a

a1 + ia2

)
,

where N± =
√

2a(a±a3) and a =
√

a2
1 +a2

2 +a2
3. For the Berry curvature calculation,

we need

∇ |χ±⟩= −
∇N±
N2
±

(
a3±a

a1 + ia2

)
+

1
N±

(
∇(a3±a)
∇(a1 + ia2)

)
,

⟨χ±| =
1

N±
(a3±a, a1− ia2) .

The Berry connection for each state is

A± =
i

N2
±
(a1− ia2)∇(a1 + ia2)+(a±a3)∇(a±a3)−

i
N±

∇N±,

A± =
a2∇a1−a1∇a2

N2
±

,

and the Berry curvature vector for each state is then found, usingΩ±(k) =∇k×A±(k),
as

Ω± =
2

N3
±
(N±∇a1×∇a2−a1∇N±×∇a2 +a2∇N±×∇a1) .

Note: This result can further be given in an alternative form. In fact, we can show that

Ωρ
± = εµνρΩρ

µν;± = ±εµνρ
a ·
(
∇µa×∇νa

)
2a3 = ±εµνρεαβγ aα∇µaβ∇νaγ

2a3

= ±1
2
εµνρεαβγ

aα
a
∇µ

aβ
a
∇ν

aγ
a
.

The proof is left for an independent exercise by the skillful reader.

Food for thought: This is an important problem, especially in condensed matter
physics. It captures many cases in which topologically nontrivial features, such
as Berry phase properties, need to be calculated. Here we consider the solution
in Cartesian coordinates.

Problem 3.9
The Hamiltonian for an electron in a periodic environment with wave vector k is given
in the following general form,

Ĥ(k) = a0(k)σ0 +a(k) ·σ,

where σ0 is the identity matrix in 2D and σ= (σ1,σ2,σ3) are the Pauli matrices. The
vector a(k) is of the form a(k)= (a1(k),a2(k),a3(k))= a(k)(sin(θ) cos(ϕ), sin(θ) sin(ϕ),

cos(θ)), where a(k) =
√

a2
1(k)+a2

2(k)+a2
3(k). Find the eigenvalues and eigenstates of

https://doi.org/10.1017/9781009355414.003 Published online by Cambridge University Press

https://doi.org/10.1017/9781009355414.003


48 Contemporary QuantumMechanics in Practice

this Hamiltonian, and then obtain the corresponding Berry connections and Berry
curvatures.

Clearly this problem is very similar to the previous one. The Hamiltonian is actually
simpler due to the condition given for a(k) implying that themagnitude of this vector is
constant. Given this, the problem can be worked out not only in Cartesian coordinates
by simply substituting in the solution of the previous problem, but also in spherical
coordinates.

Let’s solve this problem in spherical coordinates. The eigenenergies and eigenvectors
can be written as

E± = a0(k)±a(k); ζ+ =

(
cos
(
θ
2

)
e−iϕ

sin
(
θ
2

) )
; ζ− =

(
sin
(
θ
2

)
e−iϕ

−cos
(
θ
2

) )
.

Using the definition of Berry connection given earlier, we arrive at

A+ =
ϕ̂

2k tan
(
θ
2

) ; A− =
tan
(
θ
2

)
ϕ̂

2k
,

Using the definition for the Berry connection, we find

Ω− = −
k̂

2k2 ; Ω+ =
k̂

2k2 .

Problem 3.10
Weoften have to deal withHamiltonians of the kind Ĥ = νσ ·k, as is the case for certain
topological materials, called Dirac semimetals. Find the Berry connection and Berry
curvature for the eigenstates corresponding to Ĥ.

Comparing with the previous two problems, we see that this is essentially the same
exercise, but for a specific and simpler a(k) = k whose magnitude is always k.

From Problem 3.9, the eigenenergies and eigenvectors can be written using spherical
coordinates,

E± = a0(k)±a(k) = ±νk; ζ+ =

(
cos
(
θ
2

)
e−iϕ

sin
(
θ
2

) )
; ζ− =

(
sin
(
θ
2

)
e−iϕ

−cos
(
θ
2

) )
.

Based on the definition of Berry connection in spherical coordinates given earlier, we
arrive at

A− = sin
(
θ

2

)2

∇ϕ=
tan
(
θ
2

)
ϕ̂

2k
; A+ = cos

(
θ

2

)2

∇ϕ=
ϕ̂

2k tan
(
θ
2

) .
Using the definition for the Berry connection, we find

Ω± = ±
k̂

2k2 .
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The same problem can be considered in Cartesian coordinates also,

A±,µ =
a1∇µa2−a2∇µa1

N2
±

=
ν2k1δµ2− ν2k2δµ1

N2
±

→ A± =
ν2

N2
±

(
k1k̂2− k2k̂1

)
.

Again, from the previous problem the Berry curvature is

Ωρ
± = ±εµνρεαβγ

aα∇µaβ∇νaγ
2a3 = ±εµνρεαβγ ν

3kαδµβδνγ
2ν3k3 = ±εβγσεαβγδρσ

ka

2k3 .

Using εβγσεαβγ = δασ, we obtain

Ωρ
± = ±δασδρσ

kα
2k3 = ± kρ

2k3 →Ω± = ±
k

2k3 = ± k̂
2k2 .

Food for thought: This Hamiltonian corresponds to graphene, indicating a
Dirac-like physics for low-energy carriers. We also note that this problem is
very similar to Problem 3.4, where we are asked to solve for similar things but
in real space. Actually, the radial variable r in the Berry curvature and con-
nection in real space (Problem 3.4) is now substituted by the wave vector k in
reciprocal space.

Problem 3.11
Let us consider an electronmoving in a periodic environment under the following effec-
tive Hamiltonian in Bloch space Ĥ =Bk ·σ, where Bk =−2t cos(ka)x̂−2t sin(ka)ŷ+∆ẑ,
σ = (σ1,σ2,σ3) are the Pauli matrices, k is the wave vector, and t,∆ are positive
constants. Find the Berry connections and phases for this case.

This problem is another variation of Problem 3.8. We will provide solutions in
Cartesian and spherical coordinates for the benefit of the reader.
Cartesian coordinates: In the Bloch state basis, the given Hamiltonian can be written
as

Ĥ =

(
∆ −2te−ika

−2teika −∆

)
.

The solutions of the eigenproblem Ĥ |χ±(k)
〉
= E± |χ±(k)

〉
are

E± = ±
√

∆2 +4t2; |χ±(k)
〉
=

1
N±

(
∓2te−ika

√
∆2 +4t2∓∆

)
,

with N±=
√

2
√

∆2 +4t2±∆
√

∆2 +4t2. Taking into account that t and ∆ are independent
of the wave vector, we obtain

A± =
〈
χ±(k)

∣∣i∂k
∣∣ χ±(k)〉= 4t2a

N2
±

∂kk =
4t2a
N2
±
.
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Similarly, the Berry phases can also be found:

Φ± =
∫ π

2a

− π
2a

A± ·dk =

∫ π
2a

− π
2a

4t2a
N2
±
ûk ·dk =

4t2a
N2
±

∫ π
2a

− π
2a

dk =
4t2π

N2
±
.

Using 4t2

N2±
= 1

2

(
1∓ ∆√

∆2+4t2

)
, we obtain

Φ± =
π

2

(
1∓ ∆√

∆2 +4t2

)
.

Note that the Berry curvature is zero in this case:

Ω± =∇×A± = 0.

Spherical coordinates: The eigenvalues and eigenstates can alternatively be obtained as

E+ =
√

∆2 +4t2; |χ+(k)
〉
=

(
cos
(
θ
2

)
e−ika

−sin
(
θ
2

) )
,

E− = −
√

∆2 +4t2; |χ−(k)
〉
=

(
sin
(
θ
2

)
e−ika

cos
(
θ
2

) )
,

where tan(θ) = 2t/∆. From here, the Berry connections are

A± = i⟨χ±(k)|∇kχ±(k)⟩= k̂acos2(θ/2) =
k̂a
2

(
1± ∆√

∆2 +4t2

)
.

The phases are

Φ± =
∫ π/2

−π/2

1
2

(
1± ∆√

∆2 +4t2

)
d(ka) =

π

2

(
1± ∆√

∆2 +4t2

)
,

giving zero Berry curvatures Ω± =∇×A± = 0.

Food for thought: Notice that the geometrical phase, often called the “Zac”
phase (Zak, 1989), of the electron moving in this periodic environment can take
any value in the [0,2π] interval. It is not quantized, and in this sense it is not
topological. It is interesting to note that the Zac phase actually depends on the
origin of space.

Problem 3.12
Here is a model Hamiltonian for a topological semimetal phase given as

Ĥ = v
(
kxσx + kyσy

)
+M

(
k2

w− k2
)
σz. Here k = (kx,ky,kz), k =

√
k2

x + k2
y + k2

z , and kw

is a constant in momentum space. Also, A, M are positive constants. Calculate the
Berry curvature.

Again, this is another variation of Problem 3.8. This model Hamiltonian was consid-
ered in Lu and Shen (2017) as an example of a two-node Dirac semimetal.
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The eigenenergies and corresponding eigenvectors are

E± = ±
√

v2
(
k2

x + k2
y
)
+∆2(k), χ± =

1
N±(k)

(
±v(kx − iky)

E±∓∆(k)

)
,

where N±(k) =
√

2E+ (E+∓∆(k)) and ∆(k) = M
(
k2

w− k2
)
. Then, using the result

Ω± = 1
2a3 (a1∇a2×∇a3−a2∇a1×∇a3 +a3∇a1×∇a2) found in Problem 3.8, we

obtain

Ω± = ±
2M v2

E3
+

 −kxkz

−kykz

−k2
z +

k2
w+k2

2

=
2M v2

E3
±

(
k2

w + k2

2
ûkz − kzk

)
.

Problem 3.13
Consider the Hamiltonian Ĥ(k) = Aµνkνσµ+∆σ3 = dµσµ, for a system with a 2D wave
vector k = (kx,ky) and where σµ are the Pauli matrices. Note that in this particular

Hamiltonian A is a 2× 2 constant matrix. Using Ωµν =
a(k)·(∇µa(k)×∇νa(k))

2a(k)3 , show that

theChern numberC can bewritten asC = sign(∆)sign(|A|), where |A| is the determinant
of the matrix A.

The given Hamiltonian specifies an energy dispersion of a band crossing with a finite
gap ∆. The Chern number depends on Ωρ, the ρ-component of the Berry curvature
vector; thus we find

Ωρ = εµνρΩµν = εµνρ
[
∂kµd(k)×∂kνd(k)

]
·d(k)

2|d(k)|3 =
εµνρεαβγdα∂µdβ∂νdγ

2|d|3

=
εµνρεαβγ∆ δα3AβµAγν

2
∣∣∆2 +(A ·k)2

∣∣3 =
∆|A|δρ3

|∆2 +(A ·k)2|3 ,

where we have used the property εµνρεαβγAβµAγν = 2|A|δρα. Now we proceed to carry
out the integral over the Brillion zone to obtain

C =
1

2π

∫
BZ

d2kρΩρ =
1

2π

∫
BZ

d2k
∆|A|

|∆2 +(A ·k)2|3 .

After applying the change of variables q = A ·k, we find that

C =
1

2π

∫
BZ

d2q
∥A∥

∆|A|
|∆2 +q2|3 ,

where ∥A∥ is the absolute value of the determinant |A|. After a second change of
variables ν= ∆q, one obtains

C =
1

2π

∫
BZ

d2ν

|∆| ∥A∥
∆ |A|
|1+ν2|3 =

1
2π

∆|A|
|∆| ∥A∥

∫
BZ

d2ν

|1+ν2|3 .
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tFigure 3.2 Schematic of energy eigenvalues dispersion for the considered Hamiltonian with four crossing points in reciprocal
space with finite gaps.

This last 2D integral can be easily carried out, since∫
BZ

d2ν

|1+ν2|3 =
∫ 2π

0
dφ
∫ ∞

0
dv

v

(1+ ν2)
3
2
=2π,

which yields the desired result:

C = sign(∆)sign(|A|).

Food for thought: The preceding result can be generalized for Hamil-
tonians with crossing points in the band structure Ĥ(k) = d(k) · σ ≈
∑
i
Aµν (kDi)

(
kν−kνDi

)
σµ + ∆(kDi)σ

3, where Aµν (kDi) =
∂dµ(k)

∂kν

∣∣∣
k→kDi

. The

energy dispersion then corresponds to several crossing points in reciprocal
space kDi characterized by finite gaps ∆(kDi). In Figure 3.2 a sketch for four
such crossing points is shown for illustration. In this case,

C = ∑
kDi

sign(∆(kDi))sign
(∣∣A(kDi)

∣∣) .
Problem 3.14
Consider the Hamiltonian Ĥ(k) = νσ ·k, where v is a constant, σ= σxx̂+σyŷ, and k
is a 2D wave vector. Calculate the Chern number.

The solution to this problem is a direct consequence of Problem 3.13. Since here ∆ = 0,
then the Chern number is

C = 0.
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Food for thought: As an exercise, calculate the result directly. This indicates that
the Chern number for graphene is zero, since this Hamiltonian corresponds to
the case of a graphene system.

Problem 3.15
Consider theHamiltonian Ĥ(k)= t sin(kxa)σx+t sin

(
kya
)
σy+t

(
cos(kxa)+ cos

(
kya
))

σz, where t is a positive constant, k = (kx,ky) is the 2D wave vector, and a is a lattice
constant. Calculate the Chern numbers.

For the solution of this problem, wemake a connection with Problem 3.13 and look for
crossing points in the energy dispersion. With this in mind, let’s consider the Hamilto-
nian in a linear Taylor expansion with respect to the wave vector to find these crossing
points at the minima placed at kD = 0 for the first Brillouin zone,

Ĥ(kD) ∼= Aµν (kD = 0)kνσµ+∆(kD = 0)σ3,

where Aµν (kD) =
∂dµ(k)

∂kv

∣∣∣
k→kD=0

. Thus, the Hamiltonian is expressed as

Ĥ(kD) ∼= ta k1σ1 + ta k2σ2 +2t σ3 =
(

k1 k2
)
·
(

ta 0
0 ta

)
·
(

σ1

σ2

)
+2t σ3.

This problem now becomes a direct application of the formula C = sign(∆)sign(|A|),

where ∆ = 2t and A =

(
ta 0
0 ta

)
. Therefore:

C = sign(∆)sign(|A|) = sign(2t)sign
(∣∣∣∣ ta 0

0 ta

∣∣∣∣)= sign(t)sign(t2a2) = sign(t).

Problem 3.16
Consider the Hamiltonian Ĥ = A

(
kxσx + kyσy

)
+Mk2σz. Here k= (kx,ky) is a 2D wave

vector, k =
√

k2
x + k2

y , and A, M are positive constants. Calculate the Chern number.

This problem is a direct application of the formula

C = ∑
kD∈Di

sign(∆(kDi))sign
(∣∣A(kDi)

∣∣),
with the Dirac point at kD = (0,0) and ∆(kD) = 0. Therefore, C = 0.

Problem 3.17
The eigenvalue equation for a periodic crystal with nondegenerate states is

Ĥλ| Φn(k,λ)
〉
=En(k) |Φn(k,λ)

〉
, where theHamiltonian is Ĥλ=

p̂2

2m +Vλ(̂r)with λ being
an adiabatically changing parameter,

∣∣Φn(k,λ)
〉

are the eigenstates with a wave vec-
tor k for the nth band, and En(k) are the corresponding eigenvalues. Show that by
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using the difference of the electric polarization P of a material with a periodic lattice
defined as

∆P =

∫ 1

0
dλ

dP
dλ

, where P(λ) =
q
V ∑

i

〈
Φi(λ)| r̂ |Φi(λ)

〉
,

one can obtain an equivalent expression in terms of the Berry phase for an nth Bloch
band,

∆P =
h̄q
V ∑

n

∫
BZ

dk
∫ 1

0
dλΩn

λ,kµ (k,λ).

In the preceding expressions, λ is an adiabatically changing parameter,V is the volume,
q is the charge, and Ωn

λ,kµ is the Berry phase tensor component for the nth band. Here
we note that the polarization P of an infinite periodic crystal depends on the choice
of the unit cell, thus it is not a well-defined quantity. However, ∆P is well defined,
since it is connected to the Berry phase of Bloch electronic states as implied by this
problem.

Here we provide two different solutions to this problem, which may be beneficial to the
reader.

Version 1: The solution in this case can be given as a multistep process, which we start
by executing the derivative dP

dλ and rewriting (note that ∂ r
∂λ = 0):

dP
dλ

=
d

dλ
q
V ∑

n,k
⟨Φn(k,λ)| r̂ |Φn(k,λ)⟩

=
q
V ∑

n,k

[〈∂Φn(k,λ)
∂λ

| r̂ |Φn(k,λ)⟩+ ⟨Φn(k,λ)| r̂ |
∂Φn(k,λ)

∂λ

〉]
.

Using the identity, ∑
m

∣∣Φm(k,λ)
〉〈

Φm(k,λ)
∣∣) = 1, we further write

dP
dλ

=
q
V ∑

n,k
∑
m

[〈∂Φn(k,λ)
∂λ

|Φm(k,λ)⟩⟨Φm(k,λ)| r̂ |Φn(k,λ)⟩

+ ⟨Φn(k,λ)| r̂ |Φm(k,λ)⟩⟨Φm(k,λ)|
∂Φn(k,λ)

∂λ

〉]
.

To proceed further, we recognize the following:

Property 1: ⟨Φm|Φn⟩= δmn,

0 =∇⟨Φm|Φn⟩= ⟨∇Φm|Φn⟩+ ⟨Φm|∇Φn⟩.
⟨∇Φm|Φn⟩= − ⟨Φm|∇Φn⟩.

Property 2: r̂µ = ih̄ ∂
∂kµ = ih̄∇µ,

⟨Φn(k,λ)|r̂µ|Φm(k,λ)⟩= ⟨Φn(k,λ)|ih̄∇µ|Φm(k,λ)⟩= ih̄⟨Φn(k,λ)|∇µΦm(k,λ)⟩.
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Rewriting the derivative of the polarization again, we find

dPµ

dλ
=

ih̄q
V ∑

n,k
∑
m

[〈∂Φn(k,λ)
∂λ

|Φm(k,λ)⟩⟨Φm(k,λ)|∇µΦn(k,λ)⟩

− ⟨∇µΦn(k,λ)|Φm(k,λ)⟩⟨Φm(k,λ)|
∂Φn(k,λ)

∂λ

〉]
=

ih̄q
V ∑

n,k

[〈∂Φn(k,λ)
∂λ

∣∣∣∂Φn(k,λ)
∂kµ

〉
−
〈∂Φn(k,λ)

∂kµ

∣∣∣∂Φn(k,λ)
∂λ

〉]
.

Under the sum, we simply give the Berry curvature tensor, obtaining

dPµ

dλ
=

ih̄q
V ∑

n,k

[〈∂Φn(k,λ)
∂λ

∣∣∣∂Φn(k,λ)
∂kµ

〉
−
〈∂Φn(k,λ)

∂kµ

∣∣∣∂Φn(k,λ)
∂λ

〉]
,

where we recognize that dPµ
dλ = h̄q

V ∑
n,k

Ωn
λ,kµ(k,λ). This can finally be expressed in an

integral form:

∆P =

∫ 1

0
dλ

dP
dλ

=
h̄q
V ∑

n

∫
BZ

dk
∫ 1

0
dλΩn

λ,kµ(k,λ).

Version 2: For this version of the solution process, we start by executing the derivative
dP
dλ and rewriting (note that ∂ r

∂λ = 0):

dP
dλ

=
d

dλ
q
V ∑

n,k
⟨Φn(k,λ)| r̂ |Φn(k,λ)⟩

=
q
V ∑

n,k

[〈∂Φn(k,λ)
∂λ

| r̂ |Φn(k,λ)⟩+ ⟨Φn(k,λ)| r̂ |
∂Φn(k,λ)

∂λ

〉]
.

Using that r̂µ =+ih̄ ∂
∂kµ

= ih̄∇µ and applying this operator to the eigenfunction of each
bra-ket, we get

dPµ

dλ
=

q
V ∑

n,k

[〈∂Φn(k,λ)
∂λ

|ih̄∇µ|Φn(k,λ)⟩+ ⟨Φn(k,λ)
∣∣ih̄∇µ∣∣ ∂Φn(k,λ)

∂λ

〉]
=

q
V ∑

n,k

[〈∂Φn(k,λ)
∂λ

|ih̄∇µΦn(k,λ)⟩+ ⟨−ih̄∇µΦn(k,λ)|
∂Φn(k,λ)

∂λ

〉]
=

ih̄q
V ∑

n,k

[〈∂Φn(k,λ)
∂λ

∣∣∣∂Φn(k,λ)
∂kµ

〉
−
〈∂Φn(k,λ)

∂kµ

∣∣∣∂Φn(k,λ)
∂λ

〉]
.

Here we recognize again dPµ
dλ = h̄q

V ∑
n,k

Ωn
λ,kµ(k,λ), which can finally be expressed in an

integral form, ∆P =
∫ 1

0 dλ dP
dλ = h̄q

V ∑
n

∫
BZ dk

∫ 1
0 dλΩn

λ,kµ(k,λ).

Food for thought: This result for the polarization, now obtained in two ways,
has far-reaching consequences in condensed matter physics, as first recognized
in Vanderbilt (2018).
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Problem 3.18
The momentum operator p̂ in position space is represented as p̂= −ih̄∇r. The position
operator r̂ in momentum space is represented as r̂ = ih̄∇p. These definitions are valid
in free space. In a periodic environment (such as a lattice), these definitions need to
be reexamined, however. Show that for a periodic lattice, the momentum and position
operators are

r̂ = i∇k+An,

p̂ = −ih̄∇r,

where k is the wave vector and Anm(k,r) = i⟨un,k(r)|∇kum,k(r)⟩ is the interband Berry
connection for the Bloch states un,k(r). In the preceding we have taken the single band
approximation, meaning that the Berry connection is An(k) = i⟨un,k(r)|∇kun,k(r)⟩.

To show the preceding relation, one can consider what the action of r̂ is on a gen-
eral wave function Ψ(r) representing the Bloch band basis for the Hamiltonian. For
this purpose, we recall the eigenstates of a Hamiltonian in a periodic environment,
Ĥψn,k(r) = En,kψn,k(r), where ψn,k(r) = un,k(r)eik·r. Thus, by expanding Ψ(r) in the
eigenstates of the Hamiltonian and using r̂|ψα(xn)⟩= xn|ψα(xn)⟩, we write

r̂Ψ(x) = r̂
[
∑
n

∫
dkαn(k)ψn,k(x)

]
= ∑

n

∫
dkαn(k)un,k(x)xeik·x

= ∑
n

∫
dkαn(k)un,k(x)

(
−i∇keik·x

)
= ∑

n

∫
dk
(
i∇k

[
αn(k)un,k(x)

])
eik·x.

Using the following property,

∑
n

∫
dk
(
i∇k

[
αn(k)un,k(x)

])
eik·x = ∑

n

∫
dk(i∇kαn(k))un,k(x)eik·x

+ ∑
n

∫
dkαn(k)

(
i∇kun,k(x)

)
eik·x,

we rewrite:

r̂Ψ(x) = ∑
n

∫
dk
[
(i∇kαn(k))un,k(x)+αn(k)

(
i∇kun,k(x)

)]
eik·x.

Noting that

∑
m

u∗m,k (x0)um,k(x) = δ(x−x0) ,

we obtain

r̂Ψ(x) = ∑
n

∫
dk
[
(i∇kαn(k))un,k(x)+αn(k)

∫
dx0

(
i∇kun,k (x0)

)
δ(x−x0)

]
eik·x

= ∑
n

∫
dk
[
(i∇kαn(k))un,k(x)+αn(k)

∫
dx0

[(
i∇kun,k (x0)

)
∑
m

u∗m,k (x0)um,k(x)
]]

eik·x.
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Rewriting again, using the definition Anm(k,r) = ⟨un,k(r)|i∇kum,k(r)⟩,

r̂Ψ(r) = ∑
n

∫
dk
[
(i∇kαn(k))un,k(x)e

ik·x+αn(k)∑
m

eik·xum,k(x)
∫

dx0

[
u∗m,k (x0)

(
i∇kun,k (x0)

)]]
= ∑

n

∫
dk
[
(i∇kαn(k))un,k(x)e

ik·x+αn(k)∑
m

eik·xum,k(x)
∫

dx0Amn (k,x0)

]
.

Now using
∫

dx0Amn (k,x0) = Amn(k), we obtain

r̂Ψ(x) = ∑
n

∫
dk
[
(i∇kαn(k))un,k(x)eik·x+αn(k)∑

m
eik·xum,k(x)Amn(k)

]
= ∑

n,m

∫
dk [(i∇kδmn +Amn(k))αn(k)]um,k(x)eik·x.

Finally, applying the single band approximation Amn(k) = δnmAn(k), we obtain

r̂Ψ(x) = ∑
n,m

∫
dk [δmn (i∇k+An(k))αn(k)]um,k(x)eik·x

= ∑
n

∫
dk [(i∇k+An(k))αn(k)]un,k(x)eik·x.

Therefore, we find that r̂ = i∇k + An(k) in the single band approximation, and
r̂ = iδmn∇k+Amn(k) in the general case.

Consider now the momentum operator by keeping in mind that p̂ = h̄k,

p̂Ψ̃(k) = p̂
∫

dxΨ(x)e−ik·x =
∫

dxΨ(x)h̄ke−ik·x =
∫

dxΨ(x)
(

ih̄∇xe−ik·x
)

=

∫
dx(−ih̄∇xΨ(x))e−ik·x,

thus p̂ = −ih̄∇x.

Problem 3.19

a) Let a charged quantummechanical particle move in the presence of external electric
andmagnetic fields.Derive the equations ofmotion for the position andmomentum
operators of this particle.

b) Let the charged quantummechanical particle move in a periodic environment in the
presence of external electric andmagnetic fields. Obtain the equations of motion for
r̂ and p̂ in this case by considering a Hamiltonian expanded about a given point r0

of the trajectory and retaining only the first two terms in this series.

a) To derive the equations of motion for the position and momentum operators, we

recall that the equation of motion for any operator Â is dÂ
dt = 1

ih̄

[
Â, Ĥ

]
+ ∂ Â

∂ t , where

Ĥ is the Hamiltonian of the system and ∂ Â
∂ t is the partial time derivative of a time-

dependent operator Â.
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The Hamiltonian for a charged particle in external fields is

Ĥ =
(p̂−qA(̂r))2

2m
− qh̄

2m
σ ·B(̂r)+V (̂r)−qΦ(̂r),

where q is the charge of the particle, A(r),Φ(r) are the vector and scalar potentials
associated with the magnetic B(r) and electric E(r) fields respectively. Therefore,

d r̂µ
dt

=
1
ih̄

[
r̂µ, Ĥ

]
+

∂ r̂µ
∂ t

=
1
ih̄

1
2m

[
r̂µ,(p̂−qA(̂r))2

]
+

[
r̂µ,−

qh̄
2m
σ ·B(̂r)+V (̂r)−qΦ(̂r)

]
+0.

Using [̂r, f (̂r)] = 0 and
[
r̂µ, p̂ν

]
= ih̄δµν, we obtain

dr̂µ
dt

=
1
ih̄

1
2m

δνρ
([

r̂µ, p̂ν p̂ρ
]
+q2 [r̂µ,Aν(̂r)Aρ(̂r)]−q

[
r̂µ, p̂νAρ(̂r)

]
−q
[
r̂µ,Aν(̂r)p̂ρ

])
,[

r̂µ, p̂ν p̂ρ
]
δνρ = δνρ

[
r̂µ, p̂ν

]
p̂ρ+δνρ p̂ν

[
r̂µ, p̂ρ

]
= δνρ

(
ih̄δµν p̂ρ+ p̂νih̄δµρ

)
= 2ih̄p̂µ,[

r̂µ, p̂νAρ(̂r)
]
δνρ = δνρ

[
r̂µ, p̂ν

]
Aρ(̂r)+δνρ p̂ν

[
r̂µ,Aρ(̂r)

]
= δνρih̄δµνAρ(̂r)+0 = ih̄Aµ(̂r),[

r̂µ,Aν(̂r)p̂ρ
]
δνρ = δνρ

[
r̂µ,Aν(̂r)

]
p̂ρ+δνρAν(̂r)

[
r̂µ, p̂ρ

]
= 0+δνρAν(̂r)ih̄δµρ = ih̄Aµ(̂r).

Then,

dr̂µ
dt

=
1
ih̄

1
2m

(
2ih̄p̂µ+q20−qih̄Aµ(̂r)−qih̄Aµ(̂r)

)
=

1
m

(
p̂µ−qAµ(̂r)

)
,

̂̇r = 1
m
(p̂−qA(̂r)) .

To obtain the dynamic equation for the momentum operator, we are going to study
the dynamical evolution of the conjugate momentum,

π̂= m̂̇r = p̂−qA(̂r),

then write the Hamiltonian as

Ĥ =
π̂2

2m
− qh̄

2m
σ ·B(̂r)+V (̂r)−qΦ(̂r).

The equation of motion for components of π̂ becomes

dπ̂µ
dt

=
1
ih̄

[
π̂µ, Ĥ

]
+

∂ π̂µ
∂ t

=
1
ih̄

[
π̂µ, Ĥ

]
,[

π̂µ, Ĥ
]
=

[
π̂µ,
π̂2

2m

]
+

[
π̂µ,

(
− qh̄

2m
σ ·B(̂r)+V (̂r)−qΦ(̂r)

)]
,
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[
π̂µ, Ĥ

]
=
δνρ

2m

[
π̂µ, π̂νπ̂ρ

]
+

[(
p̂µ−qAµ(̂r)

)
,

(
− qh̄

2m
σ ·B(̂r)+V (̂r)−qΦ(̂r)

)]
.

After evaluating the commutators,

δνρ
[
π̂µ, π̂νπ̂ρ

]
= δνρπ̂ν

[
π̂µ, π̂ρ

]
+δνρ

[
π̂µ, π̂ν

]
π̂ρ,[

π̂µ, π̂ν
]
=
[
p̂µ−qAµ(̂r), p̂ν−qAν(̂r)

]
=
[
p̂µ, p̂ν

]
−q
[
p̂µ,Aν(̂r)

]
−q
[
Aµ(̂r), p̂ν

]
+q2 [Aµ(̂r),Aν(̂r)]

= 0−q
[
−ih̄∇µ,Aν(̂r)

]
−q
[
Aµ(̂r),−ih̄∇ν

]
+q20

= ih̄q
(
∇µAν(̂r)−∇νAµ(̂r)

)
,

we can write [
π̂µ, π̂ν

]
= ih̄qεµναεαβγ∇βAγ (̂r).

Because εµναεαβγ = δ
β
µδ
γ
ν −δγµδβν , we obtain

δνρ
[
π̂µ, π̂νπ̂ρ

]
= δνρπ̂νih̄qεµραεαβγ∇βAγ (̂r)+δνρih̄qεµναεαβγ∇βAγ (̂r)π̂ρ
= 2ih̄qπ̂νεµναεαβγ∇βAγ (̂r).

This commutator can be written in a vector form as

δνρ
[
π̂µ, π̂νπ̂ρ

]
= 2ih̄qεµναπ̂ν [∇r×A(̂r)]α = 2ih̄q [π̂× [∇r×A(̂r)]]µ .

The other term of the commutator is[
π̂µ,

(
− qh̄

2m
σ ·B(̂r)+V (̂r)−qΦ(̂r)

)]
= −ih̄∇µ

(
− qh̄

2m
σ ·B(̂r)+V (̂r)−qΦ(̂r)

)
.

Finally, we group all the commutators:

dπ̂µ
dt

=
1
ih̄

[
π̂µ, Ĥ

]
=

1
ih̄

(
ih̄q
m

[π̂× (∇r ×A(̂r))]µ − ih̄∇µ
(
− qh̄

2m
σ ·B(̂r)+V (̂r)−qΦ(̂r)

))
=

q
m
[π̂× (∇r ×A(̂r))]µ −∇µ

(
− qh̄

2m
σ ·B(̂r)+V (̂r)−qΦ(̂r)

)
,

dπ̂
dt

= −q∇rΦ(̂r)+
q
m
π̂× (∇r ×A(̂r))−∇rV (̂r)+

qh̄
2m

∇r(σ ·B(̂r)).

Using that the electric field is Eµ(̂r) = −∇µΦ(̂r) and B(̂r) =∇r×A(̂r), we find

dp̂
dt

= qE(̂r)+ q̂ṙ×B(̂r)−∇rV (̂r)+
qh̄
2m

∇r (σ ·B(̂r)) .

We note that the first two terms correspond to the Lorentz force, the third one
is the effect of the external potential, and the fourth one is the Zeeman effect with
nonclassical analogue. Of course, if the external fields are zero (A(̂r) = 0, Φ(̂r) = 0),
then we simply have the equations of motion for a free particle.
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b) For a charged particle in a periodic environment, the natural basis for the Hamilto-
nian is the Bloch functions Ĥψn,k(x) = En,kψn,k(x), where ψn,k(x) = un,k(x)eik·x. In
this case, the displacement operator becomes r̂ = ih̄∇p+An(p̂), where An(p̂) is the
Berry connection for the nth Bloch state, as we showed in the previous problem.
The presence of a periodic environment introduces some difficulties in obtaining
the equations of motion for r̂ and p̂ operators. The reason is that now the position
r̂= ih̄∇p+An(p̂), analogously to the canonical momentum π̂= mp̂−qA(̂r) before,
is a noncommutative operator; let’s check this:[

r̂µ, r̂ν
]
=
[
ih̄∇µ+Aµ(p̂), ih̄∇ν+Aν(p̂)

]
=
[
ih̄∇µ, ih̄∇ν

]
+
[
ih̄∇µ,Aν(p̂)

]
+
[
Aµ(p̂), ih̄∇ν

]
+
[
Aµ(p̂),Aν(p̂)

]
= 0+ ih̄

[
∇µ,Aν(p̂)

]
+ ih̄

[
Aµ(p̂),∇ν

]
+0 = ih̄

(
∇µAν(p̂)−∇νAµ(p̂)

)
= ih̄εµναεαβγ∇βAγ(p̂).

This is reminiscent of the canonical momentum π̂= mp̂−qA(̂r), whose components
also do not commute, as shown in part (a) of the problem. The equation of motion
of the position is

dr̂µ
dt

=
i
h̄

[
Ĥ, r̂µ

]
+

∂ r̂µ
∂ t

.

We carry out the calculation of this commutator by using the property[
Ĥ(p̂, r̂), r̂µ

]
=
δĤ
δ p̂ν

[
p̂ν, r̂µ

]
+
δĤ
δr̂ν

[
r̂ν, r̂µ

]
,

where δĤ
δp̂ν

are functional derivatives

δĤ
δ p̂ν

=
∂ Ĥ
∂ p̂ν
− ∂

∂ x̂µ

(
∂ Ĥ

∂
(
∇µ p̂ν

))+ . . . .

Then, it is clear that δĤ
δp̂ν

= ∂ Ĥ
∂ p̂ν

and, using the Hamilton’s equations ̂̇pν = − δĤδr̂ν , we
obtain [

Ĥ(p̂, r̂), r̂µ
]
=

∂ Ĥ
∂ p̂ν

[
p̂ν, r̂µ

]
− ̂̇pν [r̂ν, r̂µ] .

Further, using the commutation relation
[
r̂µ, p̂ν

]
= ih̄δµν and[

r̂µ, r̂ν
]
= ih̄εµναεαβγ∇βAγ(p̂),

[
H(p̂, r̂), r̂µ

]
= −ih̄δµν

∂ Ĥ
∂ p̂ν

+ ̂̇pνih̄εµναεαβγ∇βAγ(p̂)

= −ih̄

(
δµν

∂ Ĥ
∂ p̂ν
− ̂̇pνεµνα (∇p×A(p̂)

)α)

= −ih̄

(
∂ Ĥ
∂ p̂µ
−
[̂̇p× (∇p×A(p̂)

)]
µ

)
.
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Finally, the equation of motion of the position is

dr̂µ
dt

=
i
h̄

[
Ĥ, r̂µ

]
+

∂ r̂µ
∂ t

=
i
h̄

[
−ih̄

(
∂ Ĥ
∂ p̂µ
−
[̂̇p× (∇p×A(p̂)

)]
µ

)]
+0

=
∂ Ĥ
∂ p̂µ
−
[̂̇p× (∇p×A(p̂)

)]
µ
.

In vector form, and noting that the Berry curvature vectorΩn(p̂)=∇p×An(p̂) plays
the role of a magnetic field in the momentum space, we obtain

d r̂
dt

=∇pĤ − ̂̇p× (∇p×An(p̂)
)
=

(p̂−qA(̂r))
m

− ̂̇p× (∇p×An(p̂)
)
,

dp̂
dt

= −∇rĤ + q̂ṙ× (∇r×A(̂r))

= −∇r

(
V (̂r)− qh̄

2m
σ ·B(̂r)−qΦ(̂r)

)
+ q̂ṙ× (∇r×A(̂r)).

If we compare the dynamical equations with their classical analogs, we observe that
the double cross product in the dynamical equations appears when the position
and the canonical momentum do not commute with each other in the different
directions of space.

Food for thought: Examples and specific consequences for the equations of
motion in periodic environments in the presence of electromagnetic fields can
be found in Xiao et al. (2010).
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4 Density Operator

The concept of a density operator was first introduced by von Neumann in the con-
text of quantum mechanical ensembles. The density operator is quite useful when we
deal with randomness and statistics. With the emergence of quantum communica-
tion, quantum information, and other areas of quantum science, we need to be able to
describe the information contained in a quantum mechanical system. It turns out that
the foundation of entanglement, entropy, teleportation, and other relevant properties
are understood using density operators.

Let’s review some basic definitions and properties of a density operator ρ̂ and build
our foundation with various problems. The following summary is not intended to pro-
vide a thorough representation of quantum information; rather, the properties given
here are directly related to the density operator, giving an opportunity to practice
knowledge from quantum mechanics. Specifically, there are many types of entropies
defined in quantum information. Here, however, we introduce only the von Neumann
and entanglement entropies to illustrate basic problems involving the density oper-
ator. We hope that emphasizing different aspects will be helpful for building better
understanding of this unique concept.

4.1 Density Operator for a Single Particle

Density Operator ρ̂:
ρ̂= ∑

n
∑
m
ρn,m|ϕn⟩⟨ϕm|

This is a positive semidefinite Hermitian operator, such that ρ̂= ρ̂T with ρm,n = (ρn,m)
∗.

Its definition relies on the eigenstates |ϕn⟩ of a given Hamiltonian. The ρ̂ operator has
unity trace, Tr(ρ̂) = ∑

n
ρn,n = 1.

Density Operator for a Pure State:

ρ̂= |ψ⟩⟨ψ|
The quantum mechanical state |ψ⟩ can be any superposition of eigenstates of a given
Hamiltonian. For a pure state, ρ̂2 = ρ̂ with a purity parameter P(ρ̂) = Tr(ρ̂2) = 1.

Density Operator for a Mixed State:

ρ̂= ∑
n

pn|ψn⟩⟨ψn|= ∑
n

pnρ̂n

62
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Here |ψi⟩ are individual pure states and pi are their distribution probabilities, such that
∑
n

pn = 1. For a mixed state, ρ̂2 ̸= ρ̂ and its purity P(ρ̂) = Tr(ρ̂2)< 1.

Density Operator for a Maximally Mixed State:

ρ̂=
1
N

N

∑
i=1
|ψi⟩⟨ψi|

The density operator is proportional to the identity matrix with diagonal elements
ρnn =

1
N (N – space dimension).

Measurement of an Observable Ô: ⟨Ô⟩= Tr[ρ̂Ô]

Measuring an observable is defined as an ensemble average over the quantum
mechanical distribution of states.

4.2 Density Operator for a Two-Particle System

For composite systems, quantum mechanical states contain two or more particles. As
an example, we consider a two-particle system composed of A and B particles.
The Hamiltonian for a two-particle system:

ĤAB = ĤA⊗ ĤB.

This is a tensor product of the Hamiltonians for the two subsystems, A and B.
Density operator for a two-particle system:

ρ̂ ≡ ρ̂AB = ∑
n,m, j,k

ρ j,k
n,m|an⟩⟨am| ⊗ |b j⟩⟨bk |= ∑

n,m, j,k
ρ j,k

n,m|anb j⟩⟨ambk |.

Here, |an⟩ are the eigenstates corresponding to ĤA and |b j⟩ are the eigenstates cor-
responding to ĤB. The composite eigenbasis |anb j⟩ corresponds to ĤAB, and it can
equivalently be represented as |anb j⟩= |an⟩⊗ |b j⟩= |an⟩|b j⟩.
Reduced density operator for subsystems A and B: ρ̂A = TrB(ρ̂); ρ̂B = TrA(ρ̂);

ρ̂B = TrA(ρ̂AB) = ∑
α=1
⟨aα|ρ̂AB|aα⟩

= ∑
α=1
⟨aα| ∑

n,m, j,k
ρ j,k

n,m|an⟩⟨am| ⊗ |b j⟩⟨bk ||aα⟩

= ∑
α=1

∑
n,m, j,k

ρ j,k
n,m⟨aα|an⟩⟨am|aα⟩⊗ |b j⟩⟨bk |

= ∑
α=1

∑
n,m, j,k

ρ j,k
n,mδαnδαm⊗ |b j⟩⟨bk |

= ∑
j,k

(
∑
α=1

ρ j,k
α,α

)
|b j⟩⟨bk |= ∑

j,k
ρ

j,k
B |b j⟩⟨bk |.

The partial trace ρ̂B = TrA(ρ̂AB) is the density matrix that accounts for all the experi-
mental observations done in subsystem B that do not involve subsystem A.
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Density operator for a pure noncorrelated two-particle state: |ψAB⟩ = |ψA⟩ ⊗ |ψB⟩:
ρ̂AB = ρ̂A⊗ ρ̂B.

The noncorrelated state can be decomposed into two independent parts character-
ized by their own states |ψA⟩, |ψB⟩. As a result, the density operator is a tensor product
of the individual density operators ρ̂A and ρ̂B.

Density operator for a mixed classically correlated state: ρ̂AB = ∑
n

pnρ̂
n
A⊗ ρ̂n

B.

Here ρ̂n
A = |ψA,n⟩⟨ψA,n| and ρ̂n

B = |ψB,n⟩⟨ψB,n|, meaning that each term in the summa-
tion is a noncorrelated state. The populations pn ∈ [0,1], and ∑

n
pn = 1.

Density operator for an entangled, quantum correlated state: ρ̂AB = ∑
n

pnρ̂
n
AB.

Entangled states are the ones that cannot be written as a sum of product states. The
populations pn ∈ [0,1], and ∑

n
pn = 1, and at least one ρ̂n

AB is not separable: ρ̂n
Ab ̸= ρ̂n

A⊗ ρ̂n
B.

Schmidt decomposition for ĤAB = ĤA⊗ ĤB: |ψAB⟩=
r
∑

n=1
gn|ψn

A⟩⊗ |ψn
B⟩.

The quantum mechanical state |ψAB⟩ corresponding to ĤAB can always be given as in
the preceding relation, where |ψn

A,B⟩ are orthonormal and associated with ĤAB. Also, gn

are nonnegative numbers with
r
∑

n=1
|gn|2 = 1. The number r in the summation is termed

as the Schmidt number. For a two-particle state that is not entangled, the Schmidt
number r = 1, and |ψAB⟩= |ψA⟩⊗ |ψB⟩. For an entangled two-particle state, r ≥ 2, then
|ψAB⟩ ̸= |ψA⟩⊗ |ψB⟩.

4.3 Entropy

Von Neumann entropy:

SN(ρ̂) = −Tr [ρ̂ ln(ρ̂)] = −∑
n
λn ln(λn).

The λn are the eigenvalues of the density matrix ρ̂. This quantity measures how much
information the state has.
Entanglement entropy for a bipartite system ĤAB = ĤA⊗ ĤB:

E = S(ρ̂A) = −TrA [ρ̂A ln(ρ̂A)] = −TrB [ρ̂B ln(ρ̂B)] = S(ρ̂B)

E ∈ [0, ln(2)].

The ρ̂A and ρ̂B are the partial traces of ρ̂AB. If E = 0, then ρ̂AB corresponds to a pure
(nonentangled) state ρ̂AB = ρ̂A⊗ ρ̂B. If E = ln(2), then ρ̂AB corresponds to a maximally
entangled state ρ̂AB ̸= ρ̂A⊗ ρ̂B.

Bell states for two particles, each onewith spin up | ↑>=

(
1
0

)
and down, | ↓>=

(
0
1

)
:

|a,±⟩= 1√
2
(| ↑↓⟩± | ↓↑⟩); |c,±⟩= 1√

2
(| ↑↑⟩± | ↓↓⟩).

Bell states correspond to maximal entanglement between two subsystems. Spins are
anticorrelated for |a,±⟩ and correlated for |c,±⟩.
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Problem 4.1
We have several examples of 2× 2 matrices given in what follows. Which of these can
be density matrices? From the possible density matrices, which one can correspond to
a pure state and which one to a mixed state? Compare the von Neumann entropy for
the possible density matrices:

ρ1 =

(
1 1
−1 1

)
; ρ2 =

(
1 i

2
− i

2 0

)
; ρ3 =

1
2

(
3 1
1 −1

)
;

ρ4 =
1
2

(
1 1
1 1

)
; ρ5 =

1
2

(
1 0
0 1

)
.

This problem probes our knowledge of basic properties of density operators. Thus, we
have to check the following for each matrix:

– Is it Hermitian?
– Is Tr(ρ) = 1?
– Is P(ρ̂) = Tr(ρ2) = 1 to indicate a pure state?
– Is P(ρ̂) = Tr(ρ2)< 1 to indicate a mixed state?

It is easy to see the following:

All matrices are Hermitian : ρ+i = ρi for i = 1,2,3,4,5.

Tr(ρ1) = 2; Tr(ρ2,3,4,5) = 1.

Tr
(
ρ2

2
)
=

3
2

; Tr
(
ρ2

3
)
= 3; Tr

(
ρ2

4
)
= 1; Tr

(
ρ2

5
)
=

1
2
.

Thus, only ρ4 and ρ5 can represent density matrices, such that ρ4 corresponds to a pure
state, while ρ5 corresponds to a mixed state.

Since the von Neumann entropy is defined as SN(ρ̂) = −∑
i
λi ln(λi), where λi

are the eigenvalues of the density matrix, we find that for ρ4, the eigenvalues are
λ1 = 0;λ2 = 1→ SN(ρ4) = 0ln(0)+ 1ln(1) = 0. Note that here we have used the fact
that lim

x→0
x ln(x) = 0.

For ρ5, the eigenvalues are λ1,2 =
1
2 → SN (ρ5) = −2

( 1
2

)
ln
( 1

2

)
= ln(2).

Problem 4.2
The density matrix for an ensemble of spin 1/2 particles in the Sz basis is given as

ρ=

( 1
3 b
c a

)
.

What values must a,b,c be so that ρ is a density matrix? Determine a,b,c such that the
density matrix ρ would correspond to a pure state.

The objective of this problem is similar: basic properties of density operators. We
remember:
ρ̂+ = ρ̂ – must be Hermitian;
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Tr(ρ̂) = Tr(ρ̂2) = 1 for a pure state.
From the condition for ρ̂ being Hermitian, we find that c = b∗. Also,

1 = Tr(ρ̂) = 1
3 +a, a = 2

3 ,

1 = Tr(ρ̂2) = 5
9 +2|b|2, b =

√
2

3 e−iϕ (ϕ – arbitrary phase factor).

From here, we find

ρ=

(
1
3

√
2

3 eiϕ
√

2
3 e−iϕ 2

3

)
.

The pure state can also be found simply by writing ρ in Dirac notation and using some
straightforward rearrangements:

ρ̂=
1
3
| ↑⟩⟨↑ |+

√
2

3
eiϕ| ↑⟩⟨↓ |+

√
2

3
e−iϕ| ↓⟩⟨↑ |+ 2

3
| ↓⟩⟨↓ |

=

(
1√
3
| ↑⟩+

√
2
3

eiϕ| ↓⟩
)(

1√
3
⟨↑ |+

√
2
3

e−iϕ⟨↑ |
)
.

|ψ⟩= 1√
3
| ↑⟩+

√
2
3

eiϕ| ↓⟩.

Problem 4.3
The expectation value of an arbitrary operator Â can be given with respect to a given
quantum mechanical state |ψ⟩. Show that this expectation value can be written as
⟨Â⟩= ⟨ψ|Â|ψ⟩= Tr(ρ̂Â), where ρ̂ is the density operator.

This problem essentially reinforces the statistical representation of the ensemble
average of an operator for a pure state.

This can easily be demonstrated by using the spectral representation of the operator
Â in some eigenbasis |ℓ⟩. Take Â and multiply from left and right with Î = ∑

ℓ
|ℓ⟩⟨ℓ|:

Â = Î Â Î = ∑
ℓ,m
|ℓ⟩⟨ℓ|Â|m⟩⟨m|= ∑

ℓ,m
|ℓ⟩Âℓm⟨m|.

This is nothing but the spectral representation of the operator Â in the eigenbasis |ℓ⟩.
Furthermore,

⟨Â⟩= ⟨ψ|Â|ψ⟩= ∑
ℓ,m
⟨ψ|ℓ⟩Aℓm⟨m|ψ⟩= ∑

ℓ,m
⟨m|ψ⟩⟨ψ|ℓ⟩Aℓm.

Since ρ̂= |ψ⟩⟨ψ|, then

⟨Â⟩= ∑
ℓ,m
ρmℓAℓm = ∑

m
(ρ̂Â)mm = Tr(ρ̂Â).

Food for thought: Suppose you are asked a similar question to find the ensemble
average of the operator Â, but in the case of a mixed-state density opera-
tor. What changes in the proof? The answer, of course, is the same as above:
⟨Â⟩= Tr(ρ̂Â).
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Problem 4.4
Consider a Hamiltonian Ĥ for which Ĥ |ψn⟩= En|ψn⟩.

(a) What is the density operator that minimizes the von Neumann entropy as a
function of the eigenenergies of Ĥ if the state has an energy E?

(b) What is the purity in this case?

a) This problem is intended to make a connection between the quantum mechanical
representation in terms of the canonical ensemble.

The problem can be solved with the help of Lagrange multipliers. We begin
by constructing a functional L[ρ̂] that contains the von Neumann entropy (the
quantity to be extremized).

We add two constraints with the help of Lagrangemultipliers: λ corresponding to
themeasured energy Tr[Ĥρ̂] =E, and α corresponding to the Tr[ρ̂] = 1 requirement,

L[ρ̂] = −Tr[ln(ρ̂)ρ̂]+λ(Tr[Ĥρ̂]−E)+α(Tr[ρ̂]−1)

= ∑
n

(
λEnρnn−ρnm

[
ln(ραβ)

]
mn +αρnn

)
−α−λE

= ∑
n

∑
m

(
λEnρnmδnm−∑

p

(
ρnm[ln(ρ)]mpδnp

)
+αρnmδnm

)
−α−λE.

The condition of extremum requires that δL[ρ̂]
δρab

= 0, thus

δL[ρ̂]

δρab
=

δ

δρab
∑
n

∑
m

(
(λEn +α)ρnmδnm−∑

p

(
ρnm[ln(ρ)]mpδnp

))

= ∑
n

∑
m

(
(λEn +α)

δρnm

δρab
δnm

)
−∑

n
∑
m

∑
p

(
δρnm

δρab
[ln(ρ)]mpδnp +ρnm

δ[ln(ρ)]mp

δρab
δnp

)
= ∑

n
∑
m

(
(λEn +α)

δρnm

δρab
δnm

)
−∑

n
∑
m

∑
p

(
δρnm

δρab
[ln(ρ)]mpδnp +∑

q
ρnm[ρ

−1]mq
δρqp

δρab
δnp

)
= 0.

Now we exchange dummy indices m and q in the second summand to obtain

∑
m

∑
q
ρnm[ρ

−1]mq
δρqp

δρab
δnp = ∑

m
∑
q
ρnq[ρ

−1]qm
δρmp

δρab
δnp = ∑

m
δnm

δρmp

δρab
δnp.

After using the relation δρnm
δρab

= δanδbm, we obtain

δL[ρ̂]

δρab
= ∑

n
∑
m

(
(λEn +α)

δρnm

δρab
δnm

)
−∑

n
∑
m

∑
p

(
δρnm

δρab
[ln(ρ)]mpδnp +δnm

δρmp

δρab
δnp

)
= ∑

n
∑
m
((λEn +α)δanδbmδnm)

−∑
n

∑
m

∑
p

(
δanδbm[ln(ρ)]mpδnp +δnmδamδbpδnp

)
= 0.
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Finally, using the properties of the Kronecker delta, we can carry out all the sums:

δL[ρ̂]

δρab
= ∑

n
∑
m
((λEn +α)δanδbmδnm−δanδbm[ln(ρ)]mn−δnmδamδbn)

= ∑
n
((λEn +α)δanδbn−δan[ln(ρ)]bn−δnaδbn)

= (λEa +α)δba− [ln(ρ)]ba−δba = 0.

Then, we obtain that ρ̂ maximizes the entropy (at a given energy) if

(λEa +α)δba− [ln(ρ)]ba−δba = 0→ [ln(ρ)]ba = (λEa +α−1)δba.

For matrices, the inverse operation of the logarithm is the exponential,
exp([ln(ρ)]ba) = ρab = exp((λEa +α−1)δba), thus the exponential of a diagonal
matrix is immediately ρab = eλEa−1+αδab.

We define the trace of the density operator as

Z′ = Tr[ρ] = e−1+α∑
n

eλEn .

After identifying λ= −β= −1/kBT , we obtain

ρn =
e−1+αe−βEn

Z′
,

ρn =
e−1+αe−βEn

Z′
=

e−1+αe−βEn

e−1+αTr [e−βEn ]
=

e−βEn

Tr [e−βEn ]
=

e−βEn

Z(β)
,

with Z(β) = Tr[e−βEn ] = Tr[e−βĤ ].
b) Let’s consider the purity of the state P(ρ̂) = Tr(ρ̂2), which in this particular case is

P(ρ̂) = Tr(ρ̂2) = ∑
n

(
e−βEn

Z(β)
e−βEn

Z(β)

)
=

1
Z(β)2 ∑

n
e−2βEn =

Z(2β)
Z(β)2 .

The preceding result indicates that at T = 0, P(ρ̂) = 1, meaning that the state is
always pure. On the other hand, as T → ∞,P(ρ̂) = 0, meaning that the state is
maximally mixed.

Food for thought: Making connections with information theory, we realize that
minimizing the von Neumann entropy is the same as minimizing the mean
quantity of information contained in the system. The preceding result indicates
that a thermal state is the state with less information at a given energy E.

Problem 4.5
Consider the case when the density operator corresponds to the canonical ensemble,

ρ̂ = e−βĤ

Z , where β = 1/kBT , Ĥ is the Hamiltonian, and Z = Tr(e−βĤ) is the partition
function (kB – Boltzmann constant; T – temperature). Calculate the von Neumann
entropy and compare it with the thermodynamic entropy.
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This problem is intended to make a connection between the quantum mechanical and
thermodynamical nature of quantum mechanics as captured in entropy. It is closely
related to the previous one.

The von Neumann entropy can be calculated simply by using its definition and the
given ρ̂ and partition function,

SN(ρ̂) = −Tr(ρ̂ ln(ρ̂)) = −Tr

(
e−βĤ

Z
ln

(
e−βĤ

Z

))
= −Tr

(
e−βĤ

Z
(ln(e−βĤ)− ln(Z))

)

= Tr

(
βĤ

e−βĤ

Z

)
+Tr

(
ln(Z)

e−βĤ

Z

)
= βTr(ρ̂Ĥ)+ ln(Z)Tr(ρ̂) = β⟨Ĥ⟩+ ln(Z)

=
⟨Ĥ⟩− (−kBT ln(Z))

kBT
,

where we have used the fact that Tr(ρ̂) = 1. From statistical mechanics, we recall that
the Helmholtz free energy is defined as F = −kBT ln(Z) = ⟨H⟩ −T Sth, where Sth is the
thermodynamic entropy. We find that

SN(ρ̂) =
Sth

kB
.

In other words, the von Neumann entropy is actually the thermodynamic entropy
divided by the Boltzmann constant.

Problem 4.6
Consider a systemof N electrons per unit volume in thermal equilibrium that are placed
in an external magnetic field B = Bûz.
a) What is the measured magnetization of this system in the high-temperature limit?
b) Obtain the measured magnetization for all temperatures.

The words “thermal equilibrium” are indicative that this problem is related to the

previous one since the canonical ensemble ρ̂= e−βĤ

Z , where β= 1/kBT , Ĥ is the Hamil-

tonian, and Z = Tr
(

e−βĤ
)

is the partition function (kB – Boltzmann constant; T –

temperature), corresponds to precisely this situation.
Let’s begin with the definition for the magnetization for a Hamiltonian Ĥ = −µ̂ ·B

and its observable,

M̂µ =

(
∂ Ĥ
∂Bµ

)
T,V

=
∂

∂Bµ

(
−

N

∑
n=1

γ

2
Bµσ̂µ

)
= −

N

∑
n=1

γ

2
σ̂µ = −

Nγ
2
σ̂µ,

⟨M̂µ⟩= −N⟨µ̂µ⟩,

where µ̂µ = 1
2γσ̂µ, with γ being the gyromagnetic ratio and σµ the Pauli matrix in the

µ-direction. For a system in thermal equilibrium, we use

⟨M̂z⟩= Tr(ρ̂M̂z),

ρ̂=
e−βĤ

Z
, Z = Tr(e−βĤ).
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From here, we write

⟨M̂z⟩= −
Nγ
2Z

Tr
[
e−βĤσ̂z

]
.

In the high-temperature limit, we have

e−βĤ ≈ Î−βĤ = Î+
γBσ̂z

2kBT
, Z ≈ Tr

(
Î+

γBσ̂z

2kBT

)
≈ 2, Î =

(
1 0
0 1

)
,

⟨M̂z⟩ ≈
Nγ
4

Tr
[
σ̂z +

γBσ̂2
z

2kBT

]
=

Nγ2B
4kBT

.

This, of course, is the well-known Curie law for spin 1/2 particles, whose magnetization
in thermal equilibrium has the Mz ∼ 1

T behavior with respect to temperature.
b) Obtaining the magnetization for any T can be done by using the general results

for ⟨Mz⟩ without making any assumptions:

⟨M̂z⟩= −
Nγ
2Z

Tr
[
e−βĤσ̂z

]
.

We further find

Z = Tr
[
e−βĤ

]
= Tr

[
eβ

γ
2 Bσ̂z

]
= Tr

[
eβ

γ
2 B
(

1 0
0 −1

)]
= Tr

[(
e
βγB

2 0
0 e−

βγB
2

)]
= 2cosh

(
βγB

2

)
,

Tr
[
e−βĤσz

]
= Tr

[
eβ

γ
2 Bσ̂zσ̂z

]
= Tr

[
eβ

γ
2 B
(

1 0
0 −1

)(
1 0
0 −1

)]
= Tr

[(
e
βγB

2 0
0 e−

βγB
2

)(
1 0
0 −1

)]

= Tr

[(
e
βγB

2 0
0 −e−

βγB
2

)]
= 2sinh

(
βγB

2

)
.

Therefore:

⟨M̂z⟩= −
Nγ
2

Tr
[
e−βĤσ̂z

]
Z

= −Nγ
2

2sinh
(
βγB

2

)
2cosh

(
βγB

2

) = −Nγ
2

tanh
(

γB
2kBT

)
.

From this result, we can obtain the high- and low-temperature regimes easily:

lim
kBT≫γB

⟨M̂z⟩= −
Nγ2B
4kBT

,

lim
kBT≪γB

⟨M̂z⟩= −
Nγ
2
.
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Problem 4.7
Often, it is necessary to consider the time dependence of the density operator. What
is the time evolution of the density operator ρ̂(t) = ∑n ρn|ψn(t)⟩⟨ψn(t)|, where |ψn(t)⟩
satisfies the Schrödinger equation?

As |ψn(t)⟩ satisfies the Schrödinger equation, we are working in the Schrödinger pic-
ture; then, we start with |ψn(t)⟩= Û(t)|ψn(0)⟩, where Û(t) is the time evolution opera-
tor. This is a consequence of the fact that |ψn(t)⟩ satisfies the Schrödinger equation:
ih̄ ∂

∂ t |ψn(t)⟩= Ĥ |ψn(t)⟩.
It is easy then to find

ρ̂(t) = ∑n ρn|ψn(t)⟩⟨ψn(t)|= ∑n ρnÛ(t)|ψn(0)⟩⟨ψn(0)|Û+(t)

= Û(t)∑n ρn|ψn(0)⟩⟨ψn(0)|Û+(t)

= Û(t)ρ̂(0)Û+(t).

Note that in the preceding relation ρn are taken to be time-independent, which is in
line with the Schrödinger picture and its statistical interpretation for a closed system.
We can now consider the derivative of the density operator with respect to time,

∂
∂ t
ρ̂(t) =

∂
∂ t ∑n ρn|ψn(t)⟩⟨ψn(t)|= ∑n ρn

∂
∂ t
|ψn(t)⟩⟨ψn(t)|+∑n ρn|ψn(t)⟩

∂
∂ t
⟨ψn(t)|

= ∑n ρn
1
ih̄

Ĥ |ψn(t)⟩⟨ψn(t)|+∑n ρn|ψn(t)⟩⟨ψn(t)|
−1
ih̄

Ĥ

=
1
ih̄

(
Ĥ ∑n ρn|ψn(t)⟩⟨ψn(t)| −∑n ρn|ψn(t)⟩⟨ψn(t)|Ĥ

)
=

1
ih̄
(Ĥρ̂(t)− ρ̂(t)Ĥ) =

1
ih̄
[Ĥ, ρ̂(t)].

Food for thought: Solve the same problem in the Heisenberg and Interaction
(Dirac) pictures.

Problem 4.8
A spin s=1/2 particle placed in a magnetic field B has the Hamiltonian Ĥ= −γB · Ŝ
(where γ is the gyromagnetic ratio and Ŝ = h̄sσ̂ is the spin operator vector). The
time-dependent polarization vector can be given in terms of the density operator as
P(t) = ⟨σ̂(t)⟩= Tr(σ̂ρ̂(t)), where σ= (σ1,σ2,σ3) are the Pauli matrices and ρ̂(t) is the
time-dependent density operator. Find an equation for the time dynamics of P(t).

Here again we are dealing with an electronic system in a magnetic field given with
the familiar Hamiltonian Ĥ = −γB · Ŝ. However, the emphasis is on the time dynam-
ics of the polarization. We recall that time dynamics in quantum mechanics is given
with first-order differential equations in time (similar to the Schrödinger equation, for
example).
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Thus, let us begin with

ih̄
dP(t)

dt
= ih̄

d
dt

Tr(σ̂ρ̂(t)) = Tr
(
σ̂ih̄

dρ̂(t)
dt

)
.

We recall the Liouville–von Neumann equation of motion for the density matrix,

ih̄ dρ̂(t)
dt =

[
Ĥ, ρ̂(t)

]
. For the ith component of the polarization vector, we obtain

ih̄
dPa(t)

dt
= Tr

(
σ̂aih̄

dρ̂(t)
dt

)
= Tr

(
σ̂a

[
Ĥ, ρ̂(t)

])
= − h̄γ

2
Tr (σ̂a [B · σ̂, ρ̂(t)])

= − h̄γBb

2
Tr (σ̂a [σ̂b, ρ̂(t)])

= − h̄γBb

2
Tr ([σ̂a, σ̂b] ρ̂(t)) = −

h̄γBb

2
2iεabcTr(σ̂cρ̂(t)) = −ih̄γTr

(
εabcBbσ̂cρ̂(t)

)
.

In the preceding relation we have used the fact that [σ̂a, σ̂b] = 2iεabcσ̂
c. After some

simple algebra, we find

dPa(t)
dt

= −γTr
(
εabcBbσ̂cρ̂(t)

)
= −γεabcBbTr(σ̂cρ̂(t)) = −γεabcBbPc(t).

Therefore, in a vector form, we find

dP(t)
dt

= γP(t)×B.

This is an expected outcome classically. The result simply indicates that the polarization
vector P(t) has a fixed magnitude that precesses in time around the magnetic field B
with frequency ω0 = γB.

Problem 4.9
The most general density matrix for a spin 1/2 particle is given by ρ̂= 1

2 (̂I+P · σ̂).

a) What conditions must the polarization P satisfy so that ρ̂ is a density matrix
operator?

b) Calculate the von Neumann entropy.

a) We see right away that Tr(ρ̂) = 1 since the Pauli matrices σ are traceless. We also
easily find that

Det(ρ̂) =
1
4
(1−P2).

Given that the Det(ρ̂)must be nonnegative, we determine that P2 ≤ 1. Another way
to see this is to examine the purityP(ρ̂) for the given density operator. Specifically,

0 ≤P(ρ̂) = Tr(ρ̂2) =
1
2
(1+P2) ≤ 1.

Given that P2 ≥ 0, we determine that 0 ≤ P2 ≤ 1. This condition essentially deter-
mines the interior of the so-called Bloch sphere. In fact, when P2 < 1, then the
density matrix corresponds to a mixed state, while P2 = 1 determines the density
matrix for a pure state.
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tFigure 4.1 A graphical representation of the von Neumann entropy as a function of the polarization magnitude.

b) We remember that the von Neumann entropy is given as

SN(ρ̂) = −∑
n
λn ln(λn),

where λi are the eigenvalues of the density matrix. It is easy to find that the
eigenvalues for the given ρ are λ1,2 =

1±P
2 , where P = |P|. Thus,

SN(ρ̂) = −λ1 ln(λ1)−λ2 ln(λ2) = −
1+P

2
ln
(

1+P
2

)
− 1−P

2
ln
(

1−P
2

)
= −1

2
[
ln(1−P2)− ln(4)

]
− P

2
ln
(

1+P
1−P

)
= ln(2)− 1

2
ln(1−P2)−Parctanh(P).

To get an idea of how the entropy evolves as a function of the polarization, we
give a graphical representation here (Figure 4.1) showing a smooth decline of S(P)
between its highest ln(2) and lowest 0 values.

Problem 4.10
Often it is necessary to define time-dependent correlation functions for operators. Let’s
consider the correlation function for some operator Γ̂(t) given as C(t) = ⟨Γ̂(t)Γ̂(0)⟩ =
Tr(Γ̂(t)Γ̂(0)ρ̂). Here ρ̂ is the equilibrium density operator corresponding to states
(basis) that are time-independent as expected from the Schrödinger picture. Specifi-
cally for eigenstates |n⟩, the density operator is given as ρ̂ = ∑

n
pn|n⟩⟨n|, where pn are

the probabilities. Evaluate the imaginary part of this correlation function given as
Im(C(t)) = 1

2i (C(t)−C∗(t)).

Let’s first see what C(t) looks like explicitly in the basis |n⟩. We can write

C(t) = Tr(Γ̂(t)Γ̂(0)ρ̂) = ∑
m
⟨m|Γ̂(t)Γ̂(0)ρ̂|m⟩= ∑

m,n
⟨m|Γ̂(t)Γ̂(0)pn|n⟩⟨n|m⟩

= ∑
n
⟨n|Γ̂(t)Γ̂(0)pn|n⟩.
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What about C∗(t)? Starting with the last expression, we find

C∗(t) = ∑
n

(〈
n
∣∣∣Γ̂(t)Γ̂(0)pn

∣∣∣n〉)∗ = ∑
n

〈
n
∣∣∣(Γ̂(t)Γ̂(0)

)∗
pn

∣∣∣n〉,
since the complex conjugation does not affect the probabilities pn. We make the con-
nectionwith the time evolution operator that Γ̂(t)= Û+(t)Γ̂(0)Û(t) and take advantage
of Hermitian conjugation,

∑
n

〈
n
∣∣∣(Γ̂(t)Γ̂(0)

)∗
pn

∣∣∣n〉= ∑
n

〈
n
∣∣∣(Û+(t)Γ̂(0)Û(t)Γ̂(0)

)∗
pn

∣∣∣n〉
= ∑

n

〈
n
∣∣∣Γ̂(0)Û+(t)Γ̂(0)Û(t)pn

∣∣∣n〉= Tr
(

Γ̂(0)Γ̂(t)ρ̂
)
,

where we have used that (ABC)+ =C+B+A+. Finally, putting everything together,

Im(C(t)) =
1
2i
(C(t))−C∗(t)) =

1
2i

[
Tr
(

Γ̂(t)Γ̂(0)ρ̂
)
−
(

Tr
(

Γ̂(t)Γ̂(0)ρ̂
))∗]

=
1
2i

[
Tr
(

Γ̂(t)Γ̂(0)ρ̂
)
−Tr

(
Γ̂(0)Γ̂(t)ρ̂

)]
=

1
2i

Tr
([

Γ̂(t), Γ̂(0)
]
ρ̂
)

=
1
2i

〈[
Γ̂(t), Γ̂(0)

]〉
.

In other words, the imaginary part of the so-defined correlation function is related to
the commutator of the time-dependent operator and the operator at t = 0.

Problem 4.11
Consider a system for spin 1/2 particles whose pure state is given as

|Ψ⟩= 1√
1+a2

(| ↑A,↑B⟩+aeiθ | ↓A,↓B⟩),

with a ≥ 0. What would one record if the spin of particle A is measured? Obtain your
answer by

a) using the operator σ̂z⊗ Î and evaluating ⟨Ô⟩= ⟨Ψ|Ô|Ψ⟩;
b) using the operator σ̂z⊗ Î and evaluating Tr

([
σ̂z⊗ Î

]
· ρ̂AB

)
;

c) using the reduced density ρ̂A and evaluating Tr(σ̂zρ̂A).

This problem is an opportunity to practice the different ways to represent measure-
ments of local observables in composite systems.

a) Here we obtain the result as usually done in quantum mechanics,

⟨σ̂z⟩A = ⟨Ψ|σ̂z⊗ Î|Ψ⟩

=
1

1+a2

(
⟨↑A |⟨↑B |+ae−iθ⟨↓A |⟨↓B |

)[
σ̂z⊗ Î

](
| ↑A⟩| ↑B⟩+aeiθ | ↓A⟩| ↓B⟩

)
=

1
1+a2

(
⟨↑A |σ̂z| ↑A⟩⟨↑B |̂I| ↑B⟩+ae−iθ⟨↓A |σ̂z| ↑A⟩⟨↓B |̂I| ↑B⟩

+aeiθ⟨↑A |σ̂z| ↓A⟩⟨↑B |̂I| ↓B⟩+a2⟨↓A |σ̂z| ↓A⟩⟨↓B |̂I| ↓B⟩
)
.
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Now, using σ̂z| ↑⟩= | ↑⟩ and σ̂z| ↓⟩= −| ↓⟩, we obtain

⟨σ̂z⟩A = ⟨Ψ|σ̂z⊗ Î|Ψ⟩= 1
1+a2

(
⟨↑A |σ̂z| ↑A⟩+0+0+a2⟨↓A |σ̂z| ↓A⟩

)
=

1−a2

1+a2 .

b) Measurements can also be defined using the ensemble average over quantum
mechanical states using the density operator. Since this is a composite system, we
have

⟨σ̂z⟩A = Tr
([
σ̂z⊗ Î

]
· ρ̂AB

)
,

ρ̂AB = |Ψ⟩⟨Ψ|= 1
1+a2 (| ↑A⟩| ↑B⟩+aeiθ | ↓A⟩| ↓B⟩)(⟨↑A |⟨↑B |+ae−iθ⟨↓A |⟨↓B |)

=
1

1+a2

(
| ↑A⟩| ↑B⟩⟨↑A |⟨↑B |+ae−iθ | ↑A⟩| ↑B⟩⟨↓A |⟨↓B |

+aeiθ | ↓A⟩| ↓B⟩⟨↑A |⟨↑B |+a2| ↓A⟩| ↓B⟩⟨↓A |⟨↓B |
)
.

In the basis {| ↑A⟩| ↑B⟩, | ↑A⟩| ↓B⟩, | ↓A⟩| ↑B⟩, | ↓A⟩| ↓B⟩}, we have

ρAB =
1

1+a2


1 0 0 ae−iθ

0 0 0 0
0 0 0 0

aeiθ 0 0 a2

 ,

[
σ̂z⊗ Î

]
=

(
1 0
0 −1

)
⊗
(

1 0
0 1

)
=

(
+I 0I
0I −I

)
=


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 .

Multiplying the two matrices and finding the trace afterwards yields

⟨σ̂z⟩A = Tr
([
σ̂z⊗ Î

]
· ρ̂AB

)
=

1−a2

1+a2 .

c) Measuring the spin of particle A as part of the two-particle composite system can
be defined using the relation ⟨σ̂z⟩A = Tr(σ̂zρ̂A), where ρ̂A is the reduced density
operator. For this purpose, we first find the reduced density ρ̂A:

ρ̂A = TrB(ρ̂AB) = ⟨↑B |ρ̂AB| ↑B⟩+ ⟨↓B |ρ̂AB| ↓B⟩

=
1

1+a2 (| ↑A⟩⟨↑B | ↑B⟩⟨↑A |⟨↑B | ↑B⟩+ae−iθ | ↑A⟩⟨↑B | ↑B⟩⟨↓A |⟨↓B | ↑B⟩

+ aeiθ | ↓A⟩⟨↑B | ↓B⟩⟨↑A |⟨↑B | ↑B⟩+a2| ↓A⟩⟨↑B | ↓B⟩⟨↓A |⟨↓B | ↑B⟩)

+
1

1+a2 (| ↑A⟩⟨↓B | ↑B⟩⟨↑A |⟨↑B | ↓B⟩+ae−iθ | ↑A⟩⟨↓B | ↑B⟩⟨↓A |⟨↓B | ↓B⟩

+ aeiθ | ↓A⟩⟨↓B | ↓B⟩⟨↑A |⟨↑B | ↓B⟩+a2| ↓A⟩⟨↓B | ↓B⟩⟨↓A |⟨↓B | ↓B⟩)

=
1

1+a2 (| ↑A⟩⟨↑A |+a2| ↓A⟩⟨↓A |)

=
1

1+a2

(
1 0
0 a2

)
.
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Therefore,

⟨σ̂z⟩A = Tr(σ̂zρ̂A) =
1−a2

1+a2 .

Food for thought: We have given three definitions for measurements in quan-
tum mechanics. For the case of a pure state, all outcomes yield the same result.
Can you design a problem for a density operator corresponding to a maximally
mixed state and see if the outcomes from these definitions are the same?

Problem 4.12
Consider one electron spin in the state |χ1⟩= α| ↑⟩+β| ↓⟩ and a second electron in the
state |χ2⟩ = α| ↓⟩+ β| ↑⟩, where α and β are real. The composite state of the system is
|χ⟩= |χ1χ2⟩= |χ1⟩⊗ |χ2⟩.

Construct the operator Â = σ̂
(1)
z ⊗ σ̂(2)

y in the basis | ↑↑⟩, | ↑↓⟩, | ↓↑⟩, | ↓↓⟩, and calculate
the ensemble average ⟨Â⟩ = Tr(Âρ̂), where ρ̂ is the density operator corresponding to
the pure state |χ⟩.

This problem concerns the construction of operators as tensors (outer products) of
operators corresponding to individual states. The composite operator then will have a
larger basis of the constituent subsystems. So, in order to calculate ⟨Â⟩ = Tr(Âρ̂), we
need to know Â and ρ̂ in the {| ↑↑⟩, | ↑↓⟩, | ↓↑⟩, | ↓↓⟩} basis.

Let’s calculate the matrix elements for Â first. Start with

⟨↑↑ |Â| ↑↑⟩= ⟨↑↑ |σ̂(1)
z ⊗ σ̂(2)

z | ↑↑⟩= ⟨↑ |σ̂(1)
z | ↑⟩⊗ ⟨↑ |σ̂(2)

y | ↑⟩= 0.

Here, we remember that σ̂(2)
y | ↑↑⟩ operates on the second spin, while σ̂(1)

z | ↑↑⟩ operates
on the first spin. Since ⟨↑ |σ̂y| ↑⟩ = 0, the whole matrix element is zero. Similarly all
matrix elements can be evaluated,

Â =


0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0

 .

For the density matrix, we use its general expression for a pure state, ρ̂= |χ⟩⟨χ|, which
implies that we need to construct |χ⟩ first. The normalized composite state is then

|χ⟩= 1
α2 +β2 ((a| ↑1⟩+β| ↓1⟩)(α| ↓2⟩+β| ↑2⟩)

=
1

α2 +β2 (αβ| ↑1↑2⟩+α2| ↑1↓2⟩+β2| ↓1↑2⟩+αβ| ↓1↓2⟩).
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77 4 Density Operator

From here, we find

ρ̂= |χ⟩⟨χ|= 1
(α2 +β2)4


α2β2 α3β αβ3 α2β2

α3β α4 α2β2 α3β

αβ3 α2β2 β4 αβ3

α2β2 α3β αβ3 α2β2

 .

The ensemble average is then

⟨Â⟩= Tr(Âρ̂) =
1

(α2 +β2)4 Tr




0 −i 0 0
i 0 0 0
0 0 0 i

0 0 −i 0

 ·


α2β2 α3β αβ3 α2β2

α3β α4 α2β2 α3β

αβ3 α2β2 β4 αβ3

α2β2 α3β αβ3 α2β2


=0.

While this solution provides the answer to the question at hand, often it is not neces-
sary to resort to matrix multiplication. Rather, one can work directly with the tensor
product, and here we give the solution for extra practice:

⟨Â⟩= Tr(Âρ̂) = Tr
(
σ̂
(1)
z ⊗ σ̂(2)

y |χ⟩⟨χ|
)
= Tr

(
⟨χ|σ̂(1)

z ⊗ σ̂(2)
y |χ⟩

)
=

[
1

α2 +β2

(
αβ⟨↑1↑2 |+α2⟨↑1↓2 |+β2⟨↓1↑2 |+αβ⟨↓1↓2 |

)]
×
[
σ
(1)
z ⊗σ(2)

y

][ 1
α2 +β2

(
αβ| ↑1↑2⟩+α2| ↑1↓2⟩+β2| ↓1↑2⟩+αβ| ↓1↓2⟩

)]
=

1
(α2 +β2)2

[
α2β2⟨↑1↑2 |

[
σ
(1)
z ⊗σ(2)

y

]
| ↑1↑2⟩+α3β⟨↑1↑2 |

[
σ
(1)
z ⊗σ(2)

y

]
| ↑1↓2⟩

+αβ3⟨↑1↑2 |
[
σ
(1)
z ⊗σ(2)

y

]
| ↑1↓2⟩+α2β2⟨↑1↑2 |

[
σ
(1)
z ⊗σ(2)

y

]
| ↓1↓2⟩

+ α3β⟨↑1↓2 |
[
σ
(1)
z ⊗σ(2)

y

]
| ↑1↑2⟩+α4⟨↑1↓2 |

[
σ
(1)
z ⊗σ(2)

y

]
| ↑1↓2⟩

+α2β2⟨↑1↓2 |
[
σ
(1)
z ⊗σ(2)

y

]
| ↓1↑2⟩+α3β⟨↑1↓2 |

[
σ
(1)
z ⊗σ(2)

y

]
| ↓1↓2⟩

+ αβ3⟨↓1↑2 |
[
σ
(1)
z ⊗σ(2)

y

]
| ↑1↑2⟩+α2β2⟨↓1↑2 |

[
σ
(1)
z ⊗σ(2)

y

]
| ↑1↓2⟩

+β4⟨↓1↑2 |
[
σ
(1)
z ⊗σ(2)

y

]
| ↓1↑2⟩+αβ3⟨↓1↑2 |

[
σ
(1)
z ⊗σ(2)

y

]
| ↓1↓2⟩

+ α2β2⟨↓1↓2 |
[
σ
(1)
z ⊗σ(2)

y

]
| ↑1↑2⟩+α3β⟨↓1↓2 |

[
σ
(1)
z ⊗σ(2)

y

]
| ↑1↓2⟩

+αβ2⟨↓1↓2 |
[
σ
(1)
z ⊗σ(2)

y

]
| ↓1↑2⟩+α2β2⟨↓1↓2 |

[
σ
(1)
z ⊗σ(2)

y

]
| ↓1↑2⟩

]
.

After taking into account the operation of the Pauli matrices, as explained at the
beginning of the solution for one case, we find that ⟨Â⟩= 0.

Problem 4.13
Consider a state of the form |Ψ⟩ = cos(θ)| ↑↓⟩+ sin(θ)| ↓↑⟩. a) Find the entanglement
entropy for this system. b) What values of θ correspond to a Bell state and a product
biparticle state? Comment on the entropy entanglement in each case.
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a) To find the entanglement entropy, we have to obtain the partial trace of the state
|Ψ⟩. Therefore, we need the density matrix operator, found to be

ρ̂= |ψ⟩⟨ψ|=


0 0 0 0
0 cos2(θ) cos(θ)sin(θ) 0
0 cos(θ)sin(θ) sin2(θ) 0
0 0 0 0

 .

The reduced density operator for particle B (second spin in the composite spinor) is

ρ̂B = TrA(ρ̂AB) = ∑
a=1
⟨aα|ρ̂AB|aa⟩=

(
cos(θ)2 0

0 sin(θ)2

)
.

The entanglement entropy is

E = −TrB [ρ̂B ln(ρ̂B)] = S(ρ̂B),

E = −sin2(θ) ln(sin2(θ))− cos2(θ) ln(cos2(θ)).

The same entanglement entropy with the same reduced density is found for subsys-
tem A (first spin in the composite spinor).

b) The entropy is an oscillatory function of the angle θ, as shown in Figure 4.2. It can
be zero when θ = nπ, with |Ψ⟩ = | ↑↓⟩ = | ↑A⟩ ⊗ | ↓B⟩ being the noncorrelated pure
state. The entropy can also be zero when θ= π

(
n+ 1

2

)
with |Ψ⟩= | ↓↑⟩= | ↓A⟩⊗ | ↑B⟩

being the pure noncorrelated state (n – integer).
The given graphical representation of E(θ) shows how the entropy changes as a

function of the angle θ. In the case of θ = π
(
n+ 1

4

)
or θ = π

(
n+ 3

4

)
for integer n,

E = ln(2) reaches its maximum value, which corresponds to a maximally entangled
state. In this case, those are the Bell states

|a,+⟩= 1√
2
(| ↑↓⟩+ | ↓↑⟩), for θ = π

(
n+

1
4

)
,

|a,−⟩= 1√
2
(| ↑↓⟩− | ↓↑⟩), for θ = π

(
n+

3
4

)
.

tFigure 4.2 A graphical representation of the entanglement entropyE as a function of the angle θ.
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Problem 4.14
Show that the Bell states can be transformed to each other by using Pauli matrices. As
an example, consider |c,+⟩= σ̂1⊗ Î2|a,+⟩ and |c,+⟩= −iσ̂2⊗ Î2|a,−⟩.

We start with

|a,+⟩= 1√
2
(| ↑1⟩⊗ | ↓2⟩+ | ↓1⟩⊗ | ↑2⟩) ,

σ̂1⊗ Î2|a,+⟩=
1√
2

(
σ̂1| ↑1⟩⊗ Î2| ↓2⟩+ σ̂1| ↓1⟩⊗ Î2| ↑2⟩

)
=

1√
2
(| ↓1⟩⊗ | ↓2⟩+ | ↑1⟩⊗ | ↑2⟩) = |c,+⟩.

Also,

|a,−⟩= 1√
2
(| ↑1⟩⊗ | ↓2⟩− | ↓1⟩⊗ | ↑2⟩) ,

iσ̂2⊗ Î2|a,−⟩=
1√
2

(
iσ̂2| ↑1⟩⊗ Î2| ↓2⟩− iσ̂2| ↓1⟩⊗ Î2| ↑2⟩

)
=

1√
2
(−| ↓1⟩⊗ | ↓2⟩− | ↑1⟩⊗ | ↑2⟩) = −|c,+⟩.

Food for thought: For extra practice, the reader can show similar relations
expressing |a,±⟩ in terms of |c,±⟩.

Problem 4.15
Consider the Hamiltonian for the Ising model for a system of two spin 1/2 particles,

Ĥ = −Jσ̂(1)
x ⊗ σ̂(2)

x −Bσ̂(1)
z ⊗ σ̂(2)

z ,

where the σ̂(1,2)
x,y,z are the Pauli matrices for the two-particle systems. Also, J, B are

positive real constants.

a) Write the density operator ρ̂ for the pure state of the ground state of Ĥ in the basis
set | ↑↑⟩, | ↑↓⟩, | ↓↑⟩, | ↓↓⟩.

b) Evaluate the entanglement entropy by using reduced density operators ρ̂1, ρ̂2 for
the two subsystems.

c) Check to see if ρ̂1⊗ ρ̂2 is the same as ρ̂.

a) The Hamiltonian for the Ising model appears often in physics and, in this prob-
lem, we are asked to write the density operator for the pure ground state of Ĥ.
This implies that the eigenvalues and eigenfunctions must be found beforehand.
The problem also gives an opportunity to practice partial traces in the context of
entanglement entropy.
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From the tensor product of the Pauli matrices, we obtain

Ĥ = −J


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

−B


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

=


−B 0 0 −J
0 B −J 0
0 −J B 0
−J 0 0 −B

 .

The eigenvalues and corresponding eigenstates are found as

E1 = B+ J; E2 = B− J; E3 = −B+ J; E4 = −B− J,

|χ1⟩=
1√
2
(| ↑1↓2⟩− | ↓1↑2⟩); |χ2⟩

1√
2
(| ↑1↓2⟩− | ↓1↑2⟩);

|χ3⟩=
1√
2
(| ↑1↑2⟩− | ↓1↓2⟩); |χ4⟩=

1√
2
(| ↑1↑2⟩+ | ↓1↓2⟩).

In the preceding, we introduced the subscripts 1,2 to explicitly denote particles
1,2. Note that the eigenstates for this Hamiltonian are the four Bell states for
anticorrelated and correlated pairs of spins, as shown earlier.

The ground state energy is E4 = −B− J with the corresponding eigenstate |χ4⟩.
The density matrix for the case of the pure ground state then becomes

ρ̂= |χ4⟩⟨χ4|=
1
2
(| ↑1↑2⟩⟨↑2↑2 |+ | ↑1↑2⟩⟨↓1↓2 |+ | ↓1↓2⟩⟨↑1↑2 |+ | ↓1↓2⟩⟨↓1↓2 |)

=
1
2


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

 .

b) Continuing further, the entanglement entropy is given by E = −Tr [ρ̂1 ln(ρ̂1)] and
E = −Tr [ρ̂2 ln(ρ̂2)] in terms of the reduced matrices. Notice that no matter which
reduced density matrix is going to be used in E, the result is going to be the same.

The partial density matrices are evaluated in the usual manner, and as expected
for a pure state,

ρ̂2 = Tr1(ρ̂)

= ⟨↑1 |ρ̂| ↑1⟩+ ⟨↓1 |ρ̂| ↓1⟩=
1
2
(⟨↑1 | ↑1↑2⟩⟨↑1↑2 | ↑1⟩+ ⟨↑1 | ↑1↑2⟩⟨↓1↓2 | ↑1⟩

+ ⟨↑1 | ↓1↓2⟩⟨↑1↑2 | ↑1⟩+ ⟨↑1 | ↓1↓2⟩⟨↓1↓2 | ↑1⟩+ ⟨↓1 | ↑1↑2⟩⟨↑1↑2 | ↓3⟩
+ ⟨↓1 | ↑1↑2⟩⟨↓1↓2 | ↓1⟩+ ⟨↓1 | ↓1↓2⟩⟨↑1↑2 | ↓1⟩+ ⟨↓1 | ↓1↓2⟩⟨↓1↓2 | ↓1⟩)

=
1
2
(| ↑2⟩⟨↑2 |+ | ↓2⟩⟨↓2 |) =

1
2

(
1 0
0 1

)
.

ρ̂1 = Tr2(ρ̂) = ⟨↑2 |ρ̂| ↑2⟩+ ⟨↓2 |ρ̂| ↓2⟩=
1
2
(| ↑1⟩⟨↑1 |+ | ↓1⟩⟨↓1 |) =

1
2

(
1 0
0 1

)
.
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In the preceding, the subindices (1,2) for the up and down states are kept explicitly
for a more transparent calculation. Therefore, the entanglement entropy is

E = −Tr [ρ̂1 ln(ρ̂1)] = −Tr
[

1
2

(
1 0
0 1

)
ln
(

1
2

(
1 0
0 1

))]
= −Tr

[
ln
( 1

2

)
2

(
1 0
0 1

)]
= ln(2).

For the preceding relation, we have used the fact that, for a diagonal matrix,

logb(A) = logb

 a1 · · · 0
...

. . .
...

0 · · · an

=

 logb(a1) · · · 0
...

. . .
...

0 · · · logb(an)

 .

c) Finally, for the last question, we check that

ρ̂1⊗ ρ̂2 =
1
4

(
1 0
0 1

)
⊗
(

1 0
0 1

)
=

1
2


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ̸= ρ̂.

Problem 4.16
Consider the Hamiltonian for the Ising model for a system of two spin 1/2 particles,

Ĥ = −Jσ̂(1)
x ⊗ σ̂(2)

x −B
[
σ̂
(1)
z ⊗ Î(2)+ Î(1)⊗ σ̂(2)

z

]
,

where the σ̂(1,2)
x,y,z are the Pauli matrices for the two particle systems and Î(1,2) are the

corresponding identity operators. Also, J, B are positive real constants.

a) Write the density operator ρ̂ for the pure state of the ground state of Ĥ in the basis
set | ↑↑⟩, | ↑↓⟩, | ↓↑⟩, | ↓↓⟩.

b) Evaluate the entanglement entropies for the two subsystems.
c) Check to see if ρ̂1⊗ ρ̂2 is the same as ρ̂.

a) The Hamiltonian for the Ising model appears often in physics and, in this prob-
lem, we are asked to write the density operator for the pure ground state of Ĥ.
This implies that the eigenvalues and eigenfunctions must be found beforehand.
The problem also gives an opportunity to practice partial traces in the context of
entanglement entropy.

From the tensor product of the Pauli matrices, we obtain

Ĥ = −J


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

−B


2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −2

= −


2B 0 0 J
0 0 J 0
0 J 0 0
J 0 0 −2B

 .
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The eigenvalues and corresponding eigenstates are found as (with R =
√

J2 +4B2)

E1 = −R; E2 = −J; E3 =+J; E4 =+R.

|χ1⟩=
1√
N+

[(2B+R)| ↑1↑2⟩+ J| ↓1↓2⟩] ; |χ2⟩=
1√
2
(| ↑1↓2⟩+ | ↓1↑2⟩);

|χ3⟩=
1√
2
(| ↑1↓2⟩− | ↓1↑2⟩); |χ4⟩=

1√
N−

[(2B−R)| ↑1↑2⟩+ J| ↓1↓2⟩] .

Here, we introduced the subscripts 1,2 to explicitly denote particles 1,2 and
N± = 2R(R±2B).

The ground state energy is E1 = −R, with the corresponding eigenstate |χ1⟩.
The density matrix for the case of the pure ground state then becomes

ρ̂= |χ1⟩⟨χ1|

=
1

N+

[
(2B+R)2| ↑1↑2⟩⟨↑1↑2 |+ J(2B+R)| ↑1↑2⟩⟨↓1↓2 |

+J(2B+R)| ↓1↓2⟩⟨↑1↑2 |+ J2| ↓1↓2⟩⟨↓1↓2 |
]

=
1

2R


2B+R 0 0 J

0 0 0 0
0 0 0 0
J 0 0 J2

2B+R

 .

b) Continuing further, the entanglement entropy is given by E = −Tr [ρ̂1 ln(ρ̂1)] and
E = −Tr [ρ̂2 ln(ρ̂2)] in terms of the reduced matrices. Notice that no matter which
reduced density matrix is going to be used in E, the result is going to be the same.

The partial density matrices are evaluated in the usual manner, and as expected
for a pure state,

ρ̂1 = Tr2(ρ̂) =
1

2R

[
(2B+R)| ↑1⟩⟨↑1 |+

J2

2B+R
| ↓1⟩⟨↓1 |

]
=

1
2R

(
2B+R 0

0 J2

2B+R

)
,

ρ̂2 = Tr1(ρ̂) =
1

2R

[
(2B+R)| ↑2⟩⟨↑2 |+

J2

2B+R
| ↓2⟩⟨↓2 |

]
=

1
2R

(
2B+R 0

0 J2

2B+R

)
.

Therefore, using that the eigenvalues of those density matrices are λ± = 1
2 ±

B
R , the

entanglement entropy is

E = −Tr [ρ̂1 ln(ρ̂1)] = −
(

1
2
+

B
R

)
ln
(

1
2
+

B
R

)
−
(

1
2
− B

R

)
ln
(

1
2
− B

R

)
= −1

2
ln
(

1
4
− B2

R2

)
− 2B

R
arctanh

(
2B
R

)
,
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which is obtained by noting that for a diagonal matrix:

logb(A)= logb

( a1 · · · 0
...

. . .
...

0 · · · an

)
=

( logb(a1) · · · 0
...

. . .
...

0 · · · logb(an)

)
.

c) Finally, for the last question, we check that

ρ̂1⊗ ρ̂2 =
1

4R2

(
2B+R 0

0 J2

2B+R

)
⊗
(

2B+R 0
0 J2

2B+R

)

=
1

4R2


(2B+R)2 0 0 0

0 J2 0 0
0 0 J2 0
0 0 0 J4

(2B+R)2

 ̸= ρ̂.

Problem 4.17
Repeat the previous problem, but for the state with the highest energy for the XY
Hamiltonian, given as

Ĥ = −J
(
σ̂
(1)
x ⊗ σ̂(2)

x + σ̂
(1)
y ⊗ σ̂(2)

y

)
−Bσ̂(1)

z ⊗ σ̂(2)
x ,

where J, B are positive real constants.

a) Here we repeat the same steps as in the previous problem, starting with finding the
eigenvalues and eigenstates of the Hamiltonian in the | ↑1↑2⟩, | ↑1↓2⟩, | ↓1↑2⟩, | ↓1↓2⟩
basis.

Ĥ =−2J


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

−B


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

=


−B 0 0 0
0 B −2J 0
0 −2J B 0
0 0 0 −B

 .

The eigenvalues and corresponding eigenstates are

E1 = −B; E2 = B−2J; E3 = B+2J; E4 = −B,

|χ1⟩= | ↑1↑2⟩; |χ2⟩=
1√
2
(| ↑1↓2⟩+ | ↓1↑2⟩); |χ3⟩=

1√
2
(| ↑1↓2⟩− | ↓1↑2⟩); |χ4⟩= | ↓1↓2⟩.

The highest energyE3=B+2Jwith the corresponding state |χ3⟩= 1√
2
(|↑1↓2⟩−|↓1↑2⟩).

The density matrix is found as

ρ̂= |χ3⟩⟨χ3|=
1
2
(| ↑1↓2⟩⟨↑1↓2 | − | ↑1↓2⟩⟨↓1↑2 | − | ↓1↑2⟩⟨↑1↓2 |+ | ↓1↑2⟩⟨↓1↑2 |)

=
1
2


0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0

 .

https://doi.org/10.1017/9781009355414.004 Published online by Cambridge University Press

https://doi.org/10.1017/9781009355414.004


84 Contemporary QuantumMechanics in Practice

b) The partial densities are

ρ̂2 = Tr1(ρ̂) = ⟨↑1 |ρ̂| ↑1⟩+ ⟨↓1 |ρ̂| ↓1⟩

=
1
2
(⟨↑1 | ↑1↓2⟩⟨↑1↓2 | ↑1⟩+ ⟨↑1 | ↑1↓2⟩⟨↓1↑2 | ↑1⟩+ ⟨↑1 | ↓1↑2⟩⟨↑1↓2 | ↑1⟩

+ ⟨↑1 | ↓1↑2⟩⟨↓1↑2 | ↑1⟩+ ⟨↓1 | ↑1↓2⟩⟨↑1↓2 | ↓1⟩+ ⟨↓1 | ↑1↓2⟩⟨↓1↑2 | ↓1⟩
+ ⟨↓1 | ↓1↑2⟩⟨↑1↓2 | ↓1⟩+ ⟨↓1 | ↓1↑2⟩⟨↓1↑2 | ↓1⟩)

=
1
2
(⟨↑1 | ↑1↓2⟩⟨↑1↓2 | ↑1⟩+ ⟨↓1 | ↓1↑2⟩⟨↓1↑2 | ↓1⟩)

=
1
2
(| ↑2⟩⟨↑2 |+ | ↓2⟩⟨↓2 |) =

1
2

(
1 0
0 1

)
,

ρ̂1 = Tr2(ρ̂) = ⟨↑2 |ρ̂| ↑2⟩+ ⟨↓2 |ρ̂| ↓2⟩=
1
2
(| ↑1⟩⟨↑1 |+ | ↓1⟩⟨↓1 |) =

1
2

(
1 0
0 1

)
,

ρ̂1 =
1
2

(
1 0
0 1

)
= ρ̂2.

Therefore, the entanglement entropy is

E = ln(2).

c) Finally, for the last question, we check that

ρ̂1⊗ ρ̂2 =
1
4

(
1 0
0 1

)
⊗
(

1 0
0 1

)
=

1
2


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ̸= ρ̂.

Problem 4.18
Repeat the previous problem, but for the state with the highest energy for the XY
Hamiltonian, given as

Ĥ = −J
(
σ̂
(1)
x ⊗ σ̂(2)

x + σ̂
(1)
y ⊗ σ̂(2)

y

)
−B
[
σ̂
(1)
z ⊗ Î(2)+ Î(1)⊗ σ̂(2)

z

]
,

where J, B are positive real constants and B < J.

a) Here we repeat the same steps as in the previous problem, starting with finding the
eigenvalues and eigenstates of the Hamiltonian in the | ↑1↑2⟩, | ↑1↓2⟩, | ↓1↑2⟩, | ↓1↓2⟩
basis.

Ĥ = −2J


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

−B


2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −2

= −2


B 0 0 0
0 0 J 0
0 J 0 0
0 0 0 −B

 .

The eigenvalues and corresponding eigenstates are

E1 = −2B; E2 = −2J; E3 = 2J; E4 = 2B,

|χ1⟩= | ↑1↑2⟩; |χ2⟩=
1√
2
(| ↑1↓2⟩+ | ↓1↑2⟩); |χ3⟩=

1√
2
(| ↑1↓2⟩− | ↓1↑2⟩); |χ4⟩= | ↓1↓2⟩.
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The highest energy E3=2J with the corresponding state |χ3⟩= 1√
2
(| ↑1↓2⟩−| ↓1↑2⟩).

The density matrix is found as

ρ̂= |χ3⟩⟨χ3|=
1
2
(| ↑1↓2⟩⟨↑1↓2 | − | ↑1↓2⟩⟨↓1↑2 | − | ↓1↑2⟩⟨↑1↓2 |+ | ↓1↑2⟩⟨↓1↑2 |)

=
1
2


0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0

 .

b) The partial densities are

ρ̂2 = Tr1(ρ̂) = ⟨↑1 |ρ̂| ↑1⟩+ ⟨↓1 |ρ̂| ↓1⟩

=
1
2
(⟨↑1 | ↑1↓2⟩⟨↑1↓2 | ↑1⟩+ ⟨↑1 | ↑1↓2⟩⟨↓1↑2 | ↑1⟩+ ⟨↑1 | ↓1↑2⟩⟨↑1↓2 | ↑1⟩

+ ⟨↑1 | ↓1↑2⟩⟨↓1↑2 | ↑1⟩+ ⟨↓1 | ↑1↓2⟩⟨↑1↓2 | ↓1⟩+ ⟨↓1 | ↑1↓2⟩⟨↓1↑2 | ↓1⟩
+ ⟨↓1 | ↓1↑2⟩⟨↑1↓2 | ↓1⟩+ ⟨↓1 | ↓1↑2⟩⟨↓1↑2 | ↓1⟩)

=
1
2
(⟨↑1 | ↑1↓2⟩⟨↑1↓2 | ↑1⟩+0+0+0+0+0+0+ ⟨↓1 | ↓1↑2⟩⟨↓1 | ↑2↓1⟩)

=
1
2
(| ↑2⟩⟨↑2 |+ | ↓2⟩⟨↓2 |) =

1
2

(
1 0
0 1

)
,

ρ̂1 = Tr2(ρ̂) = ⟨↑2 |ρ̂| ↑2⟩+ ⟨↓2 |ρ̂| ↓2⟩=
1
2
(| ↑1⟩⟨↑1 |+ | ↓1⟩⟨↓1 |) =

1
2

(
1 0
0 1

)
,

ρ̂1 =
1
2

(
1 0
0 1

)
= ρ̂2.

Therefore, the entanglement entropy is

E = ln(2).

c) Finally, for the last question, we check that

ρ̂1⊗ ρ̂2 =
1
4

(
1 0
0 1

)
⊗
(

1 0
0 1

)
=

1
2


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ̸= ρ̂.

Problem 4.19
Consider the Hamiltonian for a two-particle system,

Ĥ = −J
(
σ̂
(1)
x ⊗ Î(2)+ Î(1)⊗ σ̂(2)

x

)
−Bσ̂(1)

z ⊗ σ̂(2)
z ,

where the σ̂(1,2)
x,y,z are the Pauli matrices for each particle and Î(1,2) are the corresponding

identity operators. Also, J,B are real positive constants.
a) Write the density operator ρ̂12 in the basis set | ↑↑⟩, | ↑↓⟩, | ↓↑⟩, | ↓↓⟩ when the

composite system is in the ground state of Ĥ. b) What is the entanglement entropy?
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a) Let’s begin by writing Ĥ explicitly in the given basis,

Ĥ = −J


0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0

−B


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

=


−B −J −J 0
−J B 0 −J
−J 0 B −J
0 −J −J −B

 .

The eigenvalues and corresponding eigenstates are

E1 = B; E2 = −B; E3 = −
√

B2 +4J2; E4 =
√

B2 +4J2,

|χ1⟩=
1√
2
(| ↑1↓2⟩− | ↓1↑2⟩) ; |χ2⟩=

1√
2
(| ↑1↑2⟩− | ↓1↓2⟩) ;

|χ3⟩=
1

2
√√

1+α2
(√

1+α2−a
) [| ↑1↑2⟩+ | ↓1↓2⟩+(

√
1+α2−α)(| ↑1↓2⟩+ | ↓1↑2⟩)

]
;

|χ4⟩=
1

2
√√

1+α2
(√

1+α2 +a
) [| ↑1↑2⟩+ | ↓1↓2⟩− (

√
1+α2 +α)(| ↑1↓2⟩+ | ↓1↑2⟩)

]
,

where α = B
2J . Clearly the ground state energy is E3 with the corresponding ground

state |χ3⟩.
The density operator for the pure ground state is then

ρ̂12 = |χ3⟩⟨χ3|=
1

4
√

1+α2


1√

1+α2−α
1 1 1√

1+α2−α
1

√
1+α2−α

√
1+α2−α 1

1
√

1+α2−α
√

1+α2−α 1
1√

1+α2−α
1 1 1√

1+α2−α

 .

b) The eigenvalues of this ρ̂ are {0,0,0,1}; therefore, the von Neumann entropy is given
as

SN(ρ̂12) = −∑
i
λi ln(λi) = 0.

Then we conclude that |χ3⟩ is a pure state, since its purity property is
P(ρ̂12) = Tr(ρ̂2

12) = Tr(|χ3⟩⟨χ3|χ3⟩⟨χ3|) = Tr(|χ3⟩⟨χ3|) = Tr(ρ̂12) = 1.
For the entanglement entropy, we need to find partial density operators

ρ̂1 = Tr2(ρ̂12) = ρ̂2 = Tr1(ρ̂12) and their eigenvalues,

ρ̂2 = Tr1(ρ̂12) = ⟨↑1 |ρ̂12| ↑1⟩+ ⟨↓1 ρ̂12| ↓1⟩=
1

2
√

1+α2

( √
1+α2 1

1
√

1+α2

)
,

ρ̂1 = Tr2(ρ̂12) = ⟨↑2 |ρ̂12| ↑2⟩+ ⟨↓2 |ρ̂12| ↓2⟩=
1

2
√

1+α2

( √
1+α2 1

1
√

1+α2

)
.

The somewhat lengthy algebra here is left for extra practice. The eigenvalues of the
partial density operators are then obtained as

λ± =
1
2
± 1

2
√

1+α2
.
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Finally, the entanglement entropy is

E = −
(

1
2
− 1

2
√

1+α2

)
ln
(

1
2
− 1

2
√

1+α2

)
−
(

1
2
+

1

2
√

1+α2

)
ln
(

1
2
+

1

2
√

1+α2

)
= ln(2)− 1

2
ln
(

1− 1
1+α2

)
− arcoth(

√
1+α2)√

1+α2
.

Problem 4.20
For a biparticle system, the Hamiltonian is written as Ĥ = Ĥ1⊗Ĥ2, where the Hamilto-
nians of the individual particles 1,2 are Ĥ1 with dimension n1 and Ĥ2 with dimension
n2 ≥ n1, respectively. Show that any given quantum mechanical state |Ψ⟩ associated
with Ĥ can always be represented using the Schmidt decomposition as a product of
orthonormal states |ψ(1)

i ⟩ and |ψ
(2)
i ⟩,

|Ψ⟩=
n1

∑
i=1

gi|ψ(1)
i ⟩⊗ |ψ

(2)
i ⟩,

where gi are nonnegative numbers with
n1
∑

i=1
|gi|2 = 1.

We can easily identify what |ψ(1)
i ⟩ and |ψ

(2)
i ⟩ are in the context of the density operator

for the pure state |Ψ⟩, with ρ̂= |Ψ⟩⟨Ψ|.
Let’s find the partial traces over system1 and system2 and obtain the reduced density

matrices,

ρ̂1 = Tr2(|Ψ⟩⟨Ψ|)

= Tr2

(
n1

∑
i, j=1

gig∗j |ψ
(1)
i ⟩|ψ

(2)
i ⟩⟨ψ

(2)
j |⟨ψ

(1)
j |
)

=
n1

∑
i, j=1

gig∗j |ψ
(1)
i ⟩⟨ψ

(1)
j |Tr2

(
|ψ(2)

i ⟩⟨ψ
(2)
j |
)
=

n1

∑
i, j=1

gig∗j |ψ
(1)
i ⟩⟨ψ

(1)
j |δi j

=
n1

∑
i=1
|gi|2|ψ(1)

i ⟩⟨ψ
(1)
i |,

ρ̂2 = Tr1(|Ψ⟩⟨Ψ|) = Tr1

(
n1

∑
i, j=1

gig∗j |ψ
(1)
i ⟩|ψ

(2)
i ⟩⟨ψ

(2)
j |⟨ψ

(1)
j |
)

=
n1

∑
i, j=1

gig∗jTr1

(
|ψ(1)

i ⟩|ψ
(1)
j |
)
|ψ(2)

i ⟩⟨ψ
(2)
j |

=
n1

∑
i, j=1

gig∗jδi j |ψ(2)
i ⟩⟨ψ

(2)
j |=

n1

∑
i=1
|gi|2|ψ(2)

i ⟩⟨ψ
(2)
i |.

The preceding relations show that |ψ(1)
i ⟩ are the eigenstates corresponding to the partial

densitymatrix for system 1, while |ψ(2)
i ⟩ are the eigenstates for the partial densitymatrix

for system 2. It is also clear that in both cases, |gi|2 are the eigenvalues of both ρ̂1 and
ρ̂2. Note further that in both cases, the eigenvalues are the same.
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Problem 4.21
Consider a system for spin 1/2 particles whose pure state is given as

|Ψ⟩= 1√
2
| ↑1⟩| ↑2⟩+

1
2
| ↓1⟩(| ↑2⟩− | ↓2⟩).

Find its Schmidt decomposition.

The pure state |Ψ⟩= 1√
2
| ↑1⟩| ↑2⟩+ 1

2 | ↓1⟩| ↑2⟩− 1
2 | ↓1⟩| ↓2⟩ can be written in a matrix form

using the equation |Ψ⟩ = ∑
n,m

Ψn,m|an⟩|bm⟩, where |an⟩, |bm⟩ in our case are the up and

down spinors for the two particles: | ↑1⟩| ↑2⟩, | ↓1⟩| ↑2⟩|, | ↑1⟩| ↓2⟩, | ↓1⟩| ↓2⟩. Specifically,
we can write

|Ψ⟩= (| ↑1⟩, | ↓1⟩) ·
(

1√
2
− 1

2
1
2 0

)
·
(
| ↑2⟩
| ↓2⟩

)
→Ψ =

(
1√
2
− 1

2
1
2 0

)
,

where the matrix Ψ has matrix elements Ψn,m for the given two-particle pure
state.

The Schmidt decomposition is basically the Singular Value Decomposition of a
general matrix (not necessarily square) A ∈ Cn×m. This matrix can be represented as
A = U ·Σ ·W , where the rows of the U ∈ Cn×n are the left singular vectors of the orig-
inal matrix, the columns of W ∈ Cm×m are the right singular vectors, and Σ ∈ Rn×m

+

is a diagonal matrix containing the singular (nonnegative) values σn of the original
matrix. U and W are unitary matrices (U ·U+ = I and W ·W+ = I). Singular Value
Decomposition (Johnston, 2021; Steeb and Hardy, 2018) is related but different from
the eigenvalue decomposition of a matrix. It can be applied to any nonsquare matri-
ces and, contrary to eigenvalues, the singular values are always nonnegative numbers.
The connection between the two types of decompositions is the following: the singu-
lar values of A are the (positive) square root of the nonzero eigenvalues of A ·A+ and
of A+ ·A, with eigenvectors given by the columns of U and W respectively. In addi-
tion to that, both decompositions coincide when A is a semidefinite positive square
matrix.

Thus, we find(
1√
2
− 1

2
1
2 0

)
=

 −2−
√

3√
9+5
√

3
−2+
√

3√
9−5
√

3
−1−
√

3√
2
√

9+5
√

3
−1+
√

3√
2
√

9−5
√

3

 ·
 √

2+
√

3
2 0

0
√

2−
√

3
2


·

 −1−
√

3√
2
√

3+
√

3
1√

3+
√

3
−1+
√

3√
2
√

3−
√

3
1√

3−
√

3

 .

The Schmidt representation is then

|Ψ⟩= λ1|ψ(1)
1 ⟩⊗ |ψ

(2)
1 ⟩+λ2|ψ(1)

2 ⟩⊗ |ψ
(2)
2 ⟩,
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where(
|ψ(1)

1 ⟩, |ψ
(2)
1 ⟩
)
= (| ↑1⟩, | ↓1⟩) ·U

=

([
−2−

√
3√

9+5
√

3
| ↑1⟩+

−1−
√

3
√

2
√

9+5
√

3
| ↓1⟩

]
,

[
−2+

√
3√

9−5
√

3
| ↑1⟩+

−1+
√

3
√

2
√

9−5
√

3
| ↓1⟩

])
,

(
|ψ(1)

2 ⟩
|ψ(2)

2 ⟩

)
=W ·

(
| ↑2⟩
| ↓2⟩

)
=


[
−1−
√

3√
2
√

3+
√

3
| ↑2⟩+ 1√

3+
√

3
| ↓2⟩

]
[
−1+
√

3√
2
√

3−
√

3
| ↑2⟩+ 1√

3−
√

3
| ↓2⟩

]
 .

The reader can now verify by substitution that indeed the Schmidt decomposition
corresponds to the original form of |Ψ⟩.

Problem 4.22
Consider a system for two particles whose pure state is given as

|Ψ⟩= 1√
3

(
|01,02⟩+ i|01,22⟩+

1√
2
|11,12⟩−

1√
2
|11,22⟩

)
.

where |01,2⟩, |11,2⟩, |21,2⟩ are various ket states for the particles. Find its Schmidt
decomposition.

This problem is similar to the previous one; however, here the basis for particle 1 has
two states |01⟩, |11⟩, while the basis for particle 2 contains three states |02⟩, |12⟩, |22⟩.

This pure state |Ψ⟩ can be written in a matrix form using the equation
|Ψ⟩= ∑

n,m
Ψn,m|an⟩|bm⟩, where |an⟩, |bm⟩ in our case are {|01⟩|02⟩, |01⟩|12⟩, |01⟩|22⟩, |11⟩|02⟩,

|11⟩|12⟩, |11⟩|22⟩}. Specifically, we can write

|Ψ⟩= (|01⟩, |11⟩) ·
(

1√
3

0 i√
3

0 1√
6

−1√
6

)
·

 |02⟩
|12⟩
|22⟩

→Ψ =
1√
3

(
1 0 i
0 1√

2
−1√

2

)
.

Because of the two-state and three-state eigenbasis for particle 1 and particle 2, respec-
tively, the matrix Ψ is not square (as it was in the previous problem). We further
note that we could exchange the role of rows and columns here without affecting the
outcome of our problem.

From the Singular Value Decomposition of the matrix Ψ =U ·Σ ·W , we write

Ψ =

 −i
√

3+
√

3√
6

i
√

3−
√

3√
6√

3−
√

3√
6

√
3+
√

3√
6

 ·

√

3+
√

3√
6

0 0

0
√

3−
√

3√
6

0




i√
3

3−
√

3
6

−3−
√

3
6

−i√
3

3+
√

3
6

−3+
√

3
6

i√
3

1√
3

1√
3

 .

The Schmidt representation is then

|Ψ⟩= λ1|ψ(1)
1 ⟩⊗ |ψ

(2)
1 ⟩+λ2|ψ(1)

2 ⟩⊗ |ψ
(2)
2 ⟩,

where

λ1,2 =

√
3±
√

3√
6

,
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(
|ψ(1)

1 ⟩, |ψ
(2)
1 ⟩
)
= (|01⟩, |11⟩) ·U

=

([
−i

√
3+
√

3√
6
|01⟩+

√
3−
√

3√
6
|11⟩
]
,

[
i

√
3−
√

3√
6
|01⟩+

√
3+
√

3√
6
|11⟩
])

.

 |ψ
(1)
2 ⟩
|ψ(2)

2 ⟩
|ψ(3)

2 ⟩

=W ·

 |02⟩
|12⟩
|22⟩

=



[
i√
3
|02⟩+ 3−

√
3

6 |12⟩+ −3−
√

3
6 |22⟩

]
[
−i√

3
|02⟩+ 3+

√
3

6 |12⟩+ −3+
√

3
6 |22⟩

]
[

i√
3
|02⟩+ 1√

3
|12⟩+ 1√

3
|22⟩
]

 .

The reader can now verify by substitution that indeed the Schmidt decomposition
corresponds to the original form of |Ψ⟩.

Problem 4.23
Cross (or tensor) products between different states appear very often in the context of
density operators. For basic practice, let’s consider the state

|ψ⟩= 1√
2
[|0⟩⊗ |1⟩⊗ |0⟩+ |1⟩⊗ |0⟩⊗ |1⟩] ,

where |0⟩=
(

1
0

)
and |1⟩= 1√

2

(
1
1

)
.

a) Write explicitly the density operator in a matrix form corresponding to the pure
state |ψ⟩.

b) Calculate the expectation value of ⟨ψ|σ̂1⊗ σ̂2⊗ σ̂1|ψ⟩ and ⟨ψ|σ̂3⊗ σ̂2⊗ σ̂1|ψ⟩, where
σ̂i are the Pauli matrices.

a) The density operator of the state ρ̂ = |ψ⟩⟨ψ| can be given in the composite basis
corresponding to the three-particle system. Specifically,

ρ̂= |ψ⟩⟨ψ|=
(

1√
2
[|010⟩+ |101⟩]

)(
1√
2
[⟨010|+ ⟨101|]

)
=

1
2
(|010⟩⟨010|+ |101⟩⟨010|+ |010⟩⟨101|+ |101⟩⟨101|).

Writing this in a matrix form, one finds

ρ̂=



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


given in the basis



|111⟩
|110⟩
|101⟩
|100⟩
|011⟩
|010⟩
|001⟩
|000⟩


.
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b) Next, using |0⟩=
(

1
0

)
and |1⟩= 1√

2

(
1
1

)
, we obtain that:

⟨0|σ̂1|0⟩= 0, ⟨0|σ̂1|1⟩= ⟨1|σ̂1|0⟩=
1√
2
, ⟨1|σ̂1|1⟩= 1,

⟨0|σ̂2|0⟩= 0, −⟨0|σ̂2|1⟩= ⟨1|σ̂2|0⟩=
−i√

2
, ⟨1|σ̂2|1⟩= 0,

⟨0|σ̂3|0⟩= 1, ⟨0|σ̂3|1⟩= ⟨1|σ̂3|0⟩=
1√
2
, ⟨1|σ̂3|1⟩= 0.

Finally,

⟨ψ|σ̂1⊗σ̂2 ⊗ σ̂1|ψ⟩

=

(
1√
2
[⟨0| ⊗ ⟨1| ⊗ ⟨0|+ ⟨1| ⊗ ⟨0| ⊗ ⟨1|]

)
(σ̂1 ⊗ σ̂2 ⊗ σ̂1)

(
1√
2
[|0⟩⊗ |1⟩⊗ |0⟩+ |1⟩⊗ |0⟩⊗ |1⟩]

)
=

1
2
[⟨0| ⊗ ⟨1| ⊗ ⟨0|(σ̂1 ⊗ σ̂2 ⊗ σ̂1) |0⟩⊗ |1⟩⊗ |0⟩+ ⟨0| ⊗ ⟨1| ⊗ ⟨0|(σ̂1 ⊗ σ̂2 ⊗ σ̂1) |1⟩⊗ |0⟩⊗ |1⟩

+ ⟨1| ⊗ ⟨0| ⊗ ⟨1|(σ̂1 ⊗ σ̂2 ⊗ σ̂1) |0⟩⊗ |1⟩⊗ |0⟩+ ⟨1| ⊗ ⟨0| ⊗ ⟨1|(σ̂1 ⊗ σ̂2 ⊗ σ̂1) |1⟩⊗ |0⟩⊗ |1⟩]

=
1
2
[⟨0|σ̂1|0⟩⟨1|σ̂2|1⟩⟨0|σ̂1|0⟩+ ⟨0|σ̂1|1⟩⟨1|σ̂2|0⟩⟨0|σ̂1|1⟩

+ ⟨1|σ̂1|0⟩⟨0|σ̂2|1⟩⟨1|σ̂1|0⟩+ ⟨1|σ̂1|1⟩⟨0|σ̂2|0⟩⟨1|σ̂1|1⟩]

=
1
2

[
0+

i

2
√

2
− i

2
√

2
+0
]
= 0.

With a similar procedure, we also obtain ⟨ψ
∣∣σ̂3⊗ σ̂2⊗ σ̂1

∣∣ψ⟩= 0.

Problem 4.24
Let M̂ be a Hermitian m×m matrix operator and N̂ a Hermitian n×n matrix operator.
The Hamiltonian of a given system can be given as

Ĥ = h̄ωM̂⊗ N̂.

Calculate the partition function Z = Tr(e−βĤ), where β is a real positive constant.

Since M̂ and N̂ are Hermitian, their eigenvalues are real. One can always write

M̃ = U+
M M̂UM =

 λ1 · · · 0
...

. . .
...

0 · · · λm

, where the diagonal matrix M̃ is composed of the

eigenvalues λi of matrix M. Similarly, Ñ = U+
N N̂UN =

 µ1 · · · 0
...

. . .
...

0 · · · µn

, where the

diagonal matrix Ñ is composed of the eigenvalues µi of matrix N. Then,

Z = Tr(e−βĤ) = Tr(e−βh̄ωM̂⊗N̂) = Tr
[
U+

M ⊗U+
N (e−βh̄ωM̂⊗N̂)UM ⊗UN

]
= Tr

[
e−βh̄ω(U+

M⊗U+
N )M̂⊗N̂(UM⊗UN)

]
= Tr

[
e−βh̄ω(U+

M M̂UM)⊗(U+
N N̂UN)

]
= Tr

[
e−βh̄ωM̃⊗Ñ

]
=

m

∑
i=1

n

∑
j=1

e−βh̄ωλiµ j .
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Problem 4.25

Consider the density matrices ρ̂1 =

( 3
4 ae−iϕ

aeiϕ 1
4

)
and ρ̂2 =

( 3
4 0
0 1

4

)
. Calculate

the following properties:

a) DHS (ρ̂1, ρ̂2) =

√
Tr
[
(ρ̂1− ρ̂2)

2
]
(This is termed Hilbert–Schmidt distance.)

b) DB (ρ̂1, ρ̂2) =

√
2
(

1−Tr
(√

ρ̂
1
2
1 ρ̂2ρ̂

1
2
1

))
(This is termed Bures distance.)

c) D(ρ̂1, ρ̂2) =
1
2 Tr

[√(
ρ̂∗1− ρ̂∗2

)
(ρ̂1− ρ̂2)

]
(This is termed trace distance.)

Here we note that since ρ̂1 is a density matrix, the parameter a must satisfy the purity
condition P(ρ̂1) ≤ 1. Therefore, Tr

(
ρ̂2

1
)
= 5

8 +2a2 ≤ 1,a ≤
√

3
4 .

a) For the Hilbert-Schmidt distance, we first evaluate

Tr
[
(ρ̂1− ρ̂2)

2]= Tr

[(
0 ae−iϕ

aeiϕ 0

)2
]
= Tr

[(
a2 0
0 a2

)]
= 2a2.

Therefore, DHS(ρ̂1, ρ̂2) =
√

2a.

b) For the Bures distance, we must find ρ̂
1
2
1 first. However, since ρ̂1 is not diagonal, we

use the relation ρ̂1 = SΛS−1, where Λ =

(
λ1 0
0 λ2

)
and the columns of S contain

the eigenvectors corresponding to the λ1,2 eigenvalues. Also, S−1 is the inverse of S.
We obtain

λ1,2 =
1
2

[
1±

√
1−4

(
3
16
−a2

)]
; S =


−ae−iϕ√

a2+( 3
4−λ1)

2
−ae−iϕ√

a2+( 3
4−λ2)

2

3
4−λ1√

a2+( 3
4−λ1)

2

3
4−λ2√

a2+( 3
4−λ2)

2

 .

Using that ρ̂
1
2
1 = SΛ

1
2 S−1 and after some lengthy, but straightforward algebra (left

for the reader’s own practice),

DB(ρ̂1, ρ̂2) =

√
4−
√

5−4
√

1+3a2−
√

5+4
√

1+3a2
√

2
.

c) For the trace distance, we first evaluate

Tr
√(

ρ̂∗1− ρ̂∗2
)
(ρ̂1− ρ̂2) = Tr

[((
0 aeiϕ

ae−iϕ 0

)
·
(

0 ae−iϕ

aeiϕ 0

))1/2
]

= Tr

[(
a2e2iϕ 0

0 a2e−2iϕ

)1/2
]
= Tr

[(
aeiϕ 0

0 ae−iϕ

)]
= 2acos(ϕ).

Therefore, D(ρ̂1, ρ̂2) = acos(ϕ).
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Food for thought: The distances we have considered here are used in quantum
information science as a measure of distinguishability of states. Their geomet-
rical meaning together with other types of distances are widely used for the
interpretation of practical experiments.

Problem 4.26
The Hamiltonian for a bosonic particle is given as Ĥ = h̄ωb̂+b̂, where b̂+(b̂) are its
creation (annihilation) operators.

a) Calculate Z = Tr(e−βĤ), where β is a nonzero positive constant.

b) The density operator for this system is defined as ρ̂ = e−βĤ

Tr(e−βĤ )
. Calculate the

ensemble average of the Hamiltonian ⟨Ĥ⟩= Tr(Ĥρ̂). Calculate Tr(ρ̂b̂) and Tr(ρ̂b̂+).
c) Check that Tr(ρ̂) = 1.

a) Starting from the definition of the partition function Z = Tr(e−βĤ),

Z = Tr(e−βĤ) =
∞
∑
n=0
⟨n|e−βĤ |n⟩=

∞
∑
n=0
⟨n|

∞
∑
k=0

(−βh̄ωb̂+b̂)k

k!
|n⟩

=
∞
∑
n=0

∞
∑
k=0

(−βh̄ω)k

k!
⟨n|(b̂+b̂)k |n⟩.

In the preceding, we use that b̂+b̂|n⟩= n|n⟩, thus

Z = Tr(e−βĤ) =
∞
∑
n=0

∞
∑
k=0

(−βh̄ω)k

k!
nk =

∞
∑
n=0

∞
∑
k=0

(−βh̄ωn)k

k!

=
∞
∑
n=0

e−βh̄ωn =
eβh̄ω

eβh̄ω−1
.

This is the partition function for the Bose–Einstein distribution.
b) To calculate the mean energy, we use ⟨Ĥ⟩= Tr(Ĥρ̂):

⟨Ĥ⟩= Tr(Ĥρ̂) = Tr

(
Ĥ

e−βĤ

Z
|n⟩⟨n|

)
= Tr

(
⟨n|Ĥ e−βĤ

Z
|n⟩
)

=
∞
∑
n=0
⟨n|Ĥ e−βĤ

Z
|n⟩= 1

Z

∞
∑
n=0
⟨n|h̄ωb̂+b̂

∞
∑
k=0

(−βh̄ωb̂+b̂)k

k!
|n⟩

=
h̄ω
Z

∞
∑
n=0

∞
∑
k=0

(−βh̄ω)k

k!
⟨n|b̂+b̂(b̂+b̂)k |n⟩= h̄ω

Z

∞
∑
n=0

∞
∑
k=0

(−βh̄ω)k

k!
nk+1

=
h̄ω
Z

∞
∑
n=0

n
∞
∑
k=0

(−βh̄ωn)k

k!
=

h̄ω
Z

∞
∑
n=0

ne−βh̄ωn =
h̄ω
Z

eβh̄ω

(eβh̄ω−1)2 =
h̄ω

eβh̄ω−1
.
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The mean number of bosons is

⟨b̂⟩= Tr(b̂ρ̂) = Tr

(
b̂

e−βĤ

Z
|n⟩⟨n|

)
= Tr

(
⟨n|b̂ e−βĤ

Z
|n⟩
)

=
∞
∑
n=0
⟨n|b̂ e−βĤ

Z
|n⟩

=
1
Z

∞
∑
n=0
⟨n|b̂

∞
∑
k=0

(−βh̄ωb̂+b̂)k

k!
|n⟩= 1

Z

∞
∑
n=0

√
n+1⟨n+1|

∞
∑
k=0

(−βh̄ωb̂+b̂)k

k!
|n⟩

=
1
Z

∞
∑
n=0

√
n+1

∞
∑
k=0

(−βh̄ω)k

k!
⟨n+1|(b̂+b̂)k |n⟩.

However, since ⟨n+1|n⟩= 0, then

⟨b̂⟩= 1
Z

∞
∑
n=0

√
n+1

∞
∑
k=0

(−βh̄ωn)k

k!
⟨n+1|n⟩= 1

Z

∞
∑
n=0

√
n+1e−βh̄ωn⟨n+1|n⟩= 0.

The mean number of antibosons is

⟨b̂+⟩= Tr(b̂+ρ̂) = Tr

(
b̂+

e−βĤ

Z
|n⟩⟨n|

)
= Tr

(
⟨n|b̂+ e−βĤ

Z
|n⟩
)

=
∞
∑
n=0
⟨n|b̂+ e−βĤ

Z
|n⟩= 1

Z

∞
∑
n=0
⟨n|b̂+

∞
∑
k=0

(−βh̄ωb̂+b̂)k

k!
|n⟩

=
1
Z

∞
∑
n=0

√
n⟨n−1|

∞
∑
k=0

(−βh̄ωb̂+b̂)k

k!
|n⟩

=
1
Z

∞
∑
n=0

√
n
∞
∑
k=0

(−βh̄ω)k

k!
⟨n−1|(b̂+b̂)k |n⟩= 0.

c) Finally, the trace of the density operator is

Tr(ρ̂) = Tr

(
e−βĤ

Z
|n⟩⟨n|

)
= Tr

(
⟨n|e

−βĤ

Z
|n⟩
)

=
∞
∑
n=0
⟨n|e

−βĤ

Z
|n⟩

=
1
Z

∞
∑
n=0
⟨n|

∞
∑
k=0

(−βh̄ωb̂+b̂)k

k!
|n⟩= 1

Z

∞
∑
n=0

∞
∑
k=0

(−βh̄ω)k

k!
⟨n|(b̂+b̂)k |n⟩

=
1
Z

∞
∑
n=0

∞
∑
k=0

(−βh̄ω)k

k!
nk =

1
Z

∞
∑
n=0

e−βh̄ωn =
Z
Z
= 1.

Problem 4.27
Consider the Bose–Einstein density operator,

ρ̂=
1

N +1

∞
∑
n=0

(
N

N +1

)n

|n⟩⟨n|,

where |n⟩= |0⟩, |1⟩, |2⟩, . . . are the number states and N = 1
eβh̄ω−1 . Calculate Tr(ρ̂).

https://doi.org/10.1017/9781009355414.004 Published online by Cambridge University Press

https://doi.org/10.1017/9781009355414.004


95 4 Density Operator

By simple substitution, we find that

Tr(ρ̂) = Tr

(
1

N +1

∞
∑
n=0

(
N

N +1

)n

|n⟩⟨n|
)

=
1

N +1

∞
∑
n=0
⟨n|
(

N
N +1

)n

|n⟩

=
1

N +1

∞
∑
n=0

(
N

N +1

)n

=
1

N +1
1

1− N
N+1

=
1

N +1
N +1

N +1−N
= 1.

In the preceding we have used that
(

N
N+1

)n
|n⟩= |n⟩

(
N

N+1

)n
.

This is an expected result, since the densitymatrix corresponds to the thermal density
matrix for bosons. The result, Tr(ρ̂) = 1, is consistent with the fact that the density
matrix corresponds to the thermal density matrix of bosons.

Problem 4.28
The Hamiltonian for a fermionic particle is given as Ĥ = h̄ω f̂+ f̂ .

a) Calculate the partition function Z = Tr
(

e−βĤ
)
, where β is a nonzero positive

constant.
b) The density operator for this system is defined as ρ̂= e−βĤ

Z . Calculate the ensemble
average of the Hamiltonian ⟨Ĥ⟩= Tr(Ĥρ̂). Calculate Tr(ρ̂ f̂ ) and Tr(ρ̂ f̂+).

a) There are only two eigenstates for the given Hamiltonian due to the Pauli exclusion
principle. These are labeled as |0⟩ (for spin “up”) and |1⟩ (for spin “down”).

Then, we have f̂ f̂+|0⟩= f̂ |1⟩= |0⟩, and the partition function is

Z = Tr(e−βĤ) = ⟨0|e−βĤ |0⟩+ ⟨1|e−βĤ |1⟩= ⟨0|e−βh̄ω f̂+ f̂ |0⟩+ ⟨1|e−βh̄ω f̂+ f̂ |1⟩,

⟨0|e−βh̄ω f̂+ f̂ |0⟩= ⟨0|
∞
∑
k=0

(−βh̄ω f̂+ f̂ )k

k!
|0⟩

= ⟨0|0⟩+ ⟨0|
∞
∑
k=1

(−βh̄ω f̂+ f̂ )k−1

k!
(−βh̄ω f̂+ f̂ )|0⟩= ⟨0|0⟩+0 = 1.

Because f̂ |0⟩= 0,

⟨1|e−βh̄ω f̂+ f̂ |1⟩= ⟨1|
∞
∑
k=0

(−βh̄ω f̂+ f̂ )k

k!
|1⟩=

∞
∑
k=0

(−βh̄ω)k

k!
⟨1|( f̂+ f̂ )k |1⟩,

⟨1|( f̂+ f̂ )k |1⟩= ⟨1|( f̂+ f̂ )k−1 f̂+ f̂ |1⟩= ⟨1|( f̂+ f̂ )k−1 f̂+|0⟩= ⟨1|( f̂+ f̂ )k−1|1⟩.

Using ⟨1|1⟩= 1, we obtain ⟨1|( f̂+ f̂ )k |1⟩= 1; for all integer k ≥ 0 therefore:

⟨1|e−βh̄ω f̂+ f̂ |1⟩=
∞
∑
k=0

(−βh̄ω)k

k!
= e−βh̄ω.

Finally, the partition function for the Fermi–Dirac distribution is

Z = Tr(e−βĤ) = ⟨0|e−βh̄ω f̂+ f̂ |0⟩+ ⟨1|e−βh̄ω f̂+ f̂ |1⟩= 1+ e−βh̄ω.
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b)

⟨Ĥ⟩= Tr(Ĥρ̂) = Tr

(
Ĥ

e−βĤ

Z
|n⟩⟨n|

)
= Tr

(
⟨n|Ĥ e−βĤ

Z
|n⟩
)

= ⟨0|Ĥ e−βĤ

Z
|0⟩+ ⟨1|Ĥ e−βĤ

Z
|1⟩

=
1
Z
⟨0|Ĥe−βĤ |0⟩+ 1

Z
⟨1|Ĥe−βĤ |1⟩,

⟨0|Ĥe−βĤ |0⟩= ⟨0|h̄ω f̂+ f̂
∞
∑
k=0

(−βh̄ω f̂+ f̂ )k

k!
|0⟩= 0,

⟨1|Ĥe−βĤ |1⟩= ⟨1|h̄ω f̂+ f̂ e−βĤ |1⟩= h̄ω⟨1| f̂+ f̂ e−βĤ |1⟩= h̄ωe−βh̄ω.

Therefore, we obtain

⟨Ĥ⟩= 0+
h̄ωe−βh̄ω

Z
=

h̄ω
eβh̄ω+1

.

Now we consider Tr( f̂ ρ̂):

⟨ f̂ ⟩= Tr( f̂ ρ̂) = Tr

(
f̂

e−βĤ

Z
|n⟩⟨n|

)
= Tr

(
⟨n| f̂ e−βĤ

Z
|n⟩
)

= ⟨0| f̂ e−βĤ

Z
|0⟩+ ⟨1| f̂ e−βĤ

Z
|1⟩

=
1
Z
⟨0| f̂ e−βĤ |0⟩+ 1

Z
⟨1| f̂ e−βĤ |1⟩,

⟨0| f̂ e−βĤ |0⟩= ⟨0| f̂
∞
∑
k=0

(−βh̄ω f̂+ f̂ )k

k!
|0⟩= 0,

where f̂ |0⟩= 0 is taken into account. Further taking into account that f̂+|0⟩= |1⟩,
f̂+|1⟩= 0, ⟨0| f̂ = ⟨1|, and ⟨1| f̂ = 0,

⟨1| f̂ e−βĤ |1⟩= ⟨0|e−βĤ |1⟩,

⟨0|e−βh̄ω f̂+ f̂ |1⟩= ⟨0|
∞
∑
k=0

(−βh̄ω f̂+ f̂ )k

k!
|1⟩=

∞
∑
k=0

(−βh̄ω)k

k!
⟨0|( f̂+ f̂ )k |1⟩,

⟨0|( f̂+ f̂ )k |1⟩= ⟨0|( f̂+ f̂ )k−1 f̂+ f̂ |1⟩= ⟨0|( f̂+ f̂ )k−1 f̂+|0⟩= ⟨0|( f̂+ f̂ )k−1|1⟩.

From ⟨0|1⟩ = 0, we obtain ⟨0|( f̂+ f̂ )k |1⟩ = 0. Thus, ⟨1| f̂ e−βĤ |1⟩ = 0. We conclude
that

⟨ f̂ ⟩= Tr( f̂ ρ̂) = 0.

Finally, we consider Tr( f̂+ρ̂):

⟨ f̂+⟩= Tr( f̂+ρ̂) =
1
Z
⟨0| f̂+e−βĤ |0⟩+ 1

Z
⟨1| f̂+e−βĤ |1⟩= 0.
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Problem 4.29
One of the most popular ways to represent Bell’s theorem is the CHSH inequal-
ity, which shows that correlations between measurements of two particles cannot be
accounted for via a local hidden variables theory (Clauser et al., 1969). The CHSH
inequality is given as

|SAB|=
∣∣∣C[ÂaB̂b

]
+C

[
ÂaB̂b′

]
+C

[
Âa′ B̂b

]
−C
[
Âa′ B̂b′

]∣∣∣ ≤ 2,

where C
[
ÂaB̂b

]
= ⟨ÂaB̂b⟩ is the correlator between measuring a in the system A and b

in system B. In the preceding, it is assumed that ⟨Âa⟩2 ≤ 1 for all measurements.
The CHSH inequality is fulfilled provided that (a) there are two measurements for

each subsystem freely chosen by the different experimentalists, (b) the results for a,a′

measurements are causally independent from the results for b,b′measurements (mean-
ing the theory is local), and (c) the obtained results are assumed to exist at any moment
in time (meaning the theory is real), not only upon the moment of measurement. If
SAB ≤ 2, the studied system can be described by a local real theory characterized by local
hidden variables. Otherwise, the system cannot be described by local hidden variables
theory.

Here we would like to examine the CHSH inequality for specific examples.

a) Consider the Bell state |Ψ⟩= 1√
2
(| ↑A,↑B⟩+ | ↓A,↓B⟩). Measure the spin of particle A

in ẑ and x̂ directions and the spin of particle B in 1√
2
(̂z+ x̂) and 1√

2
(̂z− x̂) directions

and check that the CHSH inequality is not fulfilled; in particular, SAB = 2
√

2.
b) Consider the density operator:

ρAB =
1
2


1 0 0 aeiθ

0 0 0 0
0 0 0 0

ae−iθ 0 0 1

 .

Measure the spin of particle A in ẑ and x̂ directions and the spin of particle B in
1√
2
(̂z+ x̂) and 1√

2
(̂z− x̂) directions and examine the validity of the CHSH inequality

as a function of the parameter a.
c) Assume that the correlations of the measures in the two laboratories are given by

C[ÂaB̂b] = ⟨ÂaB̂b⟩ =
∫

Λ Aa(λ)Bb(λ)ρ(λ)dλ, with ρ(λ) ≥ 0, ⟨Â⟩2 ≤ 1, and ⟨B̂⟩2 ≤ 1,
where λ plays the role of a hidden local variable. Prove that, in this case, the CHSH
inequality is fulfilled.

a) The two measurements for particle A correspond to measuring a = σ̂z and a′ = σ̂x,
while the two measurements for particle B correspond to measuring b = σ̂z+σ̂x√

2
and

b′ = σ̂z−σ̂x√
2

. We write

SAB =C
[
σ̂z⊗

(
σ̂z + σ̂x√

2

)]
+C

[
σ̂z⊗

(
σ̂z− σ̂x√

2

)]
+C

[
σ̂x ⊗

(
σ̂z + σ̂x√

2

)]
−C
[
σ̂x ⊗

(
σ̂z− σ̂x√

2

)]
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=

〈
σ̂z⊗

(
σ̂z + σ̂x√

2

)〉
+

〈
σ̂z⊗

(
σ̂z− σ̂x√

2

)〉
+

〈
σ̂x ⊗

(
σ̂z + σ̂x√

2

)〉
−
〈
σ̂x ⊗

(
σ̂z− σ̂x√

2

)〉
.

We further find that〈
σ̂z⊗

(
σ̂z + σ̂x√

2

)〉
= ⟨Ψ|σ̂z⊗

(
σ̂z + σ̂x√

2

)
|Ψ⟩

=
1
2
(⟨↑A,↑B |+ ⟨↓A,↓B |)

[
σ̂z⊗

(
σ̂z + σ̂x√

2

)]
(| ↑A,↑B⟩+ | ↓A,↓B⟩)

=
1
2

(
⟨↑A |σ̂z| ↑A⟩⟨↑B |

σ̂z + σ̂x√
2
| ↑B⟩+ ⟨↓A |σ̂z| ↑A⟩⟨↓B |

σ̂z + σ̂x√
2
| ↑B⟩

+ ⟨↑A |σ̂z| ↓A⟩⟨↑B |
σ̂z + σ̂x√

2
| ↓B⟩+ ⟨↓A |σ̂z| ↓A⟩⟨↓B |

σ̂z + σ̂x√
2
| ↓B⟩

)
=

1√
2
,

where we have used that σ̂z| ↑⟩ = | ↑⟩, σ̂z| ↓⟩ = −| ↓⟩, σ̂x| ↑⟩ = | ↓⟩, and σ̂x| ↓⟩ = | ↑⟩.
Similarly,〈

σ̂z⊗
(
σ̂z + σ̂x√

2

)〉
=

〈
σ̂z⊗

(
σ̂z− σ̂x√

2

)〉
=

〈
σ̂x ⊗

(
σ̂z + σ̂x√

2

)〉
= −

〈
σ̂x ⊗

(
σ̂z− σ̂x√

2

)〉
=

1√
2
.

Therefore, we obtain

SAB =
1√
2
+

1√
2
+

1√
2
+

1√
2
=

4√
2
= 2
√

2.

b) We start again with the CHSH inequality for the same spin measurements for the
two particles, which can be written as

SAB =

〈
σ̂z ⊗

(
σ̂z + σ̂x√

2

)〉
+

〈
σ̂z ⊗

(
σ̂z − σ̂x√

2

)〉
+

〈
σ̂x ⊗

(
σ̂z + σ̂x√

2

)〉
−
〈
σ̂x ⊗

(
σ̂z − σ̂x√

2

)〉
= Tr

[(
σ̂z ⊗

(
σ̂z + σ̂x√

2

)
+ σ̂z ⊗

(
σ̂z − σ̂x√

2

)
+ σ̂x ⊗

(
σ̂z + σ̂x√

2

)
− σ̂x ⊗

(
σ̂z − σ̂x√

2

))
· ρ̂AB

]
,

where

σ̂z⊗
(
σ̂z + σ̂x√

2

)
=

(
+1 0
0 −1

)
⊗
(
σ̂z + σ̂x√

2

)

=

 +
(
σ̂z+σ̂x√

2

)
0
(
σ̂z+σ̂x√

2

)
0
(
σ̂z+σ̂x√

2

)
−
(
σ̂z+σ̂x√

2

) =
1√
2


1 1 0 0
1 −1 0 0
0 0 −1 −1
0 0 −1 1

 .
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The rest of the matrices entering in SAB are left as an exercise to the reader. The
final result is

SAB = Tr

√2


1 0 0 1
0 −1 1 0
0 1 −1 0
1 0 0 1

 · 12


1 0 0 aeiθ

0 0 0 0
0 0 0 0

ae−iθ 0 0 1


=
√

2(1+a).

To fulfill the CHSH inequality, we must have

SAB =
√

2(1+a) ≤ 2→ a ≤ (
√

2−1).

c) We start with the CHSH inequality:

SAB =C[ÂaB̂b]+C[ÂaB̂b′ ]+C[Âa′ B̂b]−C[Âa′ B̂b′ ].

If we assume that the results of the measures in the two laboratories are local and
causally independent, it means that the measures can be written as

C[ÂaB̂b] = ⟨ÂaB̂b⟩=
∫

Λ
Aa(λ)Bb(λ)ρ(λ)dλ,

where λ is a hidden local variable. Note that this description is real and local due
to the fact that A measures a independently of the measure of b from B. Then,
SAB is

SAB = ⟨ÂaB̂b⟩+ ⟨ÂaB̂b′⟩+ ⟨Âa′ B̂b⟩− ⟨Âa′ B̂b′⟩

=

∫
Λ
[Aa(λ)Bb(λ)+Aa(λ)Bb′(λ)+Aa′(λ)Bb(λ)−Aa′(λ)Bb′(λ)]ρ(λ)dλ.

In addition to that, using the assumptions ρ(λ) ≥ 0, ⟨Âa⟩2 ≤ 1, and ⟨B̂b⟩2 ≤ 1, one
sees immediately that

SAB ≤ ∥SAB∥=
∥∥∥∥∫Λ

[Aa(λ)(Bb(λ)+Bb′(λ))+Aa′(λ)(Bb(λ)+Bb′(λ))]ρ(λ)dλ
∥∥∥∥

≤
∫

Λ

∥∥Aa(λ)
∥∥∥∥Bb(λ)+Bb′(λ)

∥∥ρ(λ)dλ+ ∫
Λ

∥∥Aa′(λ)
∥∥∥∥Bb(λ)−Bb′(λ)

∥∥ρ(λ)dλ
≤
∫

Λ

∥∥Bb(λ)+Bb′(λ)
∥∥ρ(λ)dλ+∫

Λ

∥∥Bb(λ)−Bb′(λ)
∥∥ρ(λ)dλ,

where we have used several well-known inequalities for integrals and summations.
Now, without a loss of generality, we can assume that ⟨B̂b⟩ ≥ ⟨B̂b′⟩ ≥ 0; therefore

SAB ≤
∫

Λ

∥∥Bb(λ)+Bb′(λ)
∥∥ρ(λ)dλ+∫

Λ

∥∥Bb(λ)−Bb′(λ)
∥∥ρ(λ)dλ

≤
∫

Λ
Bb(λ)ρ(λ)dλ+

∫
Λ

Bb′(λ)ρ(λ)dλ+
∫

Λ
Bb(λ)ρ(λ)dλ−

∫
Λ

Bb′(λ)ρ(λ)dλ

≤ 2
∫

Λ
Bb(λ)ρ(λ)dλ ≤ 2.

This inequality is valid for real and local theories.
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Food for thought: As we have seen, for some particular states in quantum
mechanics, such as the Bell states, the inequality is not fulfilled. This brings us
to the conclusion that at least one of the initial hypotheses (freedom of choice
of the experiments, locality and reality) is not fulfilled in quantum mechanics.
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5 Identical Particles and Elements of Second
Quantization

Most problems we deal with in quantum mechanics involve systems that contain
several or an infinite number of particles behaving in a collective manner. In addi-
tion to the probabilistic nature of processes of such multiparticle systems, quantum
mechanical particles are truly indistinguishable when it comes to tracking their quan-
tum numbers. While this is not a problem in classical mechanics where everything is
tractable, two (or more) quantum particles that have the same charge, mass, or spin
cannot be distinguished by any experiment regardless of the situation.Nature has given
us two types of particles, fermions and bosons, such that the state function for fermions
changes sign, while the state function for bosons does not change sign when two parti-
cles are interchanged. This situation has important consequences not only for a small,
finite number of identical particles, but also for systems containing an extremely large
or infinite number of identical particles.

Here we review basic concepts of composite fermion and boson systems followed by
the exchange interaction and the different types of statistics each type of particle obeys.
The problems we have selected here involve understanding of more traditional topics,
such as addition of angular momenta and perturbation theory, for example. We give
some explicit examples of three or more (but finite in number) identical particles and
their composite states, which goes beyond the typical two-particle states found in most
quantum mechanical books. Other problems illustrate important topics from chem-
istry, such as building the electronic shell structure in atoms and explicitly showing the
application of Hund’s rules. We also offer several problems with second quantization,
which is needed when dealing with condensed matter systems, giving graphene as an
example. The gradual buildup of complexity, especially in this chapter, illustrates the
far-reaching consequences of the inherent statistics of quantum mechanical particles.

5.1 Wave Function for N Distinguishable Particles

Φ(x1,x2, . . . ,xN) = ψa1 (x1)ψa2 (x2) . . .ψaN (xN)

The composite wave function is simply a product of the individual wave func-
tions where the indices ai collect all quantum numbers for a given state. For two
distinguishable particles with principal quantum numbers ni and spinors χSi , for
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example, Φ(x1,x2) = φn1 (x1)χS1φn2 (x1)χS2 . This representation is appropriate when
the particles can be considered as distinguishable, namely classical.

5.2 Wave Function for N Nondistinguishable Identical Bosons:
Slater Permanent

Φ(x1,x2, . . . ,xN) =

√
∏R

r=1 nr!
√

N!
∑
P

P(ψa1 (x1)ψa2 (x2) . . .ψaN (xN))

=

√
∏R

r=1 nr!
√

N!

∥∥∥∥∥∥∥∥∥
ψa1 (x1) ψa1 (x2) . . . ψa1 (xN)

ψa2 (x1) ψa2 (x2) . . . ψa2 (xN)
...

...
. . .

...
ψaN (x1) ψaN (x2) . . . ψaN (xN)

∥∥∥∥∥∥∥∥∥
The composite wave function is totally symmetric upon the number of total num-

ber of permutations P of quantum numbers ai or positions xi. This composite function
captures the possibility that there can bemany bosons with the same quantummechan-

ical characteristics. Also,

√
R
∏

r=1
nr! takes into account the number of repetitions of the

same one-particle quantum state. Conveniently, this can be expressed with a Slater
permanent as shown above, and we will use ∥A∥ to represent the permanent of the
matrix A.

5.3 Wave Function for N Nondistinguishable Identical Fermions:
Slater Determinant

Φ(x1,x2, . . . ,xN) =
1√
N!

∑
P
(−1)P P(ψa1 (x1)ψa2 (x2) . . .ψaN (xN))

=
1√
N!

∣∣∣∣∣∣∣∣∣
ψa1 (x1) ψa1 (x2) . . . ψa1 (xN)

ψa2 (x1) ψa2 (x2) . . . ψa2 (xN)
...

...
. . .

...
ψaN (x1) ψaN (x2) . . . ψaN (xN)

∣∣∣∣∣∣∣∣∣
The composite wave function is totally antisymmetric upon permutations (denoted

as P) of quantum numbers ai or positions xi. Conveniently, this can be expressed with a
Slater determinant as shown above. The antisymmetric wave function is a consequence
of the Pauli exclusion principle for fermions; that is, when there are two identical
fermions, the composite wave function is zero.

https://doi.org/10.1017/9781009355414.005 Published online by Cambridge University Press

https://doi.org/10.1017/9781009355414.005


103 5 Identical Particles and Elements of Second Quantization

5.4 Exchange Interaction for Two Particles

Exchange interaction for fermions withΦ(x1,x2)=
1√
2
(ψa1 (x1)ψa2 (x2)−ψa1 (x2)ψa2 (x1)):〈

(̂r1− r̂2)
2
〉

f
=
〈̂
r 2〉

a1
+
〈̂
r 2〉

a2
−2
〈̂
r
〉

a1

〈̂
r
〉

a2
+2
∣∣∣〈̂r〉a1,a2

∣∣∣2−2Re
(〈̂

r 2〉
a1,a2
⟨a2 | a1⟩

)
,

Exchange interaction for bosons with Φ(x1,x2)=
1√
2
(ψa1 (x1)ψa2 (x2)+ψa1 (x2)ψa2 (x1)):〈

(̂r1− r̂2)
2
〉

b
=
〈̂
r 2〉

a1
+
〈̂
r 2〉

a2
−2⟨ r̂ ⟩a1⟨ r̂ ⟩a2 −2

∣∣⟨ r̂ ⟩a1,a2

∣∣2 +2Re
(〈̂

r 2〉
a1,a2
⟨a2|a1⟩

)
.

The fermionic nature acts as an effective repulsion by increasing the parti-
cle separation, while bosons effectively attract due to a decreased separation.
Here

〈̂
r n
〉

ai
=
〈
ψai

∣∣̂r n
∣∣ψai

〉
and

〈̂
r n
〉

a1a2
=
〈
ψa1

∣∣̂r n
∣∣ψa2

〉
.

5.5 Fourier Analysis and Periodicity in Wave Functions

Fourier series of anN-dimensional periodic wave function ⟨x | f ⟩= f (x) = f (x+L), with

kni = 2π ni
Li

and VN =
N
∏
i=1

Li, such that x ∈ΩN =
N⋃

i=1

[
−Li
2 , Li

2

]
and n ∈ ZN .

f (x) = ⟨x | f ⟩= 1√
VN

∑
n∈ZN

e−ikn·x f̃ (kn) ,

f̃ (kn) = ⟨kn | f ⟩= 1√
VN

∫
ΩN

dxeikn·x f (x),

⟨kn | x⟩=
eikn·x
√

VN
; ⟨kn | km⟩= δnm; ⟨x | y⟩= δ(x−y).

Fourier series of an N-dimensional periodic wave function over a Bravais lattice

{Rn}n∈ZN with Rn =
N
∑

i=1
niai defined in terms of the generating lattice vectors {ai}Ni=1 :

⟨Rn | f ⟩= f (Rn) = f (Rn+Rm).
By using the definition of the reciprocal Bravais lattice as the set {bi}Ni=1 :

ai ·b j = 2πδi j, the volume of the Bravais zone as VBZ = ∏N
i=1 bi, and the Brillouin zone

as BZ =
N⋃

i=1

[
−bi
2 , bi

2

]
. Thus, for k ∈ BZ and n ∈ ZN ,

f (Rn) = ⟨Rn | f ⟩= 1√
VBZ

∫
BZ

dke−ik·Rn f̃ (k),

f̃ (k) = ⟨k | f ⟩= 1√
VBZ

∑
n∈ZN

eik·Rn f (Rn) ,

⟨k | Rn⟩=
eik·Rn

√
VBZ

; ⟨Rn | Rm⟩= δnm; ⟨k | q⟩= δ(k−q).
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Fourier transform of an N-dimensional wave function ⟨x| f ⟩ = f (x), with x ∈ RN and
k ∈ RN .

f (x) = ⟨x | f ⟩= 1
(2π)N/2

∫
RN

dke−ik·x f̃ (k),

f̃ (k) = ⟨k | f ⟩= 1

(2π)N/2

∫
RN

dxeik·x f (x),

⟨k | x⟩= eik·x

(2π)N/2 ; ⟨k | q⟩= δ(k−q); ⟨x | y⟩= δ(x−y).

Discrete Fourier transform of an N-dimensional periodic wave function defined over
the set {xa}α+M−1

a=α ∈ RN with xai = ai∆xi, then ⟨xa| f ⟩= f (xa) = fa = f (xa+L), with the
condition Li = Mi∆xi. The discrete momentum belongs to the set {kn}ν+M−1

n=ν ∈ RN with

kn j = 2π n j
Ln

; then, defining M(N) =
N
∏
i=1

Mi:

f (xa) = fa = ⟨xa | f ⟩= 1√
M(N)

ν+M−1
∑
n=ν

e−ikn·xa f̃ (kn) ,

f̃ (kn) = f̃n = ⟨kn | f ⟩= 1√
M(N)

α+M−1
∑
a=α

eikn·xa f (xa) ,

⟨kn | xa⟩=
eikn·xa

√
M(N)

; ⟨kn | km⟩= δnm; ⟨xa | xb⟩= δab.

5.6 Field Quantization Operators

Change of Basis and Creation, Annihilation Operators:

ĉi =
N

∑
m=1
⟨ai | αm⟩ d̂m; ĉ+

m =
N

∑
i=1

d̂+
i ⟨ai | αm⟩∗

The relations give the connection between the creation and annihilation opera-
tors corresponding to distinct discrete eigenbasis |am⟩ and |ai⟩ with |αm⟩ = ĉ+

m |0⟩ and

|ai⟩= d̂+
i |0⟩ (m, i = {1, . . . ,N}). The change of discrete basis |αm⟩=

N
∑

i=1
|ai⟩ ⟨ai | αm⟩ relies

on the identity
N
∑

i=1
|ai⟩ ⟨ai|= ÎNxN operation and the wave functions ⟨ai|αm⟩.

Change of Basis in Real Space and Field Operators:

ĉ(r) = ∑
n
⟨r | n⟩ ân, ĉ+(r) = ∑

n
â+

n ⟨n | r⟩ ,

ân =

∫
d3r ⟨n | r⟩ ĉ(r), â+

n =

∫
d3rĉ+(r) ⟨r | n⟩ .

The relation between the creation and annihilation operators corresponding to
the discrete eigenbasis |n⟩ with creation (annihilation) operators â+

n (ân) and creation
(annihilation) operators in real space ĉ+(r)(ĉ(r)).
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Field Operators in Momentum Space:

Ĉ(k) =
∫

d3r ⟨k | r⟩ ĉ(r) =
∫

d3r
eik·r

(2π)3/2 ĉ(r),

Ĉ+(k) =
∫

d3rĉ+(r) ⟨r | k⟩=
∫

d3rĉ+(r)
e−ik·r

(2π)3/2 .

Using the Fourier transform relations, the operators in second quantization picture
in momentum space can also be obtained.

Problem 5.1
Two particles (each with equal mass m) are moving in a 1D simple harmonic
oscillator potential V (x̂) = 1

2 kx̂2 and they also interact through an attractive force
F = −K|x1− x2|. Assuming that K < 3

2 k:

a) What are the energies of the lowest three states of this system of identical
distinguishable particles?

b) What are the energies of the lowest three states of this system of identical bosonic
particles?

c) What are the energies of the lowest three states of this system of identical
fermionic particles?

We are dealing with two particles interacting with a force, and the problem asks about
the states of distinguishable particles first.

Since this is a two-body problem in which the force only depends on the |x1− x2| (cen-
tral force), we can represent the Hamiltonian by two independent composite particles.
The Hamiltonian for this system is

Ĥ =
p̂2

1
2m

+
p̂2

2
2m

+
1
2

kx̂2
1 +

1
2

kx̂2
2 +

1
2

K (x̂1− x̂2)
2 .

After changing variables X̂ = 1√
2
(x̂1 + x̂2); Ŷ = 1√

2
(x̂1− x̂2), the momentum becomes

p̂X̂ = −ih̄
∂

∂ X̂
= −ih̄

(
∂ x̂1

∂ X̂

∂
∂ x̂1

+
∂ x̂2

∂ X̂

∂
∂ x̂2

)
= −ih̄

(
1√
2

∂
∂ x̂1

+
1√
2

∂
∂ x̂2

)
=

1√
2
(p̂1 + p̂2) ,

and the Hamiltonian is found as

Ĥ =
p̂2

X
2m

+
1
2

kX̂2 +
p̂2

Y
2m

+
1
2
(k+2K)Ŷ 2.

This Ĥ represents two independent simple harmonic oscillators with frequencies

ωX =
√

k
m ;ωY =

√
k+2K

m (note thatωX <ωY <2ωX as imposed by the condition K< 3
2 k).

Therefore, the solutions of the eigenproblem Ĥ
∣∣ψn,m (x1,x2)

〉
=En,m

∣∣ψn,m (x1,x2)
〉
are∣∣ψn,m (x1,x2)

〉
= φn,X (X)φm,Y (Y ) = φn,X

(
x1 + x2√

2

)
φm,Y

(
x1− x2√

2

)
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with energy

En,m = h̄ωX

(
n+

1
2

)
+ h̄ωY

(
m+

1
2

)
,

where φn,µ(ξ) = 1√
2nn!

(mωµ
πh̄

) 1
4 Hn

(√
mωµ

h̄ ξ
)

e
−mωµ

2h̄ ξ2
are the eigenfunctions of each

quantum oscillator with tabulated Hermite polynomials Hn(u). The Hermite poly-
nomials are of alternating even and odd symmetry, as captured in the property
Hn(−u) = (−1)nHn(u).

a) For identical distinguishable particles, the lowest three states and energies are the
three eigenstates of the Hamiltonian with lowest energy:∣∣Ψ0 (x1,x2)

〉
=
∣∣ψ0,0 (x1,x2)

〉
, with E0 = E0,0 =

h̄
2
(ωX +ωY ) ,∣∣Ψ1 (x1,x2)

〉
=
∣∣ψ1,0 (x1,x2)

〉
, with E1 = E1,0 =

h̄
2
(3ωX +ωY ) ,∣∣Ψ2 (x1,x2)

〉
=
∣∣ψ0,1 (x1,x2)

〉
, with E2 = E0,1 =

h̄
2
(ωX +3ωY ) .

b) For identical bosonic particles, the states must be symmetric under the exchange of
two bosons,

∣∣Ψn (x1,x2)
〉
= +

∣∣Ψn (x2,x1)
〉
. In general, a bosonic solution will be

of the form∣∣Ψ(x1,x2)
〉
=

1√
2

(∣∣ψn,m (x1,x2)
〉
+
∣∣ψn,m (x2,x1)

〉)
=

1√
2

(
φn,X

(
x1 + x2√

2

)
φm,Y

(
x1− x2√

2

)
+φn,X

(
x2 + x1√

2

)
φm,Y

(
x2− x1√

2

))
=

1√
2
φn,X (X)(φm,Y (Y )+φm,Y (−Y )) .

Taking into account the symmetry of the Hermite polynomials, the lowest three
states and energies for two identical bosonic particles are as follows:∣∣Ψ0 (x1,x2)

〉
=

∣∣ψ0,0 (x1,x2)
〉
+
∣∣ψ0,0 (x2,x1)

〉
√

2
=
√

2φ0,X (X)φ0,Y (Y ), with

E0 = E0,0 =
h̄
2
(ωX +ωY ) ,∣∣Ψ1 (x1,x2)

〉
=

∣∣ψ1,0 (x1,x2)
〉
+
∣∣ψ1,0 (x2,x1)

〉
√

2
=
√

2φ1,X (X)φ0,Y (Y ), with

E1 = E1,0 =
h̄
2
(3ωX +ωY ) ,∣∣Ψ2 (x1,x2)

〉
=

∣∣ψ2,0 (x1,x2)
〉
+
∣∣ψ2,0 (x2,x1)

〉
√

2
=
√

2φ2,X (X)φ0,Y (Y ), with

E2 = E2,0 =
h̄
2
(5ωX +ωY ) .

Note that E2,0 < E0,2 because ωX < ωY .
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c) For identical fermionic particles, the states must be antisymmetric under the
exchange of two fermionic particles, that is to say,

∣∣Ψn (x1,x2)
〉
= −

∣∣Ψn (x2,x1)
〉
.

Therefore, the general fermionic state is of the following form:∣∣Ψ(x1,x2)
〉
=

1√
2

(∣∣ψn,m (x1,x2)
〉
−
∣∣ψn,m (x2,x1)

〉)
=

1√
2

(
φn,X

(
x1 + x2√

2

)
φm,Y

(
x1− x2√

2

)
−φn,X

(
x2 + x1√

2

)
φm,Y

(
x2− x1√

2

))
=

1√
2
(φn,X (X)φm,Y (Y )−φn,X (X)φm,Y (−Y ))

=
1√
2
φn,X (X)(φm,Y (Y )−φm,Y (−Y )) .

Taking into account the symmetry of the Hermite polynomials, we find∣∣Ψ0 (x1,x2)
〉
=

∣∣ψ0,1 (x1,x2)
〉
−
∣∣ψ0,1 (x2,x1)

〉
√

2
=
√

2φ0,X (X)φ1,Y (Y ), with

E0 = E0,1 =
h̄
2
(ωX +3ωY ),∣∣Ψ1 (x1,x2)

〉
=

∣∣ψ1,1 (x1,x2)
〉
−
∣∣ψ1,1 (x2,x1)

〉
√

2
=
√

2φ1,X (X)φ1,Y (Y ), with

E1 = E1,1 =
h̄
2
(3ωX +3ωY ) ,∣∣Ψ2 (x1,x2)

〉
=

∣∣ψ2,1 (x1,x2)
〉
−
∣∣ψ2,1 (x2,x1)

〉
√

2
=
√

2φ2,X (X)φ1,Y (Y ), with

E2 = E2,1 =
h̄
2
(5ωX +3ωY ) .

Note that E2,1 < E0,3 because ωX < ωY .

Problem 5.2
Consider the case of three identical fermionic particles with spin s = 1

/
2 whose

states can be represented by |↑⟩ =
(

1
0

)
and |↓⟩ =

(
0
1

)
. Express the composite states

|S = 3
2 ,m

〉
as a linear combination of the states |m1 m2 m3⟩ , where m1,2,3 are sz projec-

tions of the individual spins.

When adding angular moment for two particles, one typically uses the Clebsch–
Gordan coefficients table, which gives the coefficients connecting the basis of the
composite state and the states of the individual particles for two particles. In the case
of three particles, one cannot readily use this table. Here we illustrate how this can be
done for three s = 1

2 particles using a tensor product representation of their spin states
1
2 ⊗

1
2 ⊗

1
2 :

1
2
⊗ 1

2
⊗ 1

2
=

(
1
2
⊗ 1

2

)
⊗ 1

2
= (1⊕0)⊗ 1

2
=

(
1⊗ 1

2

)
⊕
(

0⊗ 1
2

)
=

3
2
⊕ 1

2
⊕ 1

2
.
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The preceding relation shows that we will have a representation of total spin S = 3
2 ,

and a two-dimensional representation of spin S = 1
2 , one coming from the coupling

of the singlet of two fermions with the remaining fermion, and the other from the
coupling of the triplet of two fermions with the third fermion. In fact, the two S = 1

2
representations cannot be distinguished a priori. Note that while the sign ⊗ represents
the tensor product between different spin spaces, the sign ⊕ represents the direct sum
of spin spaces.

When S = 3
2 , then m =

{
− 3

2 ,−
1
2 ,

1
2 ,

3
2

}
, and when S = 1

2 , then m =
{
− 1

2 ,
1
2

}
. Starting

at the top of the ladder for the case of S = 3
2 ,∣∣∣∣32 , 3

2

〉
= |↑↑↑⟩ ,

where sz |↑⟩= 1
2 |↑⟩ and sz |↓⟩= − 1

2 |↓⟩ of each s = 1
/

2 particle.
Applying the lowering operator Ĵ− = Ĵ1−⊗ Î2⊗ Î3 + Î1⊗ Ĵ2−⊗ Î3 + Î1⊗ Î2⊗ Ĵ3− on both

sides by using Ĵ± |J,M⟩= h̄
√

J(J+1)−M(M±1) |J,M±1⟩, we find

Ĵ−

∣∣∣∣32 , 3
2

〉
=
(

Ĵ1−+ Ĵ2−+ Ĵ3−
)
|↑↑↑⟩ ,

h̄

√
3
2

(
3
2
+1
)
− 3

2

(
3
2
−1
)∣∣∣∣32 , 1

2

〉
= h̄

√
1
2

(
1
2
+1
)
− 1

2

(
1
2
−1
)
(|↓↑↑⟩+ |↑↓↑⟩+ |↑↑↓⟩) ,∣∣∣∣32 , 1

2

〉
=

1√
3
(|↓↑↑⟩+ |↑↓↑⟩+ |↑↑↓⟩) .

In a similar successive application of the lowering ladder operator, we obtain∣∣∣∣32 ,−1
2

〉
=

1√
3
(|↓↓↑⟩+ |↓↑↓⟩+ |↑↓↓⟩) ,∣∣∣∣32 ,−3
2

〉
= |↓↓↓⟩ .

The cases shown here can easily be related to the appropriate combinations of the
triplet |1,m⟩ and the third spin | ↑⟩ or | ↓⟩,

|↑↑⟩⊗ |↑⟩ ; |↑↑⟩⊗ |↓⟩
(|↑↓⟩+ |↓↑⟩)⊗ |↑⟩ ; (|↑↓⟩+ |↓↑⟩)⊗ |↓⟩

|↓↓⟩⊗ |↑⟩ ; |↓↓⟩⊗ |↓⟩,

which after normalization yield the results for
∣∣ 3

2 ,±
3
2

〉
,
∣∣ 3

2 ,±
1
2

〉
.

Note that all states of S = 3
2 are symmetric under the exchange of the spin of any two

particles.
Next, we consider the case of S = 1

2 with m = ± 1
2 . Here, we need to combine the

singlet state of two spins with the third to obtain the states
∣∣ 1

2 ,±
1
2

〉
. Let us focus on

the
∣∣ 1

2 ,
1
2

〉
first. Three different states can be constructed combining the fermion singlet

|0,0⟩ and the third spin |↑⟩:
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∣∣φ+,1
〉
=

1√
2
(|↑↑↓⟩− |↑↓↑⟩) ,∣∣φ+,2

〉
=

1√
2
(|↑↑↓⟩− |↓↑↑⟩) ,∣∣φ+,3

〉
=

1√
2
(|↑↓↑⟩− |↓↑↑⟩) .

It is easy to verify that Ĵ2
∣∣φ+,µ

〉
= 1

2

( 1
2 +1

)∣∣φ+,µ

〉
and Ĵz

∣∣φ+,µ

〉
= 1

2

∣∣φ+,µ

〉
. These

states are not linearly independent, as is evident from the
∣∣φ+,1

〉
+
∣∣φ+,3

〉
=
∣∣φ+,2

〉
relation. To construct linearly independent states for the S = 1

2 , we ensure that〈
φ+,1 | ψ+,1

〉
= 0 and

〈
ψ+,1 | ψ+,1

〉
= 1, where

∣∣ψ+,1
〉
= α

∣∣φ+,2
〉
+β
∣∣φ+,3

〉
. We find that

∣∣ψ+,1
〉
=

1√
6
(|↑↑↓⟩−2 |↓↑↑⟩+ |↑↓↑⟩) .

Now applying the Ĵ− operator, one obtains

∣∣φ−,1〉= 1√
2
(|↓↑↓⟩− |↓↓↑⟩) ,∣∣ψ−,1〉= −1√

6
(|↓↓↑⟩−2 |↑↓↓⟩+ |↓↑↓⟩).

Summarizing the composite states for the three identical spin s = 1/2 particles are

∣∣∣∣32 , 3
2

〉
= |↑↑↑⟩ ,∣∣∣∣32 , 1

2

〉
=

1√
3
(|↓↑↑⟩+ |↑↓↑⟩+ |↑↑↓⟩) ,∣∣∣∣32 , −1

2

〉
=

1√
3
(|↓↓↑⟩+ |↓↑↓⟩+ |↑↓↓⟩) ,∣∣∣∣32 , −3
2

〉
= |↓↓↓⟩ ,∣∣∣∣12 , 1

2

〉(1)

=
1√
2
(|↑↑↓⟩− |↑↓↑⟩) ,∣∣∣∣12 , −1

2

〉(1)

=
1√
2
(|↓↑↓⟩− |↓↓↑⟩) ,∣∣∣∣12 , 1

2

〉(2)

=
1√
6
(| ↑↑↓⟩−2| ↓↑↑⟩+ | ↑↓↑⟩) ,∣∣∣∣12 , −1

2

〉(2)

=
−1√

6
(| ↓↓↑⟩−2| ↑↓↓⟩+ | ↓↑↓⟩) .
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Food for thought: Any orthonormal basis of the two-dimensional space formed
by states |φ+,µ⟩ is a valid basis for the representation of spin 1/2 states. In
particular, Chakrabarti (1964) suggests the use of∣∣∣∣12 , 1

2

〉(1)

=
1√
3

(
|↑↑↓⟩+ e−2πi/3| ↑↓↑⟩+ e2πi/3| ↓↑↑⟩

)
,∣∣∣∣12 , 1

2

〉(2)

=
1√
3

(
| ↑↑↓⟩+ e2πi/3| ↑↓↑⟩+ e−2πi/3| ↓↑↑⟩

)
,

because of the high symmetry properties of those states under permutations.

Problem 5.3
Consider the case of three identical bosonic particles with spin s = 1. Express the com-
posite states |S = 3,m⟩ as a linear combination of the states |m1 m2 m3⟩, where m1,2,3 are
sz projections of the individual spins.

This is another example of adding the angular momenta of more than two identical
particles, an operation that cannot be done with the help of the Clebsch–Gordan coef-
ficients table right away. Now we add three s = 1 identical particles in the 1⊗ 1⊗ 1
representation with tensor product operations, highlighting again the general strategy
for such problems:

1⊗1⊗1 = (1⊗1)⊗1 = (2⊕1⊕0)⊗1 = (2⊗1)⊕ (1⊗1)⊕ (0⊗1)

= (3⊕2⊕1)⊕ (2⊕1⊕0)⊕ (1) = 3⊕2⊕2⊕1⊕1⊕1⊕0.

We have a representation of total spin J = 3, a two-dimensional representation of
spin J = 2, one coming from the coupling of the singlet of two bosons with the third
one, and the other one coming from the coupling of the triplet of two bosons with the
third one. Additionally, there is a three-dimensional representation of spin J = 1, and
a one-dimensional representation of spin J = 0. The tensor product sign ⊗ and direct
spin space summation sign ⊕ have the same meaning as in the preceding problem.

When the total spin is J = 3, then m = {−3,−2,−1,0,+1,+2,+3}, and we
build those states as combinations of S = 1 particles, with Ŝz|m⟩ = m|m⟩ where

m = {−1,0,1}= {−,0,+} and |+⟩=

1
0
0

 , |0⟩=

0
1
0

 , |−⟩=

0
0
1

. Starting at the top

of the ladder

|3,3⟩= |+ + +⟩ ,

and applying the lowering operator Ĵ− = Ĵ1−⊗ Î2⊗ Î3+ Î1⊗ Ĵ2−⊗ Î3+ Î1⊗ Î2⊗ Ĵ3− on both
sides with Ĵ±|J,M⟩= h̄

√
J(J+1)−M(M±1)|J,M±1⟩, we find

|3,2⟩= 1√
3
(|0 + +⟩+ |+ 0+⟩+ |+ +0⟩) ,
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|3,1⟩= 1√
15

(2|00+⟩+2|0 + 0⟩+2|+ 00⟩+ | − ++⟩+ |+ −+⟩+ |+ +−⟩) ,

|3,0⟩= 1√
10

(|0 − +⟩+| − 0+⟩+ | − +0⟩+2|000⟩+|0 + −⟩+ |+ 0−⟩+|+ −0⟩) ,

|3,−1⟩= 1√
15

(2|00−⟩+2|0 − 0⟩+2| − 00⟩+ |+ −−⟩+ | − +−⟩+ | − −+⟩) ,

|3,−2⟩= 1√
3
(|0 − −⟩+ | − 0−⟩+ | − −0⟩) ,

|3,−3⟩= | − −−⟩.

Note that all states of S = 3 are symmetric under the exchange of the spin of any two
particles.

Next, we obtain the composite states corresponding to S = 2. We start with |2,2⟩(1)
which is a combination of the triplet state of two spins |1,1⟩ combined with the third
one |+⟩,

|2,2⟩(1) = |1,1⟩⊗ |+⟩= 1√
2
(|0 + +⟩− |+ 0+⟩) .

The additional, linearly independent state with S = 2, m = 2 can be found by con-
structing |2,2⟩(2) = α|0 + +⟩+ β|+ 0+⟩+ γ|+ +0⟩, which must be normalized and
orthogonal to |2,2⟩(1) and |3,2⟩. This state also must fulfil Ĵ2|2,2⟩(2) = 2

(
2+ 1

2

)
|2,2⟩(2)

As a result,

|2,2⟩(2) = 1√
6
(|0 + +⟩+ |+ 0+⟩−2|+ +0⟩) .

Applying the lowering operator Ĵ− on both sides of |2,2⟩(1) and |2,2⟩(2) gives the
following composite states:

|2,1⟩(1) = 1
2
(| − ++⟩− |+ −+⟩+ |0 + 0⟩− |+ 00⟩) ,

|2,0⟩(1) = 1√
12

(| − 0+⟩+2| − +0⟩− |0 − +⟩+ |0 + −⟩−2|+ −0⟩− |+ 0−⟩) ,

|2,−1⟩(1) = 1
2
(| − 00⟩− |0 − 0⟩+ | − +−⟩− |+ −−⟩) ,

|2,−2⟩(1) = 1√
2
(| − 0−⟩− |0 − −⟩) ,

|2,1⟩(2) = 1√
12

(| − ++⟩+2|00+⟩− |0 + 0⟩+ |+ −+⟩− |+ 00⟩−2|+ +−⟩) ,

|2,0⟩(2) = 1
2
(| − 0+⟩+ |0 − +⟩− |0 + −⟩− |+ 0−⟩) ,

|2,−1⟩(2) = 1√
12

(| − 00⟩+ |0 − 0⟩− |− +−⟩− |+ −−⟩+2| − −+⟩−2|00−⟩) ,

|2,−2⟩(2) = 1√
6
(2| − −0⟩− |− 0−⟩− |0 − −⟩) .
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Now we focus on the S = 1 composite state with m = 1. We form the following
possible states by coupling the singlet of any two spins with the third one:

|φ1⟩=
1√
3
(|+ +−⟩− |+ 00⟩+ |+ −+⟩) ,

|φ2⟩=
1√
3
(| − ++⟩− |0 + 0⟩+ |+ +−⟩) ,

|φ3⟩=
1√
3
(| − ++⟩− |00+⟩+ |+ −+⟩) .

These are eigenstates of Ĵ 2, since Ĵ 2|φk⟩= 1(1+1)|φk⟩, and Ĵz|φk⟩= 1|φk⟩. However,〈
φµ | φν

〉
= 1

3 + 2
3δµν, meaning that

∣∣φ1,2,3
〉

are not ortho-normal. Diagonalizing the
matrix representation of Ĵ2 in the basis

∣∣φ1,2,3
〉
yields

|1,1⟩(1) = 1√
15

(2| − ++⟩+2|+ −+⟩+2|+ +−⟩− |00+⟩− |0 + 0⟩− |+ 00⟩) ,

|1,1⟩(2) = 1
2
(|0 + 0⟩− |00+⟩+ |+ −+⟩− |+ +−⟩),

|1,1⟩(3) = 1√
12

(2| − ++⟩− |+ −+⟩− |+ +−⟩+2|+ 00⟩− |00+⟩− |0 + 0⟩).

Again, after applying Ĵ− on both sides of the above relations, we find

|1,0⟩(1) = 1√
15

(| − 0+⟩+ | − +0⟩+ |0 − +⟩−3|000⟩+ |0 + −⟩+ |+ −0⟩+ |+ 0−⟩) ,

|1,−1⟩(1) = 1√
15

(2|+ −−⟩+2| − +−⟩+2| − −+⟩− |− 00⟩− |0 − 0⟩− |00−⟩),

|1,0⟩(2) = 1
2
(−|− 0+⟩+ | − +0⟩+ |+ −0⟩− |+ 0−⟩),

|1,−1⟩(2) = 1
2
(| − +−⟩− |− −+⟩+ |0 − 0⟩− |00−⟩),

|1,0⟩(3) = 1√
12

(| − 0+⟩+ | − +0⟩−2|0 − +⟩−2|0 + −⟩+ |+ −0⟩+ |+ 0−⟩),

|1,−1⟩(3) = 1√
12

(2|+ −−⟩− |− +−⟩− |− −+⟩+2| − 00⟩− |0 − 0⟩− |00−⟩).

Finally, there is only one state corresponding to |0,0⟩ = α1| − 0+⟩+ α2|0 − +⟩+
α3|+ −0⟩ − α4| − +0⟩+ α5|0 + −⟩+ α6|+ 0−⟩+ α7|000⟩. Making sure that |0,0⟩ is
normalized and orthogonal to |3,0⟩, |2,0⟩(1), |2,0⟩(2), |1,0⟩(1), |1,0⟩(2), and |1,0⟩(3)
yields

|0,0⟩= 1√
6
(| − 0+⟩− |0 − +⟩+ |+ −0⟩− |− +0⟩+ |0 + −⟩− |+ 0−⟩).

We verify that Ĵ2|0,0⟩= 0 and Ĵz = |0,0⟩= 0, as expected.
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Food for thought: The main difficulty in the preceding hands-on procedure is
constructing a representative for each subgroup through which the application
of the lowering (or raising) operator can generate the complete subspace. For
example, after constructing |2,2⟩(1) and |2,2⟩(2) we can easily find the rest of the
states corresponding to this subspace by using the Ĵ− operator.
Another starting point for each subspace can be obtained in a different (but
related) way. For the case of the three Ŝ = 1 particles, let us consider all possible
combinations with Ŝz = 0:

{| − +0⟩, | − 0+⟩, |0 + −⟩, |0 − +⟩, |+ 0−⟩, |+ − 0⟩ , |000⟩}.

The matrix representation of Ŝ2 in the preceding basis is

Ŝ2 = h̄2



4 2 2 0 0 0 2
2 4 0 2 0 0 2
2 0 4 0 2 0 2
0 2 0 4 0 2 2
0 0 2 0 4 2 2
0 0 0 2 2 4 2
2 2 2 2 2 2 6


.

Its eigenvalues are {12,6,6,2,2,2,0}h̄2, which correspond to S(S + 1)h̄2 with
S = {3,2,1,0}. The eigenstates are

{|3,0⟩, |2,0⟩(1), |2,0⟩(2), |1,0⟩(1), |1,0⟩(2), |1,0⟩(3), |0,0⟩},

as given earlier. Now by applying Ŝ+ and Ŝ− (whenever appropriate), one
can obtain all composite states forming an ortho-normalized basis, as already
found earlier. (Try it!)

Problem 5.4

a) Two identical noninteracting fermions with s = 1/2 are in a 1D infinite square well

potential V (x) =

{
0, 0 < x < a

∞, otherwise
. Suppose sz = 1/2 for one particle and sz = −1/2

for the other particle. Construct the ground, first, and second excited states.

b) Two identical noninteracting fermions with s = 1/2 are in a 1D infinite square well

potential V (x) =

{
0, 0 < x < a

∞, otherwise
. Suppose sz = 1/2 for one particle and sz =+1/2

for the other particle. Construct the ground, first, and second excited states.

c) Suppose now that a third identical fermion with s = 1/2 and sz =+1/2 is added to
the two fermions from parts (a) and (b). Construct the ground states for these cases.
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This is a problem to practice basic rules for constructing composite states of identical
fermions.

We recall that the eigenstates and eigenenergies for the given Hamiltonian are

ψn =
√

2
a sin

( nπx
a

)
; En =

n2π2h̄2

2ma2

We also know that in all situations in this problem, the total wave function for the
identical particles must be antisymmetric since the particles are fermions.

a) The ground state for this case is the product of a symmetric radial part and the
antisymmetric singlet spin state for a pair of electrons

Ψ0 (x1,x2) =
1√
2!

∣∣∣∣ ψ1 (x1) | ↑⟩ ψ1 (x2) | ↑⟩
ψ1 (x1) | ↓⟩ ψ1 (x2) | ↓⟩

∣∣∣∣= ψ1 (x1)ψ1 (x2)χS;

χS =
1√
2
[| ↑↓⟩− | ↓↑⟩],

E0 =
h̄2π2

2ma2

(
12 +12)= h̄2π2

ma2 .

The first excited state has two possibilities: the total wave function, Ψ(I)
1 , is a prod-

uct of a symmetric radial part and the antisymmetric singlet spin state, or the total
wave function, Ψ(II)

1 , is a product of an antisymmetric radial part and the symmetric
triplet spin state. The energy is the same for both cases.

Ψ(I)
1 (x1,x2) =

1√
2

(
1√
2!

∣∣∣∣ ψ1 (x1) | ↑⟩ ψ1 (x2) | ↑⟩
ψ2 (x1) | ↓⟩ ψ2 (x2) | ↓⟩

∣∣∣∣− 1√
2!

∣∣∣∣ ψ1 (x1) | ↓⟩ ψ1 (x2) | ↓⟩
ψ2 (x1) | ↑⟩ ψ2 (x2) | ↑⟩

∣∣∣∣)
=

1√
2!

[ψ1 (x1)ψ2 (x2)+ψ2 (x1)ψ1 (x2)]χS=
1√
2!

∥∥∥∥ ψ1 (x1) ψ1 (x2)

ψ2 (x1) ψ2 (x2)

∥∥∥∥χS,

Ψ(II)
1 (x1,x2) =

1√
2

(
1√
2!

∣∣∣∣ ψ1 (x1) | ↑⟩ ψ1 (x2) | ↑⟩
ψ2 (x1) | ↓⟩ ψ2 (x2) | ↓⟩

∣∣∣∣+ 1√
2!

∣∣∣∣ ψ1 (x1) | ↓⟩ ψ1 (x2) | ↓⟩
ψ2 (x1) | ↑⟩ ψ2 (x2) | ↑⟩

∣∣∣∣)
=

1√
2!

∣∣∣∣ ψ1 (x1) ψ1 (x2)

ψ2 (x1) ψ2 (x2)

∣∣∣∣χT ,

χT =
1√
2
[| ↑ ↓⟩+ | ↓ ↑⟩] ,

E1 =
h̄2π2

2ma2

(
22 +12)= 5h̄2π2

2ma2 .

The second excited state has only one possibility of a symmetric radial part
multiplied by the antisymmetric singlet state:

Ψ2 (x1,x2) =
1√
2!

∣∣∣∣ ψ2 (x1) | ↑⟩ ψ2 (x2) | ↑⟩
ψ2 (x1) | ↓⟩ ψ2 (x2) | ↓⟩

∣∣∣∣= ψ2 (x1)ψ2 (x2)χS,

E2 =
h̄2π2

2ma2

(
22 +22)= 4h̄2π2

ma2 .

b) In this case, the two spins can only be in the triplet state χT = |+ +⟩, which is sym-
metric. Therefore, the total wave function must be a product of an antisymmetric
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radial part and the symmetric triplet state. This means that the radial functions for
the two particles must have different n-quantum numbers:

Ψ0 (x1,x2) =
1√
2!

∣∣∣∣ ψ1 (x1) | ↑⟩ ψ1 (x2) | ↑⟩
ψ2 (x1) | ↑⟩ ψ2 (x2) | ↑⟩

∣∣∣∣= 1√
2

∣∣∣∣ ψ1 (x1) ψ1 (x2)

ψ2 (x1) ψ2 (x2)

∣∣∣∣ | ↑ ↑⟩,
E0 =

h̄2π2

2ma2

(
22 +12)= 5h̄2π2

2ma2 .

The first excited state is

Ψ1 (x1,x2) =
1√
2!

∣∣∣∣ ψ1 (x1) | ↑⟩ ψ1 (x2) | ↑⟩
ψ3 (x1) | ↑⟩ ψ3 (x2) | ↑⟩

∣∣∣∣= 1√
2

∣∣∣∣ ψ1 (x1) ψ1 (x2)

ψ3 (x1) ψ3 (x2)

∣∣∣∣ | ↑ ↑⟩,
E1 =

h̄2π2

2ma2

(
32 +12)= 5h̄2π2

ma2 .

The second excited state is

Ψ2 (x1,x2) =
1√
2!

∣∣∣∣ ψ2 (x1) | ↑⟩ ψ2 (x2) | ↑⟩
ψ3 (x1) | ↑⟩ ψ3 (x2) | ↑⟩

∣∣∣∣= 1√
2

∣∣∣∣ ψ2 (x1) ψ2 (x2)

ψ3 (x1) ψ3 (x2)

∣∣∣∣ | ↑ ↑⟩,
E2 =

h̄2π2

2ma2

(
32 +22)= 13h̄2π2

2ma2 .

c) When a third noninteracting s = 1/2 particle is added to the case of the two
fermions from part (a), we recognize that the composite state wave function must
be antisymmetric. Applying the Slater determinant for the ground state, we have

|Ψ0⟩=
1√
3!

∣∣∣∣∣∣
ψ1 (x1) | ↑⟩ ψ1 (x2) | ↑⟩ ψ1 (x3) | ↑⟩
ψ1 (x1) | ↓⟩ ψ1 (x2) | ↓⟩ ψ1 (x3) | ↓⟩
ψ2 (x1) | ↑⟩ ψ2 (x2) | ↑⟩ ψ2 (x3) | ↑⟩

∣∣∣∣∣∣ ,
E0 =

h̄2π2

2ma2

(
12 +12 +22)= 3h̄2π2

ma2 .

From here we find

|Ψ0⟩=
1√
6
[ψ1 (x2)(ψ1 (x1)ψ2 (x3)−ψ1 (x3)ψ2 (x1)) | ↑↓↑⟩+ψ1 (x1)(ψ2 (x2)ψ1 (x3)

−ψ2 (x3)ψ1 (x2)) | ↓↑↑⟩+ψ1 (x3)(ψ2 (x1)ψ1 (x2)−ψ2 (x2)ψ1 (x1)) | ↑↑↓⟩].

From Problem 5.2, | ↑ ↓ ↑⟩, | ↓ ↑ ↑⟩, and | ↑ ↑ ↓⟩ can be expressed in terms of the
Ŝ2, Ŝz eigenstates of the added angular momenta, such that

| ↑↓↑⟩= 1√
3

∣∣∣∣32 , 1
2

〉
+

1√
6

∣∣∣∣12 , 1
2

〉(2)

− 1√
2

∣∣∣∣12 , 1
2

〉(1)

,

| ↓↑↑⟩= 1√
3

∣∣∣∣32 , 1
2

〉
−
√

2√
3

∣∣∣∣12 , 1
2

〉(2)

,

| ↑↑↓⟩= 1√
3

∣∣∣∣32 , 1
2

〉
+

1√
6

∣∣∣∣12 , 1
2

〉(2)

+
1√
2

∣∣∣∣12 , 1
2

〉(1)

.
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Clearly, the composite wave function cannot be simply decomposed into sym-
metric/antisymmetric terms for the space and spin degrees of freedom, as it is the
case of two identical fermions from part (a).

When a third noninteracting s = 1/2 particle is added to the case of the two
fermions from part (b), the Slater determinant and corresponding ground state
energy for the three particles becomes

|Ψ0⟩=
1√
3!

∣∣∣∣∣∣
ψ1 (x1) | ↑⟩ ψ1 (x2) | ↑⟩ ψ1 (x3) | ↑⟩
ψ2 (x1) | ↑⟩ ψ2 (x2) | ↑⟩ ψ2 (x3) | ↑⟩
ψ3 (x1) | ↑⟩ ψ3 (x2) | ↑⟩ ψ3 (x3) | ↑⟩

∣∣∣∣∣∣
=

1√
6

∣∣∣∣∣∣
ψ1 (x1) ψ1 (x2) ψ1 (x3)

ψ2 (x1) ψ2 (x2) ψ2 (x3)

ψ3 (x1) ψ3 (x2) ψ3 (x3)

∣∣∣∣∣∣
∣∣∣∣32 , 3

2

〉
,

E0 =
h̄2π2

2ma2

(
12 +22 +32)= 7h̄2π2

ma2 ,

where we have taken into account that | ↑ ↑ ↑⟩ =
∣∣ 3

2 ,
3
2

〉
from Problem 5.2. In this

case, the wave function is a product of an antisymmetric space-dependent term and
a symmetric angular momentum term.

Food for thought: For extra practice, construct the first excited states for
part (c).

Problem 5.5

a) Two identical noninteracting bosons with s = 1 are in a 1D infinite square well

potential V (x) =

{
0, 0 < x < a

∞, otherwise
. Suppose sz = 0 for one particle and sz = 1 for

the other particle. Construct the ground, first, second, and third excited states.
b) Suppose that a third identical boson with s = 1 and sz = −1 is added to the two

bosons from (a). Construct the ground and first excited states.

This is a basic problem to practice the construction of composite states of noninteract-
ing identical bosons by following the established symmetrization procedure for their
wave function.

The eigenstates and eigenenergies for the given Hamiltonian for each particle are

ψn =
√

2
a sin

( nπx
a

)
; En =

n2π2h̄2

2ma2 .
We also note that in all situations in this problem, the total wave function for the

identical particles must be symmetric since the particles are bosons.
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a) Let’s remind ourselves of the composite spin states for the two s = 1 bosons as
read from the Clebsch–Gordan coefficients table using the notation of |S,m⟩ for
the composite spin and |m1 m2⟩ for the spins of the individual particles. From the
Clebsch–Gordan coefficients table, we find the following possible states:

|S = 2,m = 2⟩= |+ +⟩,

|2,1⟩= 1√
2
[|+ 0⟩+ |0+⟩],

|2,0⟩= 1√
6
|+ −⟩+

√
2
3
|00⟩+ 1√

6
| − +⟩,

|2,−1⟩= 1√
2
[|0−⟩ + | − 0⟩],

|2,−2⟩= | − −⟩

|1,1⟩= 1√
2
[|+ 0⟩ − |0+⟩],

|1,0⟩= 1√
2
[|+ −⟩ − |− +⟩],

|1,−1⟩= 1√
2
[|0−⟩ − |− 0⟩],

|0,0⟩= 1√
3
[|+ −⟩ − |00⟩ + | − +⟩].

For the case in this problem one particle has sz = 0, while the other has sz = +1.
Therefore, we have the following possibilities of the spin states:

|2,1⟩= 1√
2
[|+ 0⟩ + |0+⟩],

|1,1⟩= 1√
2
[|+ 0⟩ − |0+⟩].

Note that |2,1⟩ is symmetric under exchange of spins, while |1,1⟩ is
antisymmetric.
Given that the total wave function is always symmetric, for the ground state of the
two identical bosons we find

Ψ0 = ψ1 (x1)ψ1 (x2) |2,1⟩,

E0 =
h̄2π2

2ma2

(
12 +12)= h̄2π2

ma2 .

For the first excited state we have two options,

Ψ(I)
1 =

1√
2
[ψ1 (x1)ψ2 (x2)+ψ1 (x2)ψ2 (x1)] |2,1⟩,or

Ψ(II)
1 =

1√
2
[ψ1 (x1)ψ2 (x2)−ψ1 (x2)ψ2 (x1)] |1,1⟩

E1 =
h̄2π2

2ma2

(
22 +12)= 5h̄2π2

2ma2 .
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For the second excited state,

Ψ2 = ψ2 (x1)ψ2 (x2) |2,1⟩,

E2 =
h̄2π2

2ma2

(
22 +22)= 4h̄2π2

2ma2 .

For the third excited state, we have two options again,

Ψ(I)
3 =

1√
2
[ψ2 (x1)ψ3 (x2)+ψ3 (x2)ψ2 (x1)] |2,1⟩ or

Ψ(II)
3 =

1√
2
[ψ2 (x1)ψ3 (x2)−ψ3 (x2)ψ2 (x1)] |1,1⟩,

E3 =
h̄2π2

2ma2

(
22 +32)= 13h̄2π2

2ma2 .

b) Adding a third boson with s = 1, sz = −1 can be done using the symmetrized Slater
permanent. For the ground state,

|Ψ0⟩=
1√
3!

∥∥∥∥∥∥∥
ψ1 (x1) |+⟩ ψ1 (x2) |+⟩ ψ1 (x3) |+⟩
ψ1 (x1) |0⟩ ψ1 (x2) |0⟩ ψ1 (x3) |0⟩
ψ1 (x1) |−⟩ ψ1 (x2) |−⟩ ψ1 (x3) |−⟩

∥∥∥∥∥∥∥
=

1√
6
ψ1 (x1)ψ1 (x2)ψ1 (x3)(|+ 0−⟩ + | −+0⟩ + |0−+⟩ + | −0 +⟩ + |+−0⟩ + |0+−⟩) .

Using the results from Problem 5.3, the spinor states can be given in terms of
eigenstates to the total S2, Sz operators.

|+0−⟩ + | −+0⟩ + |0−+⟩ + | −0+⟩ + |+−0⟩ + |0+−⟩=
√

3
5
|3,0⟩+

√
2
5
|1,0⟩(1).

In summary, the composite ground state and energy are

|Ψ0⟩= ψ1 (x1)ψ1 (x2)ψ1 (x3)

(√
3
5
|3,0⟩+

√
2
5
|1,0⟩(1)

)
,

E0 =
h̄2π2

2ma2

(
12 +12 +12)= 3h̄2π2

2ma2 .

Similarly, for the first excited state,

|Ψ1⟩(I) =
1√
3!

∥∥∥∥∥∥
ψ1 (x1) |+⟩ ψ1 (x2) |+⟩ ψ1 (x3) |+⟩
ψ1 (x1) |0⟩ ψ1 (x2) |0⟩ ψ1 (x3) |0⟩
ψ2 (x1) |−⟩ ψ2 (x2) |−⟩ ψ2 (x3) |−⟩

∥∥∥∥∥∥
=

1√
6
(ψ2 (x1)ψ1 (x2)ψ1 (x3) [| −+0⟩+ | −0+⟩]

+ ψ1 (x1)ψ2 (x2)ψ1 (x3) [|0−+⟩+ |0+−⟩]
+ψ1 (x1)ψ1 (x2)ψ2 (x3) [|+ 0−⟩+ |+−0⟩]) .

The preceding result can also be given in terms of the composite states for the
angular momenta, as derived in Problem 5.3:
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|Ψ1⟩(I) =
1√
24

(
[ψ2 (x1)ψ1 (x2)ψ1 (x3)+ψ1 (x1)ψ2 (x2)ψ1 (x3)+ψ1 (x1)ψ1 (x2)ψ2 (x3)]

×
[√

8√
5
|3,0⟩+ 4√

15
|1,0⟩(1) − 1√

3
|1,0⟩(3)

]
+
√

3 |2,0⟩(1) ([ψ2(x1)ψ1(x2)−ψ1(x1)ψ2(x2)]ψ1(x3))

+ |2,0⟩(2) ([ψ2(x1)ψ1(x2)+ψ1(x1)ψ2(x2)]ψ1(x3)−2ψ1(x1)ψ1(x2)ψ2(x3))

+ |1,0⟩(2) (ψ1(x1) [ψ2(x2)ψ1(x3)−ψ1(x2)ψ2(x3)])

+
√

3ψ2 (x1)ψ1 (x2)ψ1 (x3) |1,0⟩(3)
)
.

Two additional options for the first excited state are also possible, which we only
give with the Slater permanents:

|Ψ1⟩(II) =
1√
3!

∥∥∥∥∥∥
ψ1 (x1) |+⟩ ψ1 (x2) |+⟩ ψ1 (x3) |+⟩
ψ2 (x1) |0⟩ ψ2 (x2) |0⟩ ψ2 (x3) |0⟩
ψ1 (x1) |−⟩ ψ1 (x2) |−⟩ ψ1 (x3) |−⟩

∥∥∥∥∥∥ ,
|Ψ1⟩(III) =

1√
3!

∥∥∥∥∥∥
ψ2 (x1) |+⟩ ψ2 (x2) |+⟩ ψ2 (x3) |+⟩
ψ1 (x1) |0⟩ ψ1 (x2) |0⟩ ψ1 (x3) |0⟩
ψ1 (x1) |−⟩ ψ1 (x2) |−⟩ ψ1 (x3) |−⟩

∥∥∥∥∥∥ ,
E1 =

h̄2π2

2ma2

(
12 +12 +22)= 3h̄2π2

ma2 .

Problem 5.6
Two noninteracting identical electrons are in a simple 1D harmonic oscillator potential
V (x̂) = 1

2 mω2x̂2. The total energy for the composite state of the two electrons is found
to be E = 4h̄ω and the electrons are in a singlet spin state.

What is the wave function of the two noninteracting identical electrons? Also,
calculate ⟨(x̂1− x̂2)

2⟩.

This problem requires basic knowledge of eigenenergies and eigenstates of the sim-
ple harmonic oscillator. It also probes our understanding of exchange interaction for
fermionic systems whose wave functions must always be antisymmetric.

The total energy of the composite electronic state is En1n2 = h̄ω(n1 +n2 +1), where
n1,n2 are integer numbers. The given E = 4h̄ω can be obtained by two possibilities,

E12 = E21 = h̄ω
(

1+
1
2

)
+ h̄ω

(
2+

1
2

)
= h̄ω

(
2+

1
2

)
+ h̄ω

(
1+

1
2

)
= 4h̄ω,

E30 = E03 = h̄ω
(

3+
1
2

)
+ h̄ω

(
0+

1
2

)
= h̄ω

(
0+

1
2

)
+ h̄ω

(
3+

1
2

)
= 4h̄ω.

The electrons are in a singlet state; therefore, the spin state of the composite system
can only be the antisymmetric state χS = |0,0⟩ = 1√

2
[| ↑ ↓⟩ − | ↓ ↑⟩]. Therefore, the full

wave function only can be antisymmetric if the spatial part is symmetric, such that

|Ψ1,2⟩=
1√
2
[Φ1 (x1)Φ2 (x2)+Φ2 (x1)Φ1 (x2)]χS,

https://doi.org/10.1017/9781009355414.005 Published online by Cambridge University Press

https://doi.org/10.1017/9781009355414.005


120 Contemporary QuantumMechanics in Practice

|Ψ3,0⟩=
1√
2
[Φ3 (x1)Φ0 (x2)+Φ0 (x1)Φ3 (x2)]χS,

where Φn(x) =
(mω
πh̄

) 1
4 1√

2nn!
Hn

(√
mω
h̄ x
)

e−
mωx2

2h̄ are the eigenfunctions for the har-

monic oscillator and Hn

(√
mω
h̄ x
)

are the Hermite polynomials (see, for example,

Wikipedia, n.d.).
Let us now calculate

⟨(x̂1− x̂2)
2⟩= ⟨Ψ|(x̂2

1 + x̂2
2 −2x̂1x̂2)|Ψ⟩,

using the total wave functions found earlier. For this purpose, we represent Φn → |n⟩
and x̂1,2 =

√
h̄

2mω

(
â1,2 + â+

1,2

)
, where â1,2, â+

1,2 are the raising and lowering operators

for both particles. Thus,〈
Ψ1,2

∣∣x̂2
1
∣∣Ψ1,2

〉
=

1
2

h̄
2mω

[⟨1,2|+ ⟨2,1|]
(
â2

1 +(â+
1 )2 + â1â+

1 + â+
1 â1

)
[|1,2⟩ + |2,1⟩].

By using â|n⟩ = √n|n − 1⟩, â+|n⟩ =
√

n+1|n + 1⟩, we easily find for the first wave
function 〈

Ψ1,2
∣∣x̂2

1
∣∣Ψ1,2

〉
=
〈
Ψ1,2

∣∣x̂2
2
∣∣Ψ1,2

〉
=

2h̄
mω

,〈
Ψ1,2 |2x̂1x̂2|Ψ1,2

〉
=

2
2

h̄
2mω

[⟨1,2|+ ⟨2,1|](â1 + â+
1 )(â2 + â+

2 )[|1,2⟩ + |2,1⟩],〈
Ψ1,2 |2x̂1x̂2|Ψ1,2

〉
=

h̄
mω

,

⟨(x̂1− x̂2)
2⟩=

〈
Ψ1,2

∣∣(x̂2
1 + x̂2

2 −2x̂1x̂2
)∣∣Ψ1,2

〉
⟨(x̂1− x̂2)

2⟩=
〈
Ψ1,2

∣∣x̂2
1
∣∣Ψ1,2

〉
+
〈
Ψ1,2

∣∣x̂2
2
∣∣Ψ1,2

〉
−2
〈
Ψ1,2 |x̂1x̂2|Ψ1,2

〉
=

2h̄
mω

.

By using the second wave function, we find in a similar way,

⟨(x̂1− x̂2)
2⟩=

〈
Ψ3,0

∣∣(x̂2
1 + x̂2

2 −2x̂1x̂2
)∣∣Ψ3,0

〉
=

4h̄
mω

.

Food for thought: Due to the fermionic statistics of the particles, the exchange
term coming from ⟨Ψ |2x̂1x̂2|Ψ⟩ is negative. As a result, there is an effective
repulsion between the two particles.

Problem 5.7

a) What is the exchange splitting energy of the energy levels of a system of two iden-
tical electrons when the Coulomb interaction between them is considered as a
perturbation?

b) Calculate the effect of exchange splitting for two helium electrons in their ground
state.
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a) The wave function of the two noninteracting electrons can be written as

ΨS = φS (x1,x2)χS =
1√
2
[ψa1 (x1)ψa2 (x2)+ψa1 (x2)ψa2 (x1)]χS,

ΨT = φT (x1,x2)χT =
1√
2
[ψa1 (x1)ψa2 (x2)−ψa1 (x2)ψa2 (x1)]χT ,

where χS,χT are the singlet and triplet states, separated from the composite quan-
tum numbers a1,2.

The perturbative Coulomb interaction between the electrons is of the form
U (|r1− r2|). Within perturbation theory, the first-order correction to the energy of
the noninteracting particles E0 is:

δE(1)
n =

〈
Ψn (x1,x2)

∣∣U ( |̂r1− r̂2|)
∣∣Ψn (x1,x2)

〉
=

∫
dx1dx2φ

∗
S (x1,x2)U (|x1−x2|)φS (x1,x2) ⟨χS | χS⟩

=
1
2

∫
dx1dx2

[
ψ∗a1

(x1)ψ
∗
a2
(x2)+ψ∗a1

(x2)ψ
∗
a2
(x1)

]
×U (|x1−x2|) [ψa1 (x1)ψa2 (x2)+ψa1 (x2)ψa2 (x1)]

=
1
2

∫
dx1dx2

∣∣ψa1 (x1)
∣∣2 ∣∣ψa2 (x2)

∣∣2 U (|x1−x2|)

+
1
2

∫
dx1dx2ψ

∗
a1
(x1)ψ

∗
a2
(x2)U (|x1−x2|)ψa1 (x2)ψa2 (x1)

+
1
2

∫
dx1dx2ψ

∗
a1
(x2)ψ

∗
a2
(x1)U (|x1−x2|)ψa1 (x1)ψa2 (x2)

+
1
2

∫
dx1dx2

∣∣ψa1 (x2)
∣∣2 ∣∣ψa2 (x1)

∣∣2 U (|x1−x2|) .

Using that U (|x1−x2|) =U (|x2−x1|), we get

δE(1)
S =

∫
dx1dx2

∣∣ψa1 (x1)
∣∣2 ∣∣ψa2 (x2)

∣∣2 U (|x1−x2|)

+

∫
dx1dx2ψ

∗
a1
(x1)ψ

∗
a2
(x2)U (|x1−x2|)ψa1 (x2)ψa2 (x1) .

For the second type of wave function, we find

δE(1)
T =

∫
dx1dx2

∣∣ψa1 (x1)
∣∣2 ∣∣ψa2 (x2)

∣∣2 U (|x1−x2|)

−
∫

dx1dx2ψ
∗
a1
(x1)ψ

∗
a2
(x2)U (|x1−x2|)ψa1 (x2)ψa2 (x1) .

The exchange interaction is represented by

J =

∫
dx1dx2ψ

∗
a1
(x1)ψ

∗
a2
(x2)U (|x1−x2|)ψa1 (x2)ψa2 (x1) ,

thus, the perturbative exchange splitting is ±J between the singlet and triplet spin
states.
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b) The composite wave function in this case is constructed from
ψ0 (x1,2) =

√
8
πa3

0
e−2r1,2/a0 , where a0 is the Bohr radius for the He atom and

rn =
√

x2
n + y2

n + z2
n is the radial component of the position vector:

J =

∫
dx1dx2ψ

∗
0 (x1)ψ

∗
0 (x2)U (|x1−x2|)ψ0 (x2)ψ0 (x1)

=

∫
dx1dx2ψ

2
0 (r1)ψ

2
0 (r2)

e2

|x1−x2|
=

64e2

π2a6
0

∫
dx1dx2

e−
4(r1+r2)

a0

|x1−x2|
.

Let’s perform the integral over x2 first by writing |x1 −x2|=
√

r2
1 + r2

2 −2r1r2 cos(θ2),
which yields∫

dx2
e−

4r2
a0√

r2
1 + r2

2 −2r1r2 cos(θ2)

=

∫ 2π

0
dφ2

∫ π

0
dθ2 sin(θ2)

∫ ∞
0

dr2r2
2

e−
4r2
a0√

r2
1 + r2

2 −2r1r2 cos(θ2)

= 4π
∫ ∞

0
dr2r2e−

4r2
a0

[
r2

r1
Θ(r1− r2)+Θ(r2− r1)

]
= 4π

[
1
r1

∫ r1

0
e−

4r2
a0 r2

2dr2 +

∫ ∞
r1

e−
4r2
a0 r2dr2

]
=
πa3

0
8r1

[
1−
(

1+
2r1

a0

)
e−

4r1
a0

]
.

Next, we continue with the integration over the r1 variable:

J =
64e2πa3

0

8π2a6
0

∫ [
1−
(

1+
2r1

a0

)
e−

4r1
a0

]
e−

4r1
a0 r1 sin(θ1)dr1dθ1dφ1 =

8e2

πa3
0

4π
5a2

0
128

=
5e2

4a0
.

Food for thought: Can you provide numerical estimates for the energy of the
two identical He electrons and their Coulomb perturbative interaction?

Problem 5.8
a) Consider two identical noninteracting spinless bosons with mass m as suggested

in Tamvakis (2019). The particles are moving in 1D and their wave functions are

ψ1(x) =
(
α
π

) 1
4 e−

α(x−a)2
2 ;ψ2(x) =

(
α
π

) 1
4 e−

α(x+a)2
2 . What is the composite wave function

for the two particles? What is the expectation value of ⟨(x̂1− x̂2)
2⟩? Calculate the

expectation energy of the composite state of the two particles.
b) Consider the same problem, but now take the case of two identical spinless

fermions.
c) When can the two identical particles be considered as classical particles?

a) The wave function for the identical noninteracting bosons is

Ψ(x1,x2) =C [ψ1 (x1)ψ2 (x2)+ψ2 (x1)ψ1 (x2)] .
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The normalization constant C can be found from

1 = ⟨Ψ |Ψ⟩=
∫ +∞

−∞
dx1

∫ +∞

−∞
dx2
∣∣Ψ(x1,x2)

∣∣2
= |C|2

[∫ +∞

−∞
dx1ψ

2
1 (x1)

∫ +∞

−∞
dx2ψ

2
2 (x2)

+

∫ +∞

−∞
dx1ψ

2
2 (x1)

∫ +∞

−∞
dx2ψ

2
1 (x2)

+2
∫ +∞

−∞
dx1ψ1 (x1)ψ2 (x1)

∫ +∞

−∞
dx2ψ1 (x2)ψ2 (x2)

]
= |C|2

[
2+2A2] ,

where A = e−αa2
. Thus, the wave function becomes

Ψ(x1,x2) =
1

2
√

1+A2
[ψ1 (x1)ψ2 (x2)+ψ2 (x1)ψ1 (x2)] .

To find the expectation value of the square of the relative distance, we need to
calculate 〈

(x̂1− x̂2)
2
〉
=

∫ +∞

−∞
dx1

∫ +∞

−∞
dx2
(
x2

1 + x2
2 −2x1x2

)∣∣Ψ(x1,x2)
∣∣2

=
1
α
+2a2 [1+ tanh

(
αa2)] .

The expectation energy is E =
∫ +∞
−∞ dx1

∫ +∞
−∞ dx2

〈
Ψ(x1,x2) |Ĥ |Ψ(x1,x2)

〉
, where

Ĥ =
p̂2

1
2m +

p̂2
2

2m . Therefore,

E =
αh̄2

2m

(
1+αa2 [tanh

(
αa2)−1

])
.

b) For the case of two identical noninteracting fermions, the wave function must
be taken as Ψ(x1,x2) =

1
2
√

1−A2 [ψ1 (x1)ψ2 (x2)−ψ2 (x1)ψ1 (x2)]. Then, ⟨(x̂1− x̂2)
2⟩

becomes

⟨(x̂1− x̂2)
2⟩=

∫ +∞

−∞
dx1

∫ +∞

−∞
dx2
(
x2

1 + x2
2 −2x1x2

)∣∣Ψ(x1,x2)
∣∣2

=
1
α
+2a2

[
1+

1
tanh(αa2)

]
.

The energy of the composite fermion state for the Ĥ =
p̂2

1
2m +

p̂2
2

2m Hamiltonian is

E =
αh̄2

2m

(
1+αa2

[
1

tanh(αa2)
−1
])

.

c) When the particles are classical, there is no overlap between the two wave functions.
In fact, as the particlesmove in space, their energy changes depending on the overlap
of the two wave functions, which is controlled by A2 = e−2αa2

. The limit of 2αa2≫ 1
gives two particles with no overlap, meaning they can be considered as classical
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distinguishable particles. In this case, the wave function and corresponding energy
are

Ψ(x1,x2) = ψ1 (x1)ψ2 (x2) , E =
αh̄2

2m
,

since in the limit of αa2→∞, tanh(αa2)→ 1.

To find the expectation value of the square of the relative distance, we calculate〈
(x̂1− x̂2)

2
〉
=

∫ +∞

−∞
dx1

∫ +∞

−∞
dx2
(
x2

1 + x2
2 −2x1x2

)∣∣Ψ(x1,x2)
∣∣2 = 1

α
+4a2.

Problem 5.9
Consider two identical s = 1/2 fermions in an infinite square well given as

V (x) =

{
0, 0 < x < a

∞, otherwise
. The following perturbation is then introduced,

V̂1 (x̂1, x̂2, t) = βδ(x̂1− x̂2) Ŝ1zŜ2ze−t/τ, where x1,x2 are the positions for the two particles
and Ŝ1z, Ŝ2z are the z-projections of the spin operators for the two particles.

Within the first order of perturbation theory, find the probability for the identical
particles to transition from their ground state to their first and second excited states.

This problem combines identical particles and time-dependent perturbation the-
ory because the perturbation interaction is time-dependent. We remember that
the eigenstates and eigenenergies for a particle in this infinite square well are

φn(x) =
√

2
a sin

( nπx
a

)
; En = n2π2h̄2

2ma2 .We also recall that the first-order time-dependent
transition probability is given by the first coefficient in the Dyson series, given in what
follows [Sakurai].

The total wave function for the identical s = 1/2 fermions must be antisymmetric.
Therefore, the ground state wave function and energy are

|Ψ0⟩= φ1 (x1)φ1 (x2)χS; where χS =
1√
2
[| ↑ ↓⟩ − | ↓ ↑⟩],

E0 =
π2h̄2

2ma2

(
12 +12)= π2h̄2

ma2 .

The wave function and energy for the first excited state are

|Ψ1,S⟩=
1√
2
[φ1 (x1)φ2 (x2)+φ2 (x1)φ1 (x2)]χS

or |Ψ1,T ⟩=
1√
2
[φ1 (x1)φ2 (x2)−φ2 (x1)φ1 (x2)]χT ,

where χT =


| ↑ ↑⟩

1√
2
[| ↑ ↓⟩ + | ↓ ↑⟩]
| ↓↓⟩

 ,

E1 =
π2h̄2

2ma2

(
22 +12)= π2h̄2

2ma2

(
12 +22)= 5π2h̄2

2ma2 .
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The wave function and energy for the second excited state are

|Ψ2⟩= φ2 (x1)φ2 (x2)χS,

E2 =
π2h̄2

2ma2

(
22 +22)= 4π2h̄2

ma2 .

To find the time-dependent transition probability, we use the first term in theDyson’s

series for the evolution operator Û (t, t0) = T̂e−
i
h̄
∫ t
t0

V̂I(τ)dτ, with V̂I(t) = eit Ĥ0
h̄ V̂1(t)e−it Ĥ0

h̄

the perturbation in the interaction picture (see, for example, Sakurai & Napolitano,
2017) since the potential is time-dependent,

Û (t, t0) = Î− i
h̄

∫ t

t0
V̂I (t1)dt1 +

(
−i
h̄

)2 ∫ t

t0
dt1
∫ t1

t0
dt2V̂I (t1)V̂I (t2)+ . . . ,∣∣Ψ0(t)

〉
= Û (t, t0)

∣∣Ψ0 (t0)
〉

=
∣∣Ψ0(t0)

〉
− i

h̄

∫ t

t0
V̂I (t1)

∣∣Ψ0 (t0)
〉

dt1

+

(
−i
h̄

)2 ∫ t

t0
dt1
∫ t1

t0
dt2V̂I (t1)V̂I (t2)

∣∣Ψ0 (t0)
〉
+ . . . ,〈

Ψ1(t) |Ψ0(t)
〉
=
〈

Ψ1(t)
∣∣∣Û (t, t0)

∣∣∣Ψ0 (t0)
〉

=
〈
Ψ1(t) |Ψ0(t0)

〉
− i

h̄

∫ t

t0

〈
Ψ1 (t)

∣∣∣V̂I (t1)
∣∣∣Ψ0 (t0)

〉
dt1

+

(
−i
h̄

)2 ∫ t

t0
dt1
∫ t1

t0
dt2
〈

Ψ1 (t)
∣∣∣V̂I (t1)V̂l (t2)

∣∣∣Ψ0 (t0)
〉
+ . . .

Then, using that |Ψn(t)⟩ = |Ψn⟩ in the interaction picture when Ĥ ̸= f (t), the time-
dependent coefficients for ground-first excited state transitions are

C(1)
0→1,s(t) = −

i
h̄

∫ t

0
ei E1−E0

h̄ t1
〈

Ψ1,S

∣∣∣V̂1 (x1,x2, t1)
∣∣∣Ψ0

〉
dt1

= − iβ
h̄

∫ t

0
ei E1−E0

h̄ t1e−t1/τdt1
∫ a

0
dx1

∫ a

0
dx2

1√
2

× [φ∗1 (x1)φ
∗
2 (x2)+φ∗2 (x1)φ

∗
1 (x2)]δ(x1− x2)φ1 (x1)φ1 (x2)

〈
χS

∣∣∣Ŝ1zŜ2z

∣∣∣χS

〉
and

C(1)
0→1,T (t) = −

i
h̄

∫ t

0
ei E1−E0

h̄ t1
〈

Ψ1,T

∣∣∣V̂1 (x1,x2, t1)
∣∣∣Ψ0

〉
dt1

= − iβ
h̄

∫ t

0
ei E1−E0

h̄ t1e−t1/τdt1
∫ a

0
dx1

∫ a

0
dx2

1√
2

× [φ∗1 (x1)φ
∗
2 (x2)−φ∗2 (x1)φ

∗
1 (x2)]δ(x1− x2)φ1 (x1)φ1 (x2)

〈
χT

∣∣∣Ŝ1zŜ2z

∣∣∣χS

〉
.

Since
〈
χS

∣∣∣Ŝ1zŜ2z

∣∣∣χS

〉
= −1

4 and
〈
χT

∣∣∣Ŝ1zŜ2z

∣∣∣χS

〉
= 0, only the first integral survives,

giving the following result:

C(1)
0→1,S(t) =

iβ

2
√

2h̄

∫ t

0
ei E1−E0

h̄ t1e−t1/τdt1
∫ a

0
dx1φ

∗
1 (x1)φ

∗
2 (x1)φ1 (x1)φ1 (x1),
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where∫ a

0
dx1φ

∗
1 (x1)φ

∗
2 (x1)φ1 (x1)φ1 (x1) =

4
a2

∫ a

0
dx1

[
sin
(πx1

a

)]3
sin
(

2πx1

a

)
= 0.

Thus, we conclude that the transition |Ψ0⟩ → |Ψ1⟩ is forbidden in the first order of
time-dependent perturbation theory.

For the second excited state |Ψ2⟩, we have

C(1)
0→2(t) = −

i
h̄

∫ t

0
ei E2−E0

h̄ t1
〈

Ψ2

∣∣∣V̂1 (x1,x2, t1)
∣∣∣Ψ0

〉
dt1 = −

iβ
h̄

∫ t

0
ei E2−E0

h̄ t1e−t1/τdt1
∫ a

0
dx1

×
∫ a

0
dx2φ

∗
2 (x1)φ

∗
2 (x2)δ(x1− x2)φ1 (x1)φ1 (x2)

〈
χS

∣∣∣Ŝ1zŜ2z

∣∣∣χS

〉
=

iβ
4h̄

∫ t

0
ei E2−E0

h̄ t1e−t1/τdt1
∫ a

0
dx1φ

∗
2 (x1)φ

∗
2 (x1)φ1 (x1)φ1 (x1),∫ a

0
dx1φ

∗
2 (x1)φ

∗
2 (x1)φ1 (x1)φ1 (x1)=

4
a2

∫ a

0
dx1

[
sin
(πx1

a

)]2
[

sin
(

2πx1

a

)]2

=
1
a
,

C(1)
0→2(t) =

iβ
4ah̄

∫ t

0
ei E2−E0

h̄ t1e−t1/τdt1 =
iβτ
4a

1− e−t
(

1
τ+i E0−E2

h̄

)
h̄+ iτ(E0−E2)

.

Therefore, the probability becomes

P0→2(t) =
∣∣∣C(1)

0→2(t)
∣∣∣2 = τ2β2

16a2

1+ e−2t/τ− e−t/τ cos
(

t E0−E2
h̄

)
h̄2 +τ2 (E0−E2)

2 ,

1
T

=
E2−E0

h̄
=
π2h̄
ma2 ,

P0→2(t) =
∣∣∣C(1)

0→2(t)
∣∣∣2 = τ2β2T 2

16a2h̄2

1+ e−2t/τ− e−t/τ cos
( t

T

)
T 2 +τ2 .

Food for thought: Can you work out the probability within second order per-
turbation theory for the transition from the ground state to the first excited
state?

Problem 5.10
Two identical spinless bosons are in their ground state. Each particle has the same
electric charge, and it interacts with a charged center, but the interaction between the
two bosons is neglected.

Calculate the expectation values of (a) electric dipole moment d̂, (b) the magnetic
dipole moment µ̂, (c) and the electrical quadrupole moment Q̂i j.

This problem requires the definitions of electric and magnetic dipoles, and electric
quadrupoles. Since the particles interact via the Coulomb interaction, it is convenient
to represent the eigenstates of each particle as hydrogenic orbitals. The geometrical
representation with characteristic distances is given schematically in Figure 5.1.
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tFigure 5.1 Geometrical schematic of the two dipoles located in O1 and O2 with characteristic distances.

For bosons, the composite wave function is symmetric, thus for the ground state of
the two spinless particles, we have

|Ψ0⟩= ψ100 (x1)ψ100 (x2)⟩,

where ψnlm(x) are the eigenstates of the hydrogenic atom.
An important point here is the reference frame for evaluating all quantities. The

electric dipolemoment operator is d̂ = qρ̂12, where q is the charge and ρ̂12 is the distance
vector operator between the atoms represented as circular formations in Figure 5.1).
To find the expectation value of the electric dipole moment, then

⟨Ψ0|d̂ |Ψ0⟩= q⟨ψ100 (x1)ψ100 (x2)
∣∣ρ̂12

∣∣ψ100 (x1)ψ100 (x2)⟩
= q⟨ψ100 (x1)ψ100 (x2) |̂r1− r̂2|1|ψ100 (x1)ψ100 (x2)⟩,

where the subscript 1 indicates that the reference frame for the calculations is one
associated with particle (1), as shown in Figure 5.1).

The relationship between the system of reference centered at particle 1 and the one
centered at the position of particle 2 is

r̂2
∣∣
1 = ρ̂12 + r̂2

∣∣
2.

a) From here, we find

⟨Ψ0|d̂ |Ψ0⟩= q
(
⟨ψ100 (x1)

∣∣̂r1
∣∣ψ100 (x1)⟩⟨ψ100 (x2) | ψ100 (x2)⟩

−⟨ψ100 (x2)
∣∣̂r2
∣∣
1 | ψ100 (x2)⟩⟨ψ100 (x1) | ψ100 (x1)⟩

)
= q

(
⟨ψ100 (x1)

∣∣̂r1
∣∣ψ100 (x1)⟩− ⟨ψ100 (x2) |̂r2|1|ψ100 (x2)⟩

)
= q

(
⟨ψ100 (x1)

∣∣̂r1
∣∣ψ100 (x1)⟩− ⟨ψ100 (x2) |ρ̂12 + r̂2|2|ψ100 (x2)⟩

)
= (⟨ψ100 (x1) |̂r1|ψ100 (x1)⟩−ρ12⟨ψ100 (x2) |ψ100 (x2)⟩
−⟨ψ100 (x2) |̂r2|2|ψ100 (x2)⟩) = q(0−ρ12−0) = qρ12,

where we have used that ⟨ψ100 (x1) |̂r1|ψ100 (x1)⟩= 0 because of parity.
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b) The magnetic moment is µ̂= −µB

(
L̂+geŜ

)
(where µB is the Bohr magneton, and

ge the gyromagnetic ratio). Here, for each particle, we have L= 0 and S = 0, but the
total angular moment and spin of the composite system has to be calculated more
carefully. In particular, using that L̂ = r̂× p̂ = −ih̄̂r×∇, we obtain〈

Ψ0|L̂|Ψ0
〉
=
〈
ψ100 (x1)ψ100 (x2)

∣∣∣(L̂1⊗ Î2 + Î1⊗ L̂2

)∣∣∣ψ100 (x1)ψ100 (x2)
〉

= ⟨ψ100 (x1) |L̂1|ψ100 (x1)⟩⟨ψ100 (x2) | ψ100 (x2)⟩+ ⟨ψ100 (x1) | ψ100 (x1)⟩
⟨ψ100 (x2) |L̂2|ψ100 (x2)⟩

= −ih̄⟨ψ100 (x1) |̂r1×∇1|ψ100 (x1)⟩− ih̄⟨ψ100 (x2) |̂r2|1×∇2 | ψ100 (x2)⟩
= −ih̄⟨ψ100 (x1) |̂r1×∇1|ψ100 (x1)⟩− ih̄⟨ψ100 (x2) |(ρ̂12 + r̂2

∣∣
2)×∇2|ψ100 (x2)⟩

= −ih̄⟨ψ100 (x1) |̂r1×∇1|ψ100 (x1)⟩− ih̄⟨ψ100 (x2) |ρ̂12×∇2|ψ100 (x2)⟩
− ih̄⟨ψ100 (x2) |̂r2|2×∇2 | ψ100 (x2)⟩

= ⟨ψ100 (x1) |L̂1|ψ100 (x1)⟩+ρ12×⟨ψ100 (x2) |p̂2|ψ100 (x2)⟩
+ ⟨ψ100 (x2) |L̂2|ψ100 (x2)⟩.

The above result indicates that the expectation value of the total angular momen-
tum is the sum of the angular momentum of each particle (in its own reference
frame) plus the “classical” contribution due to the particular geometry of the sys-
tem. Therefore, since the angular momentum is odd under parity transformation
while ψ100(x) is even, we have ⟨ψ100(x)|L̂|ψ100(x)⟩= 0. Due to the same argument,
we have that ⟨ψ100(x)|p̂|ψ100(x)⟩=0 as well; therefore, we have

⟨Ψ0|L̂|Ψ0⟩= 0.

The total spin of the system is obtained as

⟨Ψ0|Ŝ|Ψ0⟩= ⟨ψ100 (x1)ψ100 (x2) |(Ŝ1⊗ Î2 + Î1⊗ Ŝ2)|ψ100 (x1)ψ100 (x2)⟩
= ⟨ψ100 (x1) |Ŝ1|ψ100 (x1)⟩⟨ψ100 (x2) | ψ100 (x2)⟩
+ ⟨ψ100 (x1) | ψ100 (x1)⟩⟨ψ100 (x2) |Ŝ2|ψ100 (x2)⟩

= ⟨ψ100 (x1) |Ŝ1|ψ100 (x1)⟩+ ⟨ψ100 (x2) |Ŝ2|ψ100 (x2)⟩.

From here, using that the two particles have spin 0, ⟨ψ100 (x1) |Ŝ1|ψ100 (x1)⟩ =
⟨ψ100 (x2) |Ŝ2|ψ100 (x2)⟩= 0, we obtain that ⟨Ψ0|Ŝ|Ψ0⟩= 0.

Then, we conclude that

⟨Ψ0|µ̂|Ψ0⟩= 0.

c) The quadruple moment is a tensor with components Q̂i j = q
(

3r̂ir̂ j −δi j r̂
2
)
, where r̂i

are the x,y,z components of r̂= r̂1− r̂2
∣∣
1 = r̂1−

(
ρ̂12 + r̂2

∣∣
2

)
= r̂1− r̂2

∣∣
2− ρ̂12, where

the subscript 2 indicates the reference frame for particle 2. From here, using that
the wave function normalizations and the parity arguments are as discussed above,
we find that

⟨Ψ0
∣∣r̂ir̂ j

∣∣Ψ0⟩= ⟨ψ100 (x1)ψ100 (x2)
∣∣(r̂1,i − r̂2,i

∣∣
2 − ρ̂12,i

)(
r̂1, j − r̂2, j

∣∣
2 − ρ̂12, j

)∣∣ψ100 (x1)ψ100 (x2)⟩
= ⟨ψ100 (x1)

∣∣r̂1,ir̂1, j
∣∣ψ100 (x1)⟩+ ⟨ψ100 (x2)

∣∣r̂2,i
∣∣
2 r̂2, j

∣∣
2

∣∣ψ100 (x2) ⟩+ρ12,iρ12, j,
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where ⟨ψ100 (x1) |ψ100 (x1)⟩ = 1 and the parity property ⟨ψ100 (x1) |r̂1,i|ψ100 (x1)⟩ =
⟨ψ100 (x2)

∣∣r̂2,i|2
∣∣ψ100 (x2)⟩= 0 are taken into account.

Using that ⟨ψ100(x)
∣∣r̂ir̂ j

∣∣ψ100(x)⟩= a2
Bδi j and the spherical symmetry of ψ100(x),

for all components i = {1,2,3}, we further find

⟨Ψ0|r̂ir̂ j |Ψ0⟩= 2⟨ψ100 (x1) |r̂1,ir̂1, j |ψ100 (x1)⟩+ρ12,iρ12, j

= 2δi j⟨ψ100(x)|r̂2
i |ψ100(x)⟩+ρ12,iρ12, j = 2δi ja2

B +ρ12,iρ12, j.

Therefore,

⟨Ψ0

∣∣∣Q̂i j

∣∣∣Ψ0⟩= ⟨Ψ0

∣∣∣q(3r̂ir̂ j −δi j r̂
2
)∣∣∣Ψ0⟩= q

(
3⟨Ψ0

∣∣r̂ir̂ j
∣∣Ψ0⟩− δi j⟨Ψ0

∣∣∣̂r2
∣∣∣Ψ0⟩

)
= q

(
3
[
2δi ja2

B +ρ12,iρ12, j
]
−δi j

[
6a2

B +ρ2
12
])

= q
(
3ρ12,iρ12, j −δi jρ

2
12
)
.

Thus, we conclude that the quadrupole moment of two identical spinless bosons
in their ground state only depends on their relative distance.

Problem 5.11
The purpose of this problem is to illustrate the application of Hund’s rules in the con-
struction of the electronic shell structure of atoms from the periodic table. The atomic
shell structure is constructed by considering that the electrons are identical fermionic
particles placed in the Coulomb potential from the nucleus and the electron–electron
interactions are neglected.

Often in chemistry and physics, electronic shell configurations 1s;2s;2p; . . . . are con-
venient, in other times the following notation 2S+1LJ is more suitable, where S is the
total spin, J is the grand total angular momentum, and L is the letter equivalent of the
orbital angular momentum.
First Hund’s rule – state with highest S has the lowest energy.
Second Hund’s rule – for a given S, the state with highest L has the lowest energy.
Third Hund’s rule – for a less than half-filled subshell (n, ℓ) one has J = |L − S|;

otherwise, J = L+S.
Conveniently, these rules are put together in a working scheme (shown to the right in

Figure 5.2) according to Madelung (Levine, 2008; Szabo & Ostlund, 1989). Simply by
following the arrows starting with the first shell for ℓ = 0, it is quite easy to construct
the electronic shell configurations of all atoms in the periodic table. For practice,

a) Construct the electronic shell configuration for nitrogen and give the appropriate
2S+1LJ notation;

b) Construct the electronic shell configuration for iron and give the appropriate 2S+1LJ

notation.

a) Nitrogen has seven identical electrons, thus using the above scheme the electron spin
distribution is given schematically as follows:
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tFigure 5.2 Schematic of the atomic shell structure.

In the above construction, we have used the following:

First Hund’s rule – the unfilled p-shell will have to accommodate first the same-spin
orientation, so S = 3

2 and Sz = ± 3
2 .

Second Hund’s rule – for this S = 3
2 the state with the highest angular momentum

is L = 0, because only in this case can the spatial wave function be antisymmetric.
We can check this by comparing the quantum numbers of these three p-electrons
(labeled as 1, 2, 3), as we have done in the following table below:

1 2 3

n 2 2 2
s 1/2 1/2 1/2
sz 1/2 1/2 1/2
l 1 1 1
m 1 0 −1

By the Pauli exclusion principle, we cannot have two electrons with the same
quantum numbers; therefore, the only possible quantum number m must be differ-
ent for the three electrons. As a consequence, the projection over the z-axis of the
composite angular momentum is always zero, and this fact limits the composite
angular momentum as zero as well, thus L = 0.

Third Hund’s rule – J = |L+S| since the (2p) shell is half-filled, thus we take
J = |L+S|=

∣∣0+ 3
2

∣∣= 3
2 .

So, the electronic shell configuration is

(1s)2(2s)2(2p)3 and 4S3/2.

Note that when the shells are half or completely filled, for example (3p)3, (3p)6,
(3d)5, (3d)10, the second Hund’s rule always yields L = 0 because of the necessity
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to antisymmetrize the spatial part of the wave function since all electrons are up
(ms =

1
2 ).

b) Construct the electron shell structure and give the 2S+1LJ notation for iron.
Iron has 26 identical electrons; thus, using the preceding scheme, we write

First Hund’s rule – the unfilled d-shell will have to accommodate first the same-spin
orientation, so S = 2 and Sz = ±2.
Second Hund’s rule – for this S = 2 the state with the highest angular momentum is
L= 2.We can check this by comparing the quantumnumbers of the four p-electrons
(labeled as 1, 2, 3, 4), remembering that all quantum numbers have to be different
because of the Pauli exclusion principle:

1 2 3 4

n 3 3 3 3
s 1/2 1/2 1/2 1/2
sz 1/2 1/2 1/2 1/2
l 2 2 2 2
m 2 1 0 −1

Third Hund’s rule – as the (3d) shell is more than half-filled, we have J = L+S = 4.
Following Hund’s rules as just shown, we get

(1s) 2 (2s) 2 (2p) 6 (3s) 2 (3p) 6 (4s) 2 (3d) 6 and 5D4.

Problem 5.12
We have N identical noninteracting particles whose total Hamiltonian is a sum of the
single-particle Hamiltonians.

a) What is the energy for the ground state if the particles are spinless bosons?
b) What is the energy for the ground state if the particles are electrons?
c) Write down explicitly the wave functions and energies for three identical spinless

bosons and three identical electrons.
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TheHamiltonian for the N particles is Ĥ =
N
∑

n=1
Ĥn and the eigenstates and eigenenergies

for each individual single-particle Hamiltonian Ĥn are Ĥn

∣∣∣ψ(n)
k

〉
= E(n)

k

∣∣∣ψ(n)
k

〉
.

a) If the particles are spinless bosons, then all particles are found in the same single-
particle ground state with energy

E =
N

∑
n=1

E1 = NE1,

where E1 is the single-particle ground energy.
b) If the particles are spin = 1/2 fermions, then we have to take into account Pauli’s

exclusion principle that two identical fermions cannot occupy the same state. This

means every energy level
∣∣∣ψ(n)

k

〉
can only host two electrons with spin up and down.

Thus, the total energy is E = 2
N
∑

i=1
Ei,

E = 2
M=N/2

∑
n=1

En

for an even number N = 2M of fermions, or

E = 2
M=(N−1)/2

∑
n=1

En +EM+1

for an odd number N = (2M+1) of fermions. The prefactor 2 comes from the fact
that s = 1

2 .
c) For three spinless bosons, the wave function is Ψ = ψ1 (x1)ψ1 (x2)ψ1 (x3) with

E = 3E1, as shown in Figure 5.3.
For 3 s = 1

2 fermions, the wave function is any linear combination of

∣∣Ψ↑ (x1,x2,x3)
〉
=

1√
3!

∣∣∣∣∣∣
ψ1↑ (x1) ψ1↑ (x2) ψ1↑ (x3)

ψ1↓ (x1) ψ1↓ (x2) ψ1↓ (x3)

ψ2↑ (x1) ψ2↑ (x2) ψ2↑ (x3)

∣∣∣∣∣∣
and ∣∣Ψ↓ (x1,x2,x3)

〉
=

1√
3!

∣∣∣∣∣∣
ψ1↑ (x1) ψ1↑ (x2) ψ1↑ (x3)

ψ1↓ (x1) ψ1↓ (x2) ψ1↓ (x3)

ψ2↓ (x1) ψ2↓ (x2) ψ2↓ (x3)

∣∣∣∣∣∣
with energy E = 2E1 +E2, as shown in Figure 5.3.

tFigure 5.3 Ground-state atomic-level populations for spinless bosons and s = 1
2 fermions.
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Problem 5.13
A porphyrin ring is a type of a biological molecule, which can be represented as having
18 electrons constrained in a one-dimensional circular path of a constant radius.

a) What are the one-particle eigenfunctions of the systems when the mutual electron–
electron interaction is neglected?

b) What is the distribution of electrons for the ground state of this molecule?

a) To continue with this problem, we recognize that the circular periodic bound-
ary conditions must be imposed on the Schrödinger equation, which yields the
eigenenergies and eigenfunctions for the identical s = 1

2 fermions.
The Schrödinger equation can be written in 2D polar coordinates, but since

r=const, the problem is dependent on the angular variable θ only. Thus, we have

Ĥψ(θ) = − h̄2

2mr2
d2

dθ2ψ(θ) = Eψ(θ),

ψ(θ) =
eikθ
√

2π
; Ek =

h̄2k2

2mr2 .

From the periodic boundary conditions ψ(θ) = ψ(θ + 2π), we find that
k = {0,±1,±2, . . .}. Which makes the energy Ek quantized. In summary, we have

ψk(θ) =
eikθ
√

2π
; Ek

h̄2k2

2mr2 ; k = 0,±1,±2, . . .

b) The electronic distribution is such that E0 can accommodate two electrons with
spin up and down, while every other Ei will accommodate four electrons since
k = {±1, ±2, . . .}, as see Figure 5.4.

tFigure 5.4 Ground-state atomic-level populations for electrons in the porphyrin ring.
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The ground state of these 18 electrons is then:

(k = 0)2(k = 1)4(k = 2)4(k = 3)4(k = 4)4.

Problem 5.14
Consider N noninteracting spinless (aka ignoring the spin degree of freedom) fermions
of mass m placed in a one-dimensional harmonic oscillator V (x̂) = 1

2 mω2x̂2.

a) Obtain the normalized wave functions for the composite state with the correspond-
ing energies. Indicate the degeneracies for the first three levels and calculate their
energies explicitly.

b) Calculate
〈 N

∑
i=1

x̂2
i

〉
for the first three levels of the composite state.

a) The Hamiltonian for the system is a sum of all the individual Hamiltonians for each
particle,

Ĥ =
N

∑
i=1

(
p̂2

i
2m

+
1
2

mω2x̂2
i

)
.

The wave function for the composite fermionic state can be found from the Slater
determinant,

Ψn1n2n3···nN (x1,x2, . . . , xN) =
1√
N!

∣∣∣∣∣∣∣∣∣
ψn1 (x1) ψn1 (x2) · · · ψn1 (xN)

ψn2 (x1) ψn2 (x1) · · · ψn2 (xN)
...

...
. . .

...
ψnN (x1) ψnN (x2) · · · ψnN (xN)

∣∣∣∣∣∣∣∣∣
=

1√
N!

∑
P
(−1) PP [ψn1 (x1)ψn2 (x2) · · ·ψnN (xN)] ,

where ni labels the single-particle states and P denotes the permutation operation
with (−1)P = ±1 for even (odd) permutations. The energy for this composite state
is

En1,n2, ..., nN = h̄ω
N

∑
i=1

(
1
2
+ni

)
= h̄ω

(
N
2
+

N

∑
i=1

ni

)
.

For the ground state,

|Ψ0⟩ ≡Ψ0,1,2, ..., N−1 =
1√
N!

∑
P
(−1) PP [ψ0 (x1)ψ1 (x2) · · ·ψN−1 (xN)] ,

E0,1, ..., N−1 = h̄ω

(
N
2
+

N−1

∑
k=1

k

)
= h̄ω

(
N
2
+

N (N −1)
2

)
=

h̄ω
2

N2.

For the first excited state,
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∣∣ΨN−1
N
〉
≡Ψ0,1,2, ..., N−2,N

=
1√
N!

∑
P
(−1) PP [ψ0 (x1)ψ1 (x2) · · ·ψN−2 (xN−1)ψN (xN)] ,

E0,1, ..., N−2,N = h̄ω

(
N
2
+

N−2

∑
k=1

k+N

)
=

h̄ω
2
(
N2 +2

)
.

Let us note here that the first excited state can equivalently be represented
using the creation, annihilation fermionic operators â+

i , âi(i = 1, . . .N), such that∣∣ΨN−1
N

〉
= â+

N âN−1 |Ψ0⟩.
The second excited state is doubly degenerated; we have∣∣ΨN−1
N+1
〉
≡Ψ0,1, ..., N−2,N+1=

1√
N!

∑
P
(−1) PP [ψ0 (x1)ψ1 (x2) · · ·ψN−2 (xN−1)ψN+1 (xN)] ,

and∣∣ΨN−2
N
〉
≡Ψ0,1, ..., N−3,N−1,N =

1√
N!

∑
P
(−1) PP [ψ0 (x1) · · ·ψN−3(xN−2)ψN−1(xN−1)ψN(xN)] ,

with

E0,1, ...,N−2,N+1 = E0,1, ...,N−3,N−1,N = h̄ω

(
N
2
+

N−2

∑
k=1

k+(N +1)

)
=

h̄ω
2
(
N2 +4

)
.

Equivalently,
∣∣ΨN−1

N+1

〉
= â+

N+1âN−1 |Ψ0⟩ and
∣∣ΨN−2

N

〉
= â+N âN−2 |Ψ0⟩. It is now easy

to see that the nth excited state has degeneracy n. Can you explain why?

b) To calculate
〈 N

∑
i=1

x̂2
i

〉
, we can use the virial theorem for the harmonic oscillator

⟨T ⟩= ⟨V ⟩= E
2
,

where the averaging is done with respect to the corresponding state with energy
E. Basic derivations and properties of the virial theorem can be found in Grif-

fiths (2004), for example. From the Hamiltonian Ĥ =
N
∑

i=1

(
p̂2

i
2m + 1

2 mω2x̂2
i

)
, we obtain

⟨V ⟩=
〈 N

∑
i=1

( 1
2 mω2x̂2

i
)〉

= 1
2 mω2

〈 N
∑

i=1
x̂2

i

〉
= E

2 , thus
〈 N

∑
i=1

x̂2
i

〉
= E

mω2 .

Therefore, for the ground state,
〈

∑N
i=1 x̂2

i

〉
= h̄

2mωN2.

For the first excited state,
〈

∑N
i=1 x̂2

i

〉
= h̄

2mω (N
2 +2).

For the second excited state,
〈

∑N
i=1 x̂2

i

〉
= h̄

2mω (N
2 +4).

Problem 5.15

A many-particle state can be written as |n1n2 · · ·nk · · · ⟩=
[

∏
k=1

(â+
k )

nk
√

nk!

]
|0⟩, where â+

k are

the creation operators for the kth particle with occupation ni and |0⟩ is the vacuum. In
the case of fermions, nk is either 0 or 1 according to Pauli’s exclusion principle, while
in the case of bosons, nk can be any positive integer number.
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Prove that for fermions, we have
{

âm , â+
ℓ

}
= δmℓ, while for bosons we have[

âm , â+
ℓ

]
=δmℓ. For this purpose, you can assume that

{
â+m , â+

ℓ

}
=0=

{
âm , âℓ

}
for

fermions and
[
â+

m , â+
ℓ

]
=0=

[
âm , âℓ

]
for bosons.

We begin with the case ℓ ̸= m by considering the different possibilities for action of the
anticommutator

{
âm , â+

ℓ

}
, as determined by the many-particle state occupations,{

âm , â+
ℓ

}
|n1, . . . , nm = 0, . . . , nℓ = 0, . . . , nR⟩

= âm â+
ℓ |n1, . . . , 0m, . . . , 0ℓ . . . , nR⟩+ â+

ℓ âm |n1, . . . , 0m, . . . , 0ℓ . . . , nR⟩

= âm (−1)
ℓ−1
∑

k=1
nk |n1, . . . , 0m, . . . , 1ℓ . . . , nR⟩+0 = 0,{

âm , â
+
ℓ

}
|n1, . . . , nm = 1, . . . , nℓ = 0, . . . , nR⟩

= âm â+
ℓ |n1, . . . , 1m, . . . , 0ℓ . . . ,nR⟩+ â+

ℓ âm |n1, . . . , 1m, . . . , 0ℓ . . . , nR⟩

= (−1)
ℓ−1
∑

k=1
nk

âm |n1, . . . , 1m, . . . , 1ℓ, . . . , nR⟩+(−1)
m−1
∑

k=1
nk

â+
ℓ |n1, . . . , 0m, . . . , 0ℓ . . . , nR⟩

= (−1)
ℓ−1
∑

k=1
nk
(−1)

m−1
∑

k=1
nk |n1, . . . , 0m, . . . , 1ℓ, . . . , nR⟩

+(−1)
m−1
∑

k=1
nk
(−1)

−1+
ℓ−1
∑

k=1
nk |n1, . . . , 0m, . . . , 1ℓ, . . . , nR⟩

= (−1)
ℓ−1
∑

k=m−1
nk |n1, . . . , 0m, . . . , 1ℓ, . . . , nR⟩− (−1)

ℓ−1
∑

k=m−1
nk |n1, . . . , 0m, . . . , 1ℓ, . . . , nR⟩= 0.

Note that, in the second term, we have applied one less exchange because we have
already destroyed the particle |1m⟩.{

âm , â
+
ℓ

}
|n1, . . . , nm = 0, . . . , nℓ = 1, . . . , nR⟩

= âm â+
ℓ |n1, . . . , 0m, . . . , 1ℓ . . . , nR⟩+ â+

ℓ âm |n1, . . . , 0m, . . . , 1ℓ, . . . , nR⟩= 0+0 = 0,{
âm , â

+
ℓ

}
|n1, . . . , nm = 1, . . . , nℓ = 1, . . . , nR⟩

= âm â+
ℓ |n1, . . . , 1m, . . . , 1ℓ . . . , nR⟩+ â+

ℓ âm |n1, . . . , 1m, . . . , 1ℓ, . . . , nR⟩

= 0+ â+
ℓ (−1)

m−1
∑

k=1
nk |n1, . . . , 0m, . . . , 1ℓ, . . . , nR⟩= 0.

Then, if ℓ ̸= m, we have
{

âm , â
+
ℓ

}
|n1, . . . , nR⟩= 0.

Now we consider the different cases for m = ℓ, as dictated by the many-particle state
occupations:{
âℓ , â

+
ℓ

}
|n1, . . . , nℓ = 0, . . . , nR⟩

= âℓ â+
ℓ |n1, . . . , 0ℓ . . . , nR⟩+ â+

ℓ âℓ |n1, . . . , 0ℓ . . . , nR⟩= âℓ (−1)
ℓ−1
∑

k=1
nk |n1, . . . , 1ℓ, . . . , nR⟩+0

= (−1)
2
ℓ−1
∑

k=1
nk |n1, . . . , 0ℓ, . . . , nR⟩= |n1, . . . , 0ℓ, . . . , nR⟩,{

âℓ , â
+
ℓ

}
|n1, . . . , nℓ = 1, . . . , nR⟩

= âℓ â+
ℓ |n1, . . . , 1ℓ . . . , nR⟩+ â+

ℓ âℓ |n1, . . . , 1ℓ . . . , nR⟩= 0+ â+
ℓ (−1)

ℓ−1
∑

k=1
nk |n1, . . . , 0ℓ, . . . , nR⟩
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= (−1)
2
ℓ−1
∑

k=1
nk |n1, . . . , 1ℓ . . . , nR⟩= |n1, . . . , 1ℓ . . . , nR⟩.

Then, if ℓ = m, we have
{

âℓ, â+
ℓ

}
|n1, . . . , nR⟩ = |n1, . . . , nR⟩. In summary,{

âm, â+
ℓ

}
= δmℓ.

The commutation relation for bosons
[
âm, â+

ℓ

]
= δmℓ is left as an exercise.

Problem 5.16
Consider the number operator n̂α = ĉ +

α ĉα for the case of fermionic particles. Show that[
n̂α, n̂β

]
= 0.

Using
{

ĉα , ĉ +
β

}
= δαβ and

{
ĉα, ĉβ

}
=
{

ĉ +
α , ĉ +

β

}
= 0, we obtain[

n̂α, n̂β
]
= ĉ +

α ĉαĉ +
β ĉβ− ĉ +

β ĉβĉ
+
α ĉα = n̂αn̂β− ĉ +

β

(
δαβ− ĉ +

α ĉβ
)

ĉα

= n̂αn̂β−δαβĉ +
β ĉα+ ĉ +

β ĉ +
α ĉβĉα = n̂αn̂β−δαβĉ +

β ĉα+
(
−ĉ +

α ĉ +
β

)(
−ĉαĉβ

)
= n̂αn̂β+ ĉ +

α ĉ +
β ĉαĉβ−δαβĉ +

β ĉα = n̂αn̂β+ ĉ +
α

(
δαβ− ĉαĉ +

β

)
ĉβ−δαβĉ +

β ĉα

= n̂αn̂β+δαβĉ
+
α ĉβ− ĉ +

α ĉαĉ +
β ĉβ−δαβĉ +

β ĉα

= n̂αn̂β− n̂αn̂β+δαβ

(
ĉ +
α ĉβ− ĉ +

β ĉα
)
= δαβ

(
ĉ +
α ĉα− ĉ +

α ĉα
)
= 0.

Problem 5.17
TheHamiltonian of a chain of even N particles separated by a distance a can be given as

Ĥ =
1
2

N/2

∑
µ=−N/2

[
p̂2
µ+
(
q̂µ− q̂µ−1

)2
]
,

where p̂µ and q̂µ are the momentum and position operators for each particle
µ= {1,2,3, . . . ,N}. The operators are Hermitian and satisfy the commutation relations[
q̂µ, q̂ν

]
=
[
p̂µ, p̂ν

]
= 0;

[
q̂µ, p̂ν

]
= iδµν. There are also periodic boundary conditions,

such that q̂µ+N = q̂µ.
Let us define new operators via the relations:

q̂µ =
1
N

N/2

∑
n=−N/2

Q̂kne−iknµa; p̂µ =
1
N

N/2

∑
n=−N/2

P̂kneiknµa,

where kn =
2πn
Na , n =

{
−N

2 , −
N
2 +1, . . . , N

2

}
.

a) Find similar expressions for the Q̂kn and P̂kn operators.

b) Evaluate the commutator
[
Q̂kn , P̂km

]
.

c) Express the Hamiltonian in the new operators Q̂kn and P̂kn .
d) Obtain the infinite chain limit N→∞with the interatomic separation kept constant

a = const.
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e) Obtain the continuous limit of thisHamiltonian by taking the limit a→ 0 by keeping
the length of the chain constant Na = L.

a) To find an expression for the Q̂kn operator, both sides of the definition of q̂µ are
multiplied accordingly by eikmµa, and summed for all µ:

q̂µ =
1
N

N/2

∑
n=−N/2

Q̂kne−iknµa,

N/2

∑
µ=−N/2

q̂µeikmµa =
N/2

∑
µ=−N/2

(
1
N

N/2

∑
n=−N/2

Q̂kne−iknµa

)
e−ikmµa

=
1
N

N/2

∑
n=−N/2

Q̂kn

N/2

∑
µ=−N/2

e−i(kn−km)µa.

Using that
1
N

N/2

∑
µ=−N/2

e−i(kn−km)µa = δnm, we obtain

N/2

∑
µ=−N/2

q̂µeikmµa =
N/2

∑
n=−N/2

Q̂knδnm = Q̂km .

In a similar way, we find

P̂km =
N/2

∑
µ=−N/2

p̂µe−ikmµa.

b) Next, we evaluate the commutator
[
Q̂kn , P̂km

]
using the definitions of the operators

directly and the relation
[
q̂µ, p̂ν

]
= iδµν:[

Q̂kn , P̂km

]
=

[
N/2

∑
µ=−N/2

q̂µeiknµa,
N/2

∑
ν=−N/2

p̂νe−ikmνa

]
=

N/2

∑
µ=−N/2

N/2

∑
ν=−N/2

eiknµae−ikmνa
[
q̂µ, p̂ν

]
=

N/2

∑
µ=−N/2

N/2

∑
ν=−N/2

eiknµae−ikmνaiδµν = i
N/2

∑
µ=−N/2

ei(kn−km)µa = iNδnm.

c) To reexpress the Hamiltonian Ĥ =
1
2

N/2

∑
µ=−N/2

[
p̂2
µ+
(
q̂µ− q̂µ−1

)2
]
, we substitute each

operator by the given definitions q̂µ and p̂µ:

N/2

∑
µ=−N/2

p̂2
µ =

N/2

∑
µ=−N/2

1
N

N/2

∑
n=−N/2

P̂kneiknµa 1
N

N/2

∑
m=−N/2

P̂kneikmµa

=
1

N2

N/2

∑
n=−N/2

N/2

∑
m=−N/2

P̂kn P̂km

N/2

∑
µ=−N/2

ei(kn+km)µa

=
1
N

N/2

∑
n=−N/2

N/2

∑
m=−N/2

P̂kn P̂kmδn(−m) =
1
N

N/2

∑
n=−N/2

P̂kn P̂k−n .
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For the second term in the Hamiltonian,

N/2

∑
µ=−N/2

(
q̂µ− q̂µ−1

)2
=

1
N

N/2

∑
n=−N/2

N/2

∑
m=−N/2

Q̂knQ̂km

(
1− eikma− eikna + ei(kn+km)a

)

× 1
N

N/2

∑
µ=−N/2

e−i(kn+km)µa

=
1
N

N/2

∑
n=−N/2

N/2

∑
m=−N/2

Q̂knQ̂km

(
1− eikma− eikna + ei(kn+km)a

)
δ(−n)m

=
1
N

N/2

∑
n=−N/2

Q̂knQ̂k−n

(
1− eik−na− eikna + ei(kn+k−n)a

)
.

Note that all remaining exponentials are µ-independent. Using now that
k−n =

2π(−n)
Na = −kn, we can further simplify this result to

N/2

∑
µ=−N/2

(
q̂µ− q̂µ−1

)2
=

1
N

N/2

∑
n=−N/2

Q̂knQ̂k−n

(
1− e−ikna− eikna + ei(kn−kn)a

)

=
1
N

N/2

∑
n=−N/2

Q̂knQ̂k−n (2−2cos(kna)).

Then, the Hamiltonian becomes

Ĥ =
1

2N

N/2

∑
n=−N/2

[
P̂kn P̂−kn + Q̂knQ̂−kn (2−2cos(kna))

]
.

d) To obtain the infinite chain limit, we start with the Hamiltonian

lim
N→∞

Ĥ =
1
2

∞
∑

µ=−∞

[
p̂2
µ+
(
q̂µ− q̂µ−1

)2
]
.

Applying the N→∞ limit in kn =
2πn
Na for all previous results, it is further found

lim
N→∞

q̂µ = lim
N→∞

1
N

N/2

∑
n=−N/2

Q̂kn e−i 2πn
Na µa = lim

N→∞
1
N

∫ N/2

−N/2
dnQ̂kne−i 2πn

Na µa

= lim
N→∞

1
N

Na
2π

∫ π
a

− πa
dkQ̂ke−ikµa =

a
2π

∫ π
a

− πa
dkQ̂ke−ikµa,

lim
N→∞

Q̂kn = lim
N→∞

Q̂k = lim
N→∞

N/2

∑
µ=−N/2

q̂µeikµa =
∞
∑

µ=−∞
q̂µeikµa.

Similarly, we obtain

lim
N→∞

p̂µ =
a

2π

∫ π
a

− πa
dkP̂keikµa,

lim
N→∞

P̂kn = lim
N→∞

P̂k =
∞
∑

µ=−∞
p̂µe−ikµa,
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lim
N→∞

Ĥ =
1
2

a
2π

∫ π
a

− πa
dk
[
P̂kP̂−k + Q̂kQ̂−k (2−2cos(ka))

]
,

lim
N→∞

[
q̂µ, p̂ν

]
= iδµν,

lim
N→∞

[
Q̂kn , P̂km

]
=
[
Q̂k, P̂u

]
= i

2π
a
δ(k−u) .

Note that the integrals in reciprocal space are carried out over the first Brillouin
Zone, and VBZ = 2π

a .
e) Finally, to find the continuous limit of the preceding Ĥ, using Na = L and x = µa,

we note that kn =
2πn
Na = 2πn

L . Thus, the operators can be written as

lim
N→∞
Na=L

Ĥ = lim
N→∞
Na=L

1
2

N/2

∑
µ=−N/2

[
p̂2(µa)+(q̂(µa)− q̂(µa−a))2

]

= lim
N→∞
Na=L

1
2

∫ N/2

−N/2
dµ

[
p̂2(µa)+

(
q̂(x)−

[
q̂(µa)−a∂xq̂(µa)+

a2

2
∂ 2

x q̂(µa)+ . . .

])2]

= lim
N→∞
Na=L

1
2a

∫ aN/2

−aN/2
dx

[
p̂2(x)+

(
a∂xq̂(x)− a2

2
∂ 2

x q̂(x)+ . . .

)2]

=
1

2a

∫ L/2

−L/2
dx
[

p̂2(x)+a2 (∂xq̂(x))2
]
.

If we apply the N→∞ limit by keeping Na = L to all the results obtained earlier
(with kn =

2πn
Na ), we find that the operators tend to singular operators that depend

explicitly on the infinitesimal separation of particles a, as we demonstrate in the
following:

lim
N→∞
Na=L

q̂µ = lim
N→∞
Na=L

q̂(x = µa) = lim
N→∞
Na=L

1
N

N/2

∑
n=−N/2

Q̂kne−i 2πn
Na x = lim

N→∞
Na=L

1
N

∫ N/2

−N/2
dnQ̂(kn)e−i 2πn

L x

= lim
N→∞
Na=L

1
N

L
2π

∫ π
a

− πa
dkQ̂(k)e−ikx = lim

N→∞
Na=L

a
2π

∫ π
a

− πa
dkQ̂(k)e−ikx,

lim
N→∞
Na=L

Q̂kn = lim
N→∞
Na=L

Q̂(kn) = lim
N→∞
Na=L

N/2

∑
µ=−N/2

q̂(µa)ei 2πn
Na µa = lim

N→∞
Na=L

∫ N/2

−N/2
dµq̂(µa)ei 2πn

L µa

=
1
a

∫ L/2

−L/2
dxq̂(x)eikx.

To avoid this problem, we redefine the conjugate position as Q̂(k) = aQ̂(k); then
we obtain

Q̂(k) = lim
N→∞
Na=L

aQ̂(k) =
∫ L/2

−L/2
dxq̂(x)eikx,

lim
N→∞
Na=L

q̂(x = µa) =
∫ ∞
−∞

dk
2π

Q̂(k)e−ikx.
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Similarly, the momentum operators are obtained as

P̂(k) = lim
N→∞
Na=L

aP̂(k) =
∫ L/2

−L/2
dxp̂(x)e−ikx,

lim
N→∞
Na=L

p̂(x = µa) =
∫ ∞
−∞

dk
2π

P̂(k)eikx,

lim
N→∞
Na=L

Ĥ =
1
2

∫ ∞
−∞

dk
2π

[
P̂(k)P̂(−k)+ Q̂(k)Q̂(−k) (ka)2

]
,

lim
N→∞
Na=L

[
q̂α, p̂β

]
= lim

N→∞
Na=L

[q̂(x), p̂(y)] = iδ(x− y),

lim
N→∞
Na=L

[
aQ̂kn ,aP̂km

]
=
[
Q̂(k),P̂(u)

]
= iLsinc

(
L
2
(k−u)

)
−−−−→
L→∞

i
δ(k−u)

2π
.

Note that this rescaling transformation is valid because all observables are kept
invariant. We could also have used this transformation to symmetrize all the
operators obtained in this exercise. Try it!

Food for thought: The atoms of a crystal can be thought of as d-dimensional
chains of particles separated by a small periodic given distance. Thus, the
dynamics of the perturbation from the equilibrium of those chains (called
phonons in this context) is given by the d-dimensional generalization of the
Hamiltonian we have derived here.

Problem 5.18

Consider the many-body density operator in real space given as n̂(x) =
N
∑

i=1
δ (̂ri−x),

where r̂i is the position operator for an ith particle and x is a spatial vector.
Give its second quantized picture in (a) position x and (b) momentum k spaces.

We first consider the second quantized form in coordinate space, x. For this
purpose, it is useful to remember that if an operator Â consists of many sin-
gle operators, then the Fock space can be built from the eigenstates of these
single operators. Specifically, for the operator Â = ∑N

i=1 Âi, in the first quantiza-
tion picture, we have a basis where Âi|a1a2 . . .ai . . .aN⟩ = λi|a1a2 . . .ai . . .aN⟩, thus
Âi|a1a2 . . .ai . . . .aN⟩= ∑N

i=1 λi|a1a2 . . .ai . . .aN⟩.
This, on the other hand, can be written in terms of the occupation number

operator as

Â|n1 . . .ni . . .nR⟩=
R

∑
i=1

niÂi|n1 . . .ni . . .nR⟩=
R

∑
i=1

niλi|n1 . . .ni . . .nR⟩=
R

∑
i=1

λiĉ+i ĉi|n1 . . .ni . . .nR⟩,

Â =
R

∑
i=1

λiĉ+i ĉi,
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where we have used that ĉ+
i ĉi|n1 . . .ni . . .nR⟩= n̂i|n1 . . .ni . . .nR⟩= ni|n1 . . .ni . . .nR⟩. Fur-

ther, using a unitary change of eigenbasis |ai⟩ with corresponding creation and
annihilation operators d̂+

i , d̂i, we can write

|αm⟩=
N

∑
i=1
|ai⟩⟨ai|αm⟩.

Since |αm⟩= ĉ+
m |0⟩ and |ai⟩= d̂+

i |0⟩, the creation and annihilation operators of |αm⟩
states can thus be written as

ĉ+
m =

N

∑
i=1

d̂+
i ⟨ai|αm⟩∗,

ĉi =
N

∑
m=1
⟨ai|αm⟩d̂m.

One can further represent the operator Â in Fock space built from the single-particle
states |α1α2 . . .αi . . .αN⟩ according to

Â =
N

∑
i=1

λiĉ+
i ĉi =

N

∑
i=1

λi

N

∑
m=1

d̂+
m ⟨αm|ai⟩

N

∑
n=1
⟨ai|αn⟩d̂n =

N

∑
m=1

N

∑
n=1

d̂+
m

N

∑
i=1
⟨αm|ai⟩λi⟨ai|αn⟩d̂n.

We recognize that Â(1) =
N
∑

i=1
|ai⟩λi⟨ai| is an operator composed from the sum of one-

particle operators Âi in spectral representation. Thus, in general,

Â =
N

∑
m=1

N

∑
n=1

d̂+
m ⟨αm|Â(1)|αn⟩d̂n =

N

∑
m=1

N

∑
n=1

d̂+
m A(1)

mn d̂n.

a) Based on the preceding, the general expression for the many-body density operator

n̂(x) =
N
∑

i=1
n̂(1)i (x) =

N
∑

i=1
δ (̂ri−x) is

n̂(x) = ∑
α,β

â+
α ⟨α|n̂(1)(x)|β⟩α̂β,

where n̂(1)1 (x) = δ (̂ri−x) is the density operator of the ith particle.
Using the change of basis in real space, we have

ĉ+(x) = ∑
α

â+
α ⟨α|x⟩, ĉ(x) = ∑

α

⟨x|α⟩âα,

â+
α =

∫
d3xĉ+(x)⟨x|α⟩, âα =

∫
d3x⟨α|x⟩ĉ(x),

n̂(x) = ∑
α,β

â+
α ⟨α|n̂(1)(x)|β⟩âβ= ∑

α,β

∫
d3x1ĉ+(x1)⟨x1|α⟩⟨α|n̂(1)(x)|β⟩

∫
d3x2⟨β|x2⟩ĉ(x2)

=

∫
d3x1

∫
d3x2 ∑

α,β

ĉ+(x1)⟨x1|α⟩⟨α|n̂(1)(x)|β⟩⟨β|x2⟩ĉ(x2)

=

∫
d3x1

∫
d3x2ĉ+(x1)⟨x1|

[
∑
α

|α⟩⟨α|
]

n̂(1)(x)

[
∑
β

|β⟩⟨β|
]
|x2⟩ĉ(x2)

=

∫
d3x1

∫
d3x2ĉ+(x1)⟨x1|n̂(1)(x)|x2⟩ĉ(x2).

https://doi.org/10.1017/9781009355414.005 Published online by Cambridge University Press

https://doi.org/10.1017/9781009355414.005


143 5 Identical Particles and Elements of Second Quantization

In the preceding, we have used the identity operator Î = ∑
α
|α⟩⟨α|. Also, from

the definition n̂(1)(x) = δ(̂ri − x), the action f (̂r)|x⟩ = f (x)|x⟩, and the identity
⟨x1|x2⟩= δ(x1−x2), we find

⟨x1|n̂(1)(x)|x2⟩= ⟨x1|δ(̂r−x)|x2⟩= ⟨x1|x2⟩δ(x2−x) = δ(x1−x2)δ(x2−x).

Then,

n̂(x) =
∫

d3x1

∫
d3x2ĉ+(x1)δ(x1−x2)δ(x2−x)ĉ(x2) =

∫
d3x1ĉ+(x1)δ(x1−x)ĉ(x)

= ĉ+(x)ĉ(x).

Summarizing,

n̂(x) =
N

∑
i=1

n̂(1)i (x) =
N

∑
i=1

δ(̂ri−x)−First quantized coordinate picture.

n̂(x) = ĉ+(x)ĉ(x)−Second quantized coordinate picture.

b) In momentum space, the one-particle density operator of the ith particle is its
Fourier transform

̂̃n(1)(k) = ∫ d3x⟨k|x⟩n̂(1)(x) =
∫

d3x
eik·x

(2π)3/2 δ(̂r−x) =
eik·̂r

(2π)3/2 .

Thus, we have

̂̃n(k) = ∑
p1,p2

â+
p1
⟨p1|̂̃n(1)(k)|p2⟩âp2 ,

⟨p1|̂̃n(1)(k)|p2⟩= ⟨p1|
[∫

d3x1|x1⟩⟨x1|
]̂̃n(1)(k)[∫ d3x2|x2⟩⟨x2|

]
|p2⟩

=

∫
d3x1

∫
d3x2⟨p1|x1⟩⟨x1|̂̃n(1)(k)|x2⟩⟨x2|p2⟩

=

∫
d3x1

∫
d3x2

eip1·x1

(2π)3/2 ⟨x1|
eik·̂r

(2π)3/2 |x2⟩
e−ip2·x2

(2π)3/2

=

∫
d3x1

∫
d3x2

eip1·x1

(2π)3/2 ⟨x1|x2⟩
eik·x2

(2π)3/2
e−ip2·x2

(2π)3/2

=

∫
d3x1

∫
d3x2

eip1·x1

(2π)3/2 δ(x1−x2)
eix2·(k−p2)

(2π)3

=

∫
d3x2

eip1·x2

(2π)3/2
eix2·(k−p2)

(2π)3 =

∫
d3x2

eix2·(p1+k−p2)

(2π)9/2 =
δ(p1 +k−p2)

(2π)3/2 .

Then,

̂̃n(k) = ∑
p1,p2

â+
p1
⟨p1|̂̃n(1)(k)|p2⟩âp2 =

∫
d3p1

∫
d3p2â+

p1
⟨p1|̂̃n(1)(k)|p2⟩âp2

=

∫
d3p1

∫
d3p2â+

p1

δ(p1 +k−p2)

(2π)3/2 âp2 =

∫ d3p1

(2π)3/2 â+
p1

âp1+k.
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Summarizing,

̂̃n(k) = N

∑
i=1

̂̃n(1)i (k) =
N

∑
i=1

eik·̂ri

(2π)3/2 −First quantized momentum picture.

̂̃n(k) = ∫ d3p
(2π)3/2 â+

p âp+k−Second quantized momentum picture.

Problem 5.19

a) Consider the momentum operator p̂ = −ih̄∇r and give its second quantized
momentum k space picture using corresponding single-particle Fock space oper-
ators. Give the real space x picture using corresponding single-particle Fock space
operators.

b) Consider the Hamiltonian Ĥ =
N
∑

j=11

[
p̂2

j
2m +V (̂r j)

]
and give its second quantization

picture in momentum space, using corresponding single-particle Fock space opera-
tors. Alternatively, give the same Hamiltonian in real space using the single-particle
Fock space operators for this Hamiltonian.

a) We consider the Fock space built from eigenstates of the position operator r̂, such
that r̂ j |x1, . . . , xN⟩= x j |x1, . . . , xN⟩ and ⟨x1|x2⟩= δ(x1−x2).

The Fock space built from the eigenstates of the operator p̂ are such that
p̂ j |p1, . . . , pN⟩ = p j |p1, . . . , pN⟩. Using that ⟨k|x⟩ = eik·x

(2π)d/2 , we find that ⟨p1|p2⟩ =

⟨p1
∣∣[∫ dx|x⟩⟨x|]

∣∣p2⟩ =
∫

dx⟨p1|x⟩⟨x|p2⟩ =
∫

dx eip1 ·x

(2π)d/2
eip2 ·x

(2π)d/2 = 1
(2π)d

∫
dxei(p1−p2)·x

= δ(p1−p2).
Next, we want to evaluate the matrix elements

⟨x1|p̂(1)|x2⟩= ⟨x1| − ih̄∇r̂ |x2⟩= −ih̄∇x2⟨x1|x2⟩= −ih̄∇x2δ(x1−x2) ,

⟨k1|p̂(1)|k2⟩= ⟨k1|
[∫

dx1|x1⟩⟨x1|
]
p̂(1)

[∫
dx2|x2⟩⟨x2|

]
|k2⟩

=

∫
dx1

∫
dx2⟨k1|x1⟩⟨x1|p̂(1)|x2⟩⟨x2|k2⟩

=

∫
dx1

∫
dx2

eik1·x1

(2π)d/2 [−ih̄∇x2δ(x1−x2)]
e−ik2·x2

(2π)d/2

= −ih̄
∫

dx1

∫
dx2 [∇x2δ(x1−x2)]

ei(k1·x1−k2·x2)

(2π)d

= ih̄
∫

dx1

∫
dx2δ(x1−x2)

(
∇x2

ei(k1·x1−k2·x2)

(2π)d

)

= ih̄
∫

dx1

∫
dx2δ(x1−x2)

(
(−ik2)

ei(k1·x1−k2·x2)

(2π)d

)

= h̄k2

∫
dx1

∫
dx2δ(x1−x2)

ei(k1·x1−k2·x2)

(2π)d

= h̄k2

∫
dx1

ei(k1−k2)·x1

(2π)d = h̄k2δ(k1−k2) .
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We further write, the momentum operator in the second quantization picture as

p̂ =

∫
dx1

∫
dx2ĉ+ (x1) ⟨x1| − ih̄∇x2 |x2⟩ĉ(x2) ,

where the quantized (field) operators are defined as

ĉ(x) = ∑
k
⟨x|k⟩Ĉ(k) =

∫
dk

e−ik·x

(2π)d/2 Ĉ(k),

ĉ+(x) = ∑
k

C+(k)⟨k|x⟩=
∫

dkĈ+(k)
e−ik·x

(2π)d/2 ,

Ĉ(k) =
∫

dx⟨k|x⟩ĉ(x) =
∫

dx
eik·x

(2π)d/2 ĉ(x),

Ĉ+(k) =
∫

dxĉ+(x)⟨x|k⟩=
∫

dxĉ+(x)
e−ik·x

(2π)d/2 ,

with the commutation relations[
Ĉ (k1) , Ĉ+ (k2)

]
= δ(k1−k2) for bosons,{

Ĉ (k1) , Ĉ+ (k2)
}
= δ(k1−k2) for fermions.

Then, the second quantization picture of the momentum operator in position r̂
space is:

p̂ =

∫
dx1

∫
dx2ĉ+ (x1) ⟨x1|p̂(1)|x2⟩ĉ(x2)

=

∫
dx1

∫
dx2ĉ+ (x1) [−ih̄δ(x1−x2)] [∇x2 ĉ(x2)]

=

∫
dx1ĉ+ (x1) [−ih̄∇x1 ĉ(x1)] .

The second quantization picture of the momentum operator in momentum k
space is:

p̂ =

∫
dx1

∫
dx2Ĉ+ (k1) ⟨k1|p̂(1)|k2⟩Ĉ (k2)

=

∫
dk1

∫
dk2Ĉ+ (k1) h̄k2δ(k1−k2)Ĉ (k2)

=

∫
dk2Ĉ+ (k2) h̄k2Ĉ (k2) .

b) For the Hamiltonian in momentum space, we realize that

⟨k1|p̂2|k2⟩= ⟨k1|(−ih̄∇x)
2|k2⟩= (h̄k2)

2 δ(k1−k2) ,

⟨k1|V (̂r)|k2⟩=
∫

dx1

∫
dx2⟨k1|x1⟩⟨x1|V (̂r)|x2⟩⟨x2|k2⟩

=

∫
dx1

∫
dx2

eik1·x1

(2π)d/2 [V (x2)δ(x1−x2)]
e−ik2·x2

(2π)d/2
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=

∫
dx1

∫
dx2V (x2)δ(x1−x2)

ei(k1·x1−k2·x2)

(2π)d

=

∫
dx1V (x1)

ei(k1−k2)·x1

(2π)d =
Ṽ (k1−k2)

(2π)d/2 .

From here, the second quantization picture of the Hamiltonian in momentum
space is

Ĥ =

∫
dk1

∫
dk2Ĉ+ (k1)

〈
k1

∣∣∣Ĥ∣∣∣k2

〉
Ĉ (k2)

=

∫
dk1

∫
dk2Ĉ+ (k1) ⟨k1|

[
p̂2

2m
+V (̂r)

]
|k2⟩Ĉ (k2)

=
1

2m

∫
dk1

∫
dk2Ĉ+ (k1)

〈
k1

∣∣∣p̂2
∣∣∣k2

〉
Ĉ (k2)

+

∫
dk1

∫
dk2Ĉ+ (k1)

〈
k1|V (̂r)|k2

〉
Ĉ (k2)

=
1

2m

∫
dk1

∫
dk2Ĉ+ (k1)(h̄k2)

2 δ(k1−k2)Ĉ (k2)

+

∫
dk1

∫
dk2Ĉ+ (k1)

Ṽ (k1−k2)

(2π)d/2 Ĉ (k2)

=

∫
dk1

∫
dk2Ĉ+ (k1)

[
h̄2k2

2

2m
δ(k1−k2)+

Ṽ (k1−k2)

(2π)d/2

]
Ĉ (k2) .

Therefore, the second quantized form of the Hamiltonian in momentum k space
becomes

Ĥ =

∫
dk1Ĉ+ (k1)

h̄2k2
1

2m
Ĉ (k1)+

∫
dk1

∫
dk2Ĉ+ (k1)

Ṽ (k1−k2)

(2π)d/2 Ĉ (k2) .

Problem 5.20

Consider a two-particle interaction potential given in real space Ṽ = 1
2

N
∑
ℓ̸=m

V (2) (̂rℓ− r̂m),

where N denotes the number of particles in the system.

a) Write this potential in the second quantization picture in real space and inmomentum
space when the spatial coordinates are xi ∈

[
−L

2 ,
L
2

]
.

b) Write this potential in the second quantization picture in real space and inmomentum
space when the spatial coordinates are xi ∈ (−∞,∞).

For a two-body operator Â =
N
∑

i=1

N
∑
j ̸=i

Â(2)
(
ri,r j

)
, we remember that the second quan-

tized picture in an arbitrary basis can be given as

Â =
1
2 ∑
αβγδ

â+
α â +

β A(2)
αβ,γδâγâδ,
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where A(2)
αβ,γδ =

〈
αiβ j

∣∣∣Â(2)
(
ri,r j

)∣∣∣γiδ j

〉
. The states |αi⟩ and |γi⟩ correspond to the ith

particle, while the states
∣∣β j
〉
and

∣∣δ j
〉
correspond to the jth particle.

Using the change of basis applied in Problem 5.18 and 5.19, for example, the â
operators can be replaced by the field operators ĉ(r) in real space,

V̂ =
1
2

∫
dx1

∫
dx2

∫
dx3

∫
dx4ĉ+ (x1) ĉ+ (x2)

〈
x1x2

∣∣∣V (2) (̂ri− r̂ j
)∣∣∣x3x4

〉
ĉ(x3) ĉ(x4) ,

V̂ =
1
2

∫
dx1

∫
dx2

∫
dx3

∫
dx4ĉ+ (x1) ĉ+ (x2)V (2) (x3−x4) ⟨x1x2 | x3x4⟩ ĉ(x3) ĉ(x4) .

We further use that x1 and x3 correspond to the ith particle, while x2 and x4

correspond to the jth particle

⟨x1x2 | x3x4⟩= δ(x1−x3)δ(x2−x4) ,

V̂ =
1
2

∫
dx1

∫
dx2

∫
dx3

∫
dx4ĉ+ (x1) ĉ+ (x2)V (2) (x3−x4)δ(x1−x3)

×δ(x2−x4) ĉ(x3) ĉ(x4)

=
1
2

∫
dx1

∫
dx2ĉ+ (x1) ĉ+ (x2)V (2) (x1−x2) ĉ(x1) ĉ(x2) .

a) In momentum space, for a system in a finite volume V0, we use the relation
ĉ(x) = ∑

k

e−ik·x
√

V0
âk. Thus, ĉ+(x) = ∑

k
â+
k

e+ik·x
√

V0
and

V̂ =
1
2

∫
V0

dx1

∫
V0

dx2ĉ+ (x1) ĉ+ (x2)V (2) (x1 −x2) ĉ(x1) ĉ(x2)

=
1
2

∫
V0

dx1

∫
V0

dx2 ∑
k1

â+
k1

eik1·x1

√
V0

∑
k2

â+
k2

eik2·x2

√
V0

V (2)(x1 −x2)∑
k3

e−ik3·x1

√
V0

âk3 ∑
k4

e−ik4·x2

√
V0

âk4

=
1

2V 2
0

∑
k1,k2,k3,k4

â+
k1

â+
k2

âk3 âk4

∫
V0

dx1

∫
V0

dx2ei(k1−k3)·x1V (2) (x1 −x2)ei(k2−k4)·x2 .

On the other hand,

V (2) (x1−x2) =
1√
V0

∑
k

Ṽ (2)(k)e−ik·(x1−x2).

Therefore,

V̂ =
1

2V 2
0

∑
k1,k2,k3,k4

â+
k1

â+
k2

âk3 âk4

∫
V0

dx1

∫
V0

dx2ei(k1−k3)·x1
1√
V0

×∑
k0

Ṽ (2) (k0)e−ik0·(x1−x2)ei(k2−k4)·x2

=
1

2V 5/2
0

∑
k0,k1,k2,k3,k4

â+
k1

â+
k2

âk3 âk4Ṽ
(2) (k0)

∫
V0

dx1ei(k1−k3−k0)·x1

∫
V0

dx2ei(k2−k4+k0)·x2

=
1

2V 5/2
0

∑
k0,k1,k2,k3,k4

â+
k1

â+
k2

âk3 âk4Ṽ
(2) (k0)V0δk3,k1−k0V0δk4,k2+k0

=
1

2
√

V0
∑

k0,k1,k2

â+
k1

â+
k2

Ṽ (2) (k0) âk1−k0 âk2+k0 .
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b) In position space, for the momentum we use the relation ĉ(x) = ∑
k
⟨x|k⟩ĉ(k) =∫

dk e−ik·x

(2π)d/2 ĉ(k). Thus, ĉ+(x) = ∑
k

ĉ(k)⟨k|x⟩=
∫

dkĉ+(k) eik·x

(2π)d/2 . From here,

V̂ =
1
2

∫
dx1

∫
dx2ĉ+ (x1) ĉ+ (x2)V (2) (x1−x2) ĉ(x1) ĉ(x2)

=
1
2

∫
dx1

∫
dx2

∫
dk1ĉ+ (k1)

eik1·x1

(2π)d/2

∫
dk2ĉ+ (k2)

eik2·x2

(2π)d/2 V (2) (x1−x2)

×
∫

dk3
e−ik3·x1

(2π)d/2 ĉ(k3)
∫

dk4
e−ik4·x2

(2π)d/2 ĉ(k4)

=
1

2(2π)2d

∫
dk1

∫
dk2

∫
dk3

∫
dk4ĉ+ (k1) ĉ+ (k2) ĉ(k3) ĉ(k4)

×
∫

dx1

∫
dx2ei(k1−k3)·x1V (2) (x1−x2)ei(k2−k4)·x2 .

On the other hand,

V (2) (x1−x2) =

∫
dkṼ (2)(k)

e−ik·(x1−x2)

(2π)d/2 .

Therefore,

V̂ =
1

2(2π)2d

∫
dk1

∫
dk2

∫
dk3

∫
dk4ĉ+ (k1) ĉ+ (k2) ĉ(k3) ĉ(k4)

∫
dx1

×
∫

dx2ei(k1−k3)·x1

∫
dk0Ṽ (2) (k0)

e−ik0·(x1−x2)

(2π)d/2 ei(k2−k4)·x2 ,

V̂ =
1

2(2π)5d/2

∫
dk0

∫
dk1

∫
dk2

∫
dk3

∫
dk4ĉ+ (k1) ĉ+ (k2) ĉ(k3) ĉ(k4)Ṽ (2) (k0)

×
∫

dx1ei(k1−k3−k0)·x1

∫
dx2ei(k2−k4+k0)·x2 ,

V̂ =
1

2(2π)5d/2

∫
dk0

∫
dk1

∫
dk2

∫
dk3

∫
dk4ĉ+ (k1) ĉ+ (k2) ĉ(k3) ĉ(k4)Ṽ (2) (k0)

× (2π)dδ(k1−k3−k0)(2π)dδ(k2−k4 +k0) ,

V̂ =
1

2(2π)d/2

∫
dk0

∫
dk1

∫
dk2ĉ+ (k1) ĉ+ (k2)Ṽ (2) (k0) ĉ(k1−k0) ĉ(k2 +k0) .

Consider the two-particle interaction written as V̂ = 1
2
∫

dx1
∫

dx2V (2) (x1−x2)

ρ̂(x1) ρ̂(x2). After substituting the density operators and using the appropriate
commutation relations, you should get

V̂ =
1
2

∫
dx1

∫
dx2ĉ+ (x1) ĉ+ (x2)V (2) (x1−x2) ĉ(x1) ĉ(x2)

=
1
2

∫
dx1

∫
dx2V (2) (x1−x2) ρ̂(x1) ρ̂(x2)−

1
2

∫
dx1V (2)(0)ĉ+ (x1) ĉ(x1) ,

where ρ̂(x1) = ĉ+ (x1) ĉ(x1). The last term is the (infinite) self-energy of the
interacting system.
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Problem 5.21
Consider the ground state of a gas composed of N identical noninteracting particles
contained in some finite volume V . In the case of fermions, this is a Fermi gas; in the
case of bosons, this is a Bose gas. Calculate the mean particle number density for each
type of gas (Taylor & Heinonen, 2002).

The Hamiltonian of a noninteracting quantum many-body system is Ĥ =
N
∑

n=1
ĥn,

where ĥn is the one-particle Hamiltonian. In the case of noninteracting particles,
ĥn = K (p̂n)+V (̂rn), with kinetic and potential energies, respectively,

K (p̂n) =
p̂2

n

2m
,

V (x̂i) =

{
0, 0 < xi < Li

∞, otherwise
.

The eigenstates of such a Hamiltonian are denoted as |a1 . . .aN⟩, where
ĥn |an⟩= En |an⟩. To find the mean particle number density, we have to evaluate

⟨n̂⟩= ⟨N̂⟩
V

,

where ⟨N̂⟩ is the expectation value of the density operator. In Problem 5.16, we
showed that the density operator for one particle in the first quantization picture is

n̂(x) =
N
∑

n=1
n̂(1)n (x) =

N
∑

n=1
δ (̂rn−x). Therefore, taking the |a1 . . .aN⟩ eigenbasis,

⟨n̂⟩= ⟨N̂⟩
V

=
1
V

∫
V

dx
〈
a1 . . .aN |n̂(x) |a1 . . .aN

〉
=

1
V

∫
V

dx
∫

V

N

∏
a=1

dxa

∫
V

N

∏
β=1

dyβ ⟨a1 . . .aN | x1 . . .xN⟩

×
〈

x1 . . .xN

∣∣∣∣∣ N

∑
n=1

δ(r̂n−x)

∣∣∣∣∣y1 . . .yN

〉〈
y1 . . .yN | a1 . . .aN

〉
=

1
V

∫
V

dx
∫

V

N

∏
a=1

dxa

∫
V

N

∏
β=1

dyβ ⟨a1 . . .aN | x1 . . .xN⟩

×
N

∑
n=1

δ(xn−x)
〈
x1 . . .xN | y1 . . .yN

〉〈
y1 . . .yN | a1 . . .aN

〉
=

1
V

∫
V

dx
∫

V

N

∏
a=1

dxa ⟨a1 . . .aN | x1 . . .xN⟩
N

∑
n=1

δ(xn−x) ⟨x1 . . .xN | a1 . . .aN⟩

=
1
V

∫
V

dx
N

∑
n=1
⟨an | x⟩ ⟨x | an⟩

N

∏
α ̸=n
⟨aα | aα⟩=

1
V

N

∑
n=1

∫
dx
∣∣ψan(x)

∣∣2 = 1
V

N

∑
n=1

1 =
N
V
.

For deriving ⟨n̂⟩ in the second quantization picture, we use that n̂(x) = ĉ+(x)ĉ(x)
and the eigenstates of the Hamiltonian are labeled as

∣∣n1 (x1) . . .nR (xR)
〉
, where R is

the number of different one-particle states. For N fermions, R = N due to the Pauli
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exclusion principle; for N bosons, R ⩽ N two or more particles can occupy the same
state. Then we write

⟨n̂⟩= ⟨N̂⟩
V

=
1
V

∫
V

dx
〈
n1 . . .nR

∣∣ĉ+(x)ĉ(x)
∣∣n1 . . .nR

〉
=

1
V

∫
V

dx
〈
n1 (x1) . . .nR (xR)

∣∣ĉ+(x)ĉ(x)
∣∣n1 (x1) . . .nR (xR)

〉
=

1
V

∫
V

dx
〈
n1 (x1) . . .nR (xR) |n̂(x)|n1 (x1) . . .nR (xR)

〉
=

1
V

∫
V

dxn(x)
〈
n1 (x1) . . .nR (xR) | n1 (x1) . . .nR (xR)

〉
=

1
V

∫
V

dxn(x) =
N
V
,

where we have used N =
∫

V drn(r). These results are valid for both bosonic and
fermionic noninteracting particles confined in a finite volume V .

Problem 5.22
In physics problems we often have to deal with multiparticle systems at nonzero tem-
perature T . In such cases, one may need to deal with correlation properties taken into
account via Green’s functions (Mahan, 2000).

Consider the case of free electrons whose Hamiltonian can be written as
Ĥ = ∑

α
Eαâ+

α âα, where â+
α and âα are the creation and annihilation operators for the

particle with properties labeled by α. The Green’s function is defined as

Gαγ (t, t0) =
1
ih̄

Tr
(
ρ̂Tt
{

âα(t) â+
γ (t0)

})
,

where Tt is the time ordering meta-operator,

Tt
{

âα(t)â+
γ (t0)

}
=

{
âα(t)â+

γ (t0) , t > t0
eiθâ+

γ (t0) âα(t), t < t0
.

In the preceding, a phase factor eiθ acquired upon changing the order of the creation
and annihilation operators is also included in the definition.Note that, for bosons θ= 0
while, for fermions, θ = π.

Based on the preceding definitions:

a) Obtain
〈
âα(t)â+

γ (t0)
〉

for the canonical ensemble and t < t0; then ρ̂ = ρ̂C = e−βĤ

Z ,
Z = Tr (ρ̂C) = e−βF, and β= 1/kBT with F being the Helmholtz free energy.

b) Obtain an expression for the Green’s function from the definition working in real
time.

a) Starting from the definition, and assuming first that t < t0, in the canonical ensemble
we have

Gαγ (t, t0) =
1
ih̄

〈
Tt
{

âα(t)â+
γ (t0)

}〉
=

1
ih̄

Tr
(
ρ̂CTt

{
âα(t)â+

γ (t0)
})

=
t<t0

1
ih̄

Tr

(
e−βĤ

Z
eiθâ+

γ (t0) âα(t)

)
=

1
ih̄

eiθ 〈â+
γ (t0) âα(t)

〉
.
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Here we remember that the t-dependent operators in the Heisenberg picture are
related to the t-independent operators in the Schrödinger picture as

âα(t) = ei t
h̄ Ĥ âαe−i t

h̄ Ĥ = e−i t
h̄ Ea âα,

â+
α (t) = ei t

h̄ Ĥ â+
α e−i t

h̄ Ĥ = ei t
h̄ Eα â+

α .

Thus, by using the property Tr(ABC) = Tr(CAB), we obtain〈
â+
γ (t0) âα(t)

〉
=

t<t0

1
Z

Tr
(

e−βĤei t0
h̄ Ĥ â+

γ e−i t0
h̄ Ĥei t

h̄ Ĥ âαe−i t
h̄ Ĥ
)

=
1
Z

Tr
(

ei t0
h̄ Ĥe−βĤ â+

γ e−i t0
h̄ Ĥei t

h̄ Ĥ âαe−i t
h̄ Ĥ
)

=
1
Z

Tr
(

e−βĤ â+
γ ei (

t−t0)
h̄ Ĥ âαe−i (

t−t0)
h̄ Ĥ

)
=

t<t0

1
Z

Tr
(

e−βĤ â+
γ eβĤe−βĤei (

t−t0)
h̄ Ĥ âαe−i (

t−t0)
h̄ Ĥ

)
= ⟨â+

γ (0)âα (t − t0)⟩.

We evaluate e−βĤ â+
γ eβĤ and e−βĤ âαeβĤ by using the relation eÂB̂e−Â = ∑∞n=0

Ĉn
n! ,

with Ĉ0 = B̂, and Ĉn+1 =
[
Â,Ĉn

]
and the commutation relations for fermionic

creation and annihilation operators, obtaining

e−βĤ â+
γ eβĤ =

∞
∑
n=0

(
−βEγ

)
n!

â+
γ = e−βEγ â+

γ ,

e−βĤ âαeβĤ =
∞
∑
n=0

(βEα)
n

n!
âα = eβEα âα.

Substituting these results and using the property Tr(ABC) = Tr(CAB), we obtain

⟨â+
γ (t0)âα(t)⟩ =t<t0

e−βEγ 1
Z

Tr
(

e−βĤei (
t−t0)

h̄ Ĥ âαe−i (
t−t0)

h̄ Ĥ â+
γ

)
= e−βEγ⟨âα (t − t0) â+

γ (0)⟩.

Then, we have the following relations for t < t0:

⟨â+
γ (t0)âα(t)⟩ =t<t0

⟨â+
γ (0)âα (t − t0)⟩= e−βEγ⟨âα (t − t0) â+

γ (0)⟩.

Further using âα(t−t0) = e−i (t−t0)
h̄ Ea âα, we find ⟨â+

γ âα⟩= e−βEγ⟨âαâ+
γ ⟩. In addition,

because of the (anti)commutation relation
[
âα, â+

γ

]
θ
= âαâ+

γ −eiθâ+
γ âα= δαγ, we also

have that âαâ+
γ = eiθâ+

γ âα+δαγ.
Therefore

eβEγ⟨â+
γ âα⟩= ⟨âαâ+

γ ⟩= ⟨eiθâ+
γ âα+δαγ⟩= eiθ⟨â+

γ âα⟩+δαγ⟨1⟩,

where

⟨â+
γ âα⟩=

δαγ

eβEα − eiθ =
δαγ

eβEα −1
for bosons (θ = 0),

⟨â+
γ âα⟩=

δαγ

eβEα − eiθ =
δαγ

eβEα +1
for fermions (θ = π).
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Finally,

⟨â+
γ (t0)âα(t)⟩ =t<t0

⟨â+
γ (0)âα(t − t0)⟩= e−i (t−t0)

h̄ Eα⟨â+
γ âα⟩= e−i (t−t0)

h̄ Eα δαγ

eβEα − eiθ .

b) From the definition of the Green’s function, we have

Gαγ(t, t0) =
1
ih̄

〈
Tt
{

âα(t) â+
γ (t0)

}〉
=

1
ih̄

Θ(t − t0)⟨âα(t)â+
γ (t0)⟩+

1
ih̄

Θ(t0− t)eiθ⟨â+
γ (t0)âα(t)⟩

=
1
ih̄

Θ(t − t0)ei t
h̄ Eae−i t0

h̄ Eγ⟨âαâ+
γ ⟩+

1
ih̄

Θ(t0− t)eiθei t
h̄ Eαe−i t0

h̄ Eγ⟨â+
γ âα⟩.

By using the (anti)commutation relation
[
âα, â+

γ

]
θ
= δαγ and

⟨â+
γ âα⟩= nαδαγ =

δαγ
eβEα−eiθ ,

Gαγ(t, t0) =
1
ih̄

ei (t−t0)
h̄ Eα

(
Θ(t − t0)

(
1+ eiθnα

)
+ eiθΘ(t0− t)nα

)
δαγ.

Problem 5.23
In quantum thermal statistical physics, it is useful to work in imaginary time (t = −iτ)
instead in real time. This is the so-called Matsubara formalism (Mahan, 2000). Green’s
functions are defined similarly as for real time, but new properties become evident. For
example, the Green’s function can be expanded in a Fourier series at imaginary time
(t = iτ),

G̃αγ (iωn) =

∫ h̄β

0
dτeiωnτ Gαγ(iτ,0),

Gαγ(iτ,0) =
1

h̄β ∑
n∈Z

e−iωnτ G̃αγ(iωn),

where iωn are imaginary (Matsubara) frequencies. The preceding formalism requires
that we know how to treat the Green’s functions from the previous problem in
imaginary time. Let us then consider the following problems:

a) How are the Green’s function and the time-ordering meta-operator modified in the
imaginary time domain? To answer this question, apply the change t = iτ to the
Schrödinger equation for the two-point Green’s function, check how the Heisen-
berg picture of the creation and annihilation operators change, and write the Green
function for imaginary time.

b) Obtain a similar expression for the Green’s function, but in the imaginary (Matsub-
ara) formalism by finding ⟨âα(iτ) â−γ (iτ0)⟩ for τ< τ0 where â−γ (iτ0) = e

τ0
h̄ Ĥ â+

γ e−
τ0
h̄ Ĥ .

c) Show that the Green’s function is periodic in imaginary time.
d) By imposing the periodicity of the Green’s function Gαγ(iτ+ ih̄β,0) = eiθ Gαγ(iτ,0),

find explicit expressions for Gαγ(iτ) and G̃αγ(iωn) in the case of bosonic and
fermionic particles.

e) How does this Green’s function change in the limit T → 0?
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a) To work in the imaginary time domain, we make the substitution t = iτ (to avoid
subsequent nonconvergent solutions) in the Schrödinger equation for the two-point
Green’s function, and we obtain(

−h̄∂τ− ĥα(x)
)

Gαγ (x, iτ; x0, iτ0) = δαγδ(t −τ0)δ(x−x0) ,

where we have used δ(t − s) = δ(iτ − iτ0) =
δ(t−t0)
|i| = δ(t − τ0) and

ih̄∂t f (t) = −h̄∂τ f (iτ). The retarded Green’s function is now

Gαγ(iτ, iτ0) =
−1
h̄
⟨Tiτ

{
âα(iτ) â−γ (iτ0)

}
⟩= −1

h̄
Tr
(
ρ̂CTiτ

{
âα(iτ) â−γ (iτ0)

})
,

âα(iτ) = e
τ
h̄ Ĥ âαe−

τ
h̄ Ĥ = e−

τ
h̄ Eα âα,

â−γ (iτ0) = e
τ0
h̄ Ĥ â+

γ e−
τ0
h̄ Ĥ = e

τ0
h̄ Eγ â+

γ .

Here, â−γ (iτ0) is no longer the Hermitian conjugate of âγ(iτ0). The time-ordering
meta-operator now orders time in the imaginary axis

Tiτ
{

âα(iτ) â−γ (iτ0)
}
=

{
âα(iτ) â−γ (iτ0), τ> τ0

eiθâ−γ (iτ0) âα(iτ), τ< τ0
.

Therefore, the Green’s function becomes

Gαγ(iτ, iτ0) =
−1
h̄
⟨Tiτ{âα(iτ) â−γ (iτ0)}⟩

=
−1
h̄

Θ(τ−τ0) ⟨âα(iτ) â−γ (iτ0)⟩−
1
h̄

eiθΘ(τ0−τ)⟨â−γ (iτ0)âα(iτ)⟩.

b) Here we rely on the result from part a). We also use the expressions for âα(iτ),

â−γ (iτ0), and ρ̂C = e−βĤ

Z . Thus,

Gαγ(iτ, iτ0) =
τ<τ0
−1

h̄
eiθΘ(τ0−τ)⟨â−γ (iτ0)âα(iτ)⟩

=
−1
h̄

eiθ 1
Z

Tr
(

e−βĤe
τ0
h̄ Ĥ â+

γ e−
τ0
h̄ Ĥe

τ
h̄ Ĥ âαe−

τ
h̄ Ĥ
)
.

Using the cyclic property of the trace Tr(ABC) = Tr(CAB), and the fact that Ĥ
commutes with itself, we further write

Gαγ(iτ, iτ0) =
τ<τ0

−1
h̄

eiθ 1
Z

Tr
(

e−βĤe−
τ
h̄ Ĥe

τ0
h̄ Ĥ â+

γ e−
τ0
h̄ Ĥe

τ
h̄ Ĥ âα

)
=
−1
h̄

eiθ 1
Z

Tr
(

e−βĤe
(τ0−τ)

h̄ â+
γ e−

(τ0−τ)
h̄ Ĥ âα

)
= ⟨â−γ (iτ0− iτ)âα(0)⟩= Gαγ(0, iτ0− iτ).

The result for τ> τ0 is

Gαγ (iτ, iτ0) =
τ>τ0

−1
h̄

Θ(τ−τ0) ⟨âα(iτ) â−γ (iτ0)⟩=
−1
h̄
⟨âα(iτ−iτ0) â−γ (0)⟩= Gαγ (iτ− iτ0, 0) .
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c) To check the periodicity of theGreen’s function, let’s consider that for ∆τ=τ−τ0<0,
while one has ∆τ+ h̄β> 0. Thus,

Gαγ(i∆τ+ ih̄β,0) =
∆τ+h̄β>0

−1
h̄
⟨Tiτ{âα(i∆τ+ ih̄β) â−γ (0)}⟩

=
∆τ+h̄β>0

−1
h̄
⟨âα(i∆τ+ ih̄β) â−γ (0)⟩,

⟨âα(i∆τ+ ih̄β) â−γ (0)⟩= Tr
(
ρ̂Câα(i∆τ+ ih̄β)â−γ (0)

)
= Tr

(
e−βĤ

Z
e
(∆τ+h̄β)

h̄ Ĥ âαe−
(∆τ+h̄β)

h̄ Ĥe
0
h̄ Ĥ â+

γ e−
0
h̄ Ĥ

)

=
1
Z

Tr
(

e−βĤeβĤe
∆τ
h̄ Ĥ âαe−

∆τ
h̄ Ĥe−βĤ â+

γ

)
=

1
Z

Tr
(

âα(i∆τ)e−βĤ â−γ (0)
)
=

1
Z

Tr
(

e−βĤ â−γ (0)âα(i∆τ)
)
.

Substituting back into the Green’s function,

Gαγ(i∆τ+ ih̄β,0) =
∆τ+h̄β>0

−1
h̄Z

Tr
(

e−βĤ â−γ (0)âα(i∆τ)
)
.

Rewriting this using the time-ordering operator and realizing that−h̄β<∆τ<0< h̄β,

Tiτ
{

âα(i∆τ) â−γ (0)
}

=
∆τ<0

eiθâ−γ (0)âα(i∆τ),

Gαγ(i∆τ+ ih̄β,0) =
∆τ+h̄β>0

−1
h̄

1
Z

Tr
(

e−βĤ â−γ (0)âα(i∆τ)
)

=
∆τ<0

e−iθ−1
h̄

1
Z

Tr
(

e−βĤTiτ
{

âα(i∆τ)â−γ (0)
})

= e−iθ Gαγ(i∆τ,0).

The preceding relation demonstrates the periodicity of the Green’s function for
∆τ+ h̄β> 0. The case of ∆τ− h̄β< 0 is left as an exercise.

d) To obtain explicit expressions of the Green’s function Gαγ(iτ), we start with

Gαγ (iτ, iτ0) =
−1
h̄

〈
Tiτ
{

âα(iτ)â−γ (iτ0)
}〉

=
−1
h̄

Θ(τ−τ0)
〈
âα(iτ)â−γ (iτ0)

〉
− 1

h̄
eiθΘ(τ0−τ)

〈
â−γ (iτ0) âα(iτ)

〉
,

and use that
〈
âα(iτ)â−γ (iτ0)

〉
= e−

τ
h̄ Eαe

τ0
h̄ Eγ
〈
âαâ+

γ

〉
and

〈
âαâ+

γ

〉
= 1

Z Tr
(

e−βĤ âαâ+
γ

)
= eβEα

〈
â+
γ âα

〉
.

On the other hand, from the commutation relations
[
âα, â+

γ

]
θ
= δαγ, then

âαâ+
γ = eiθâ+

γ âα+δαγ for fermions (θ = π) and bosons (θ = 0), we find that

eβEα⟨â+
γ âα⟩= ⟨âαâ+

γ ⟩= ⟨eiθâ+
γ âα+δαγ⟩= eiθ⟨â+

γ âα⟩+δαγ,

⟨â+
γ âα⟩=

δαγ

eβEα − eiθ = nαδαγ,
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where nα is the occupation number derived earlier. Then, the Matsubara Green’s
function becomes

Gαγ(iτ, iτ0) =
−1
h̄

Θ(τ−τ0)e−
τ
h̄ Ea e

τ0
h̄ Eγ ⟨âαâ+

γ ⟩−
1
h̄

eiθΘ(τ0 −τ)e−
τ
h̄ Eαe

τ0
h̄ Eγ ⟨â+

γ âα⟩

=
−1
h̄

Θ(τ−τ0)e−
τ
h̄ Eαe

τ0
h̄ Eγ (eiθnαδαγ+δαγ)−

1
h̄

eiθΘ(τ0 −τ)e−
τ
h̄ Eαe

τ0
h̄ Eγ nαδαγ

=
−1
h̄

e−
(τ−τ0)

h̄ Eα
[
Θ(τ−τ0)(1+ eiθnα)+ eiθΘ(τ0 −τ)nα

]
δαγ.

Now, to obtain explicit expressions of the Green’s function Gαγ(iωn), we start
with the Fourier series relations

G̃αγ(iωn) =
1
2

∫ h̄β

−h̄β
dτeiωnτ Gαγ(iτ,0),

Gαγ(iτ,0) =
1

h̄β ∑
n∈Z

e−iωnτ G̃αγ(iωn).

Imposing the periodicity in imaginary times Gαγ(iτ+ ih̄β,0) = eiθ Gαγ(iτ,0) onto
the Fourier expansion,

1
h̄β ∑

n∈Z
e−iωn(τ+h̄β) G̃αγ(iωn) = eiθ 1

h̄β ∑
n∈Z

e−iωnτ G̃αγ(iωn),

0 =
1

h̄β ∑
n∈Z

(e−iωn(τ+h̄β)− eiθe−iωnτ) G̃αγ(iωn) =
1

h̄β ∑
n∈Z

(eiωnh̄β− eiθ)e−iωnτ G̃αγ(iωn).

Thus, for every n we derive the Matsubara frequencies

eiωnh̄β = eiθ = ei(θ+2πn)→ ωn =
2πn+ θ

h̄β
,

meaning that for bosons (θ=0), ωn=
π
h̄β (2n), while for fermions (θ=π),

ωn =
π
h̄β (2n+1) for n ∈ Z. Continuing for the Green’s function:

G̃αγ(iωn) =

∫ h̄β

0
dτeiωnτ Gαγ(iτ,0) =

−1
h̄

∫ h̄β

0
dτeiωnτe

−τ
h̄ Eα(1+ eiθnα)δαγ

=
−1
h̄
(1+ eiθnα)δαγ

∫ h̄β

0
dτe(iωn− Eα

h̄ )τ

=
−1
h̄
(1+ eiθnα)δαγ

e(iωn− Eα
h̄ )h̄β− e(iωn− Eα

h̄ )0

iωn− Eα
h̄

=
(
1+ eiθnα

)
δαγ

1− eiθe−βEα

ih̄ωn−Eα
.

Finally, using nα = 1
eβEα−eiθ , the last expression can be simplified further into

G̃αγ (iωn) =
δαγ

ih̄ωn−Eα
.
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e) In the limit T → 0, we have to take the limit β= 1
kβT →∞ in the appropriate expres-

sions. The Matsubara frequencies ωn = 2πn+θ
h̄β now fill the entire imaginary axis,

becoming continuous for all ω ∈ (0,∞).

lim
β→∞

Gαγ(iτ,0) = lim
β→∞

1
h̄β ∑

n∈Z
e−iωnτ G̃αγ(iωn) =

∫ ∞
−∞

dω
2π

e−iωτ G̃T=0
αγ (iω),

lim
β→∞

G̃αγ(iωn) = lim
β→∞

∫ h̄β

0
dτeiωn Gαγ(iτ,0) =

∫ ∞
0

dτeiωτ Gαγ(iτ,0) = G̃T=0
αγ (iω),

thus recovering the Green’s function at T = 0, which is G̃T=0
αγ (iω) = δαγ

ih̄ω−Eα
.

Note that we can safely rotate back all expressions to real time (and real
frequencies), obtaining

GT=0
αγ (t,0) =

∫ ∞
−∞

dω
2π

e−iωt G̃T=0
αγ (ω),

G̃T=0
αγ (ω) =

∫ ∞
0

dteiωt Gαγ(t,0) =
δαγ

h̄ω−Eα
.

Food for thought: The limit of lim
β→∞

Gαγ(iτ,0) is a direct application of the Abel–

Plana formula, a result derived from the Argument Principle,

∑
n∈Z

f (Λn) =
∫ ∞
−∞

dn f (Λn)+2i
∫ ∞

0

dy
e2πy−1

[ f (iΛy)− f (−iΛy)].

The possibility of applying the Argument Principle to Matsubara sums is
one of the best advantages of using this formalism in equilibrium quantum
thermodynamics (Coleman, 2015; Bordag et al., 2009).

Problem 5.24
The retarded Green’s function is defined as

Gαγ(x, t;x0, t0) =
1
ih̄

Θ(t − t0)
〈[

âα(x, t), â
+
γ (x0, t0)

]
θ

〉
=

1
ih̄

Θ(t − t0)Tr
(
ρ̂
[
âα(x, t), â

+
γ (x0, t0)

]
θ

)
.

Show that, for the linear Hamiltonian Ĥ =
∫

dx∑
α

â+
α (x)ĥα(x)âα(x), the retarded

Green’s function satisfies the following (Schrödinger) equation:

(ih̄∂t − ĥα(x))Gαγ(x, t;x0, t0) = δαγδ(t − t0)δ(x−x0).

We begin with the temporal derivative of the retarded Green’s function:

ih̄∂t Gαγ(x, t;x0, t0) = ih̄∂t
1
ih̄

Θ(t − t0)
〈[

âα(x, t), â+
γ (x0, t0)

]
θ

〉
= (∂tΘ(t − t0))

〈[
âα(x, t), â+

γ (x0, t0)
]
θ

〉
+ Θ(t − t0)

〈[
∂t âα(x, t), â+

γ (x0, t0)
]
θ

〉
+Θ(t − t0)

〈[
âα(x, t),∂t â+

γ (x0, t0)
]
θ

〉
= δ(t − t0)

〈[
âα(x, t), â+

γ (x0, t0)
]
θ

〉
+Θ(t − t0)

〈[
∂t âα(x, t), â+

γ (x0, t0)
]
θ

〉
,
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since ∂tΘ(t − t0) = δ(t − t0), and ∂t â+
γ (x0, t0) = 0. We focus on the second term first, for

which we write

∂t âα(x, t) = e
1
h̄ Ĥt 1

ih̄

[
âα(x), Ĥ

]
e−

i
h̄ Ĥt ,[

âα(x), Ĥ
]
=

∫
dx1 ∑

n
ĥn(x1)

({
eiθâ+

n (x1)âα(x)+δαnδ(x−x1)
}

ân(x1)

− â+
n (x1){eiθâα(x)ân(x1)}

)
=

∫
dx1 ∑

n
ĥn(x1)δαnδ(x−x1)ân(x1) = ĥα(x)âα(x),

∂t âα(x, t) = e
i
h̄ Ĥt 1

ih̄

[
âα(x), Ĥ

]
e−

i
h̄ Ĥt = e

1
ih̄ Ĥt 1

ih̄
ĥα(x)âα(x)e−

i
h̄ Ĥt =

1
ih̄

ĥα(x)âα(x, t).

Let us now consider the first term in the temporal derivative of the Green’s function,〈[
âα(x, t), â+

γ (x0, t)
]
θ

〉
= Tr

(
ρ̂
[
e

i
h̄ Ĥt âα(x)e−

i
h̄ Ĥt , e

i
h̄ Ĥt â+

γ (x0)e−
i
h̄ Ĥt0

]
θ

)
= Tr

(
ρ̂
(

âα(x)e
i
h̄ Ĥ(t−t)â+

γ (x0)e
−i
h̄ Ĥ(t−t) − eiθâ+

γ (x0)e
i
h̄ Ĥ(t−t)âα(x)e

−i
h̄ Ĥ(t−t)

))
= Tr

(
ρ̂
(
âα(x)â+

γ (x0)− eiθâ+
γ (x0)âα(x)

))
= Tr

(
ρ̂
[
âα(x), â+

γ (x0)
]
θ

)
= δαγδ(x−x0),

where ρ̂ is the density operator for which Tr(ρ̂) = 1. After putting everything together,
we obtain the desired relation,(

ih̄∂t − ĥα(x)
)

Gαγ (x, t;x0, t0) = δαγδ(t − t0)δ(x−x0) .

We have used here implicitly the so-called Zubarev formalism, a method
to obtain the equation of motion of Green functions for general problems
(Zubarev, 1960).

Problem 5.25
Superconductivity in layered YBCO perovskite is often modeled to be carried
by its CuO2 monolayer whose properties are characterized by the electronic states of
the Cu positioned in the vertices of a square lattice, while the role of the O atoms lay-
ing in the middle of the edges is neglected. Assume that the Cu atoms are specified by
Rn1,n2 = (n1a1 +n2a2), where a1 = ax̂ and a2 = aŷ are unit vectors and a is the distance
between Cu–Cu atoms (see Figure 5.5). For such a covalently bonded material, the
real-space Hamiltonian involving only nearest-neighbor coupling can be written as

Ĥ = ∑
n

(
tâ+

Rn
âRn+a1

+ tâ+
Rn

âRn+a2
−µâ+

Rn
âRn

+H.c.
)
,

where t is the effective oxygen-mediated hopping parameter between Cu atoms, and
â+
Rn
(âRn

) are the creation (annihilation) operators for electrons on Cu atoms placed at
the position Rn.
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tFigure 5.5 Schematic representation of the CuO lattice.

a) Obtain the basis vectors of the reciprocal lattice and determine the first Brillouin
zone.

b) Write the preceding Hamiltonian in its second quantized form in reciprocal space.
c) Examine the Hamiltonian in the continuous limit k→ 0.

a) The unit cell of this square lattice consists of one atom, effectively bonded to
its immediate neighbors. For the Hamiltonian given in the problem, the distance
between the nearest neighbor atoms is needed. For the atom in the origin, this can
be found immediately as

a1 = Rn1+1,n2 −Rn1,n2 = a
(

1
0

)
= ax̂,

a2 = Rn1,n2+1−Rn1,n2 = a
(

0
1

)
= aŷ.

The basis vectors of the reciprocal lattice are found by using the relation ai · b j =

2πδi j; therefore, we obtain

b1 =
2π
a

(
1
0

)
, b2 =

2π
a

(
0
1

)
.

Therefore, the first Brillouin zone consists of all points of the reciprocal space that
fulfil

k ∈ BZ⇒ k = k1b1 + k2b2,
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with k1,k2 ∈
(−1

2 , +1
2

)
. The given Hamiltonian can then be rewritten as

Ĥ = t ∑
n

(
â+
Rn

âRn+a1
+ â+

Rn
âRn+a2

+ â+
Rn

âRn−a1
+ â+

Rn
âRn−a2

)
−µ∑

n
â+
Rn

âRn
.

b) To transform this Hamiltonian to the reciprocal space, we use the relations

âRn =

∫
BZ

dk√
VBZ

Âke−ik·Rn ⇔ Âk =
1√
VBZ

∑
n

eik·Rn âRn ,

â+
Rn

=

∫
BZ

dk√
VBZ

eik·Rn Â+
k ⇔ Â+

k =
1√
VBZ

∑
n

â+
Rn

e−ik·Rn ,

whereVBZ is the 2-volume of the Brillouin zone, and k is thewave vector in reciprocal
space. After substitution, the Hamiltonian transforms to

Ĥ = t ∑
n

(∫
BZ

dk1√
VBZ

eik1·Rn Â+
k1

∫
BZ

dk2√
VBZ

Âk2e−ik2·(Rn+a1)+

+

∫
BZ

dk2√
VBZ

eik1·Rn Â+
k1

∫
BZ

dk1√
VBZ

Ak2e−ik2·(Rn+a2)+

∫
BZ

dk1√
VBZ

eik1·Rn Â+
k1

×
∫

BZ

dk2√
VBZ

Âk2e−ik2·(Rn−a1)+

∫
BZ

dk1√
VBZ

e−ik1·Rn Â+
k1

∫
BZ

dk2√
VBZ

Âk2e−ik2·(Rn−a2)

)
− µ∑

n

∫
BZ

dk1√
VBZ

eik1·Rn Â+
k1

∫
BZ

dk2√
VBZ

Â+
k2

eik2·Rn .

Ĥ =
1

VBZ

∫
BZ

dk1

∫
BZ

dk2Â+
k1

Âk2

[
t
(

e−ik2·a1 + e−ik2·a2 + eik2·a1 + eik2·a2
)
−µ
]

×∑
n

ei(k1−k2)·Rn .

Using that ∑
n

ei(k1−k2)·Rn =VBZδ(k1−k2) leads to further simplifications:

Ĥ =

∫
BZ

dk1

∫
BZ

dk2Â+
k1

Âk2

[
t
(

e−ik2·a1 + e−ik2·a2 + eik2·a1 + eik2·a2
)
−µ
]
δ(k1−k2)

=

∫
BZ

dk1Â+
k1

Âk1

[
t(e−ik1·a1 + e−ik1·a2 + eik1·a1 + eik1·a2)−µ

]
=

∫
BZ

dkÂ+
k Âk [2t(cos(k ·a1)+ cos(k ·a2))−µ] .

c) In the k→ 0 limit (using cos(x) = 1− x2

2 ), we obtain in the continuous limit:

Ĥ =

∫
R2

dkÂ+(k)
[
t(4− (k ·a1)

2− (k ·a2)
2)−µ

]
Â(k)

=

∫
R2

dkÂ+(k)
[
(4t −µ)−a2t(k2

x + k2
y)
]

Â(k).
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Food for thought: Take the preceding Hamiltonian and transform it back into
position space. We obtain

Ĥ =

∫
dxâ+(x)

[
a2t(∂ 2

x +∂ 2
y )+(4t −µ)

]
â(x) =

∫
dxâ+(x)ĥâ(x).

This equation immediately identifies theHamiltonian of the Schrödinger equation,

ĥ = a2t(∂ 2
x +∂ 2

y )+(4t −µ) = p̂2

2m∗
+V (̂r),

where the effective mass of the particles is found as m∗ = −h̄2

2a2t , while the effective
potential is V (̂r) = (4t −µ). This result is quite interesting, as it shows that the
collective behavior of the Cu electrons is equivalent to quasi-particles with an
effective mass m∗ under an effective potential V (̂r).

Problem 5.26
Graphene is a 2D carbon layer with a honeycomb lattice, in which the location

of each atom can be specified by R = (n1a1 + n2a2), where a1 = a
(

3
2 x̂+

√
3

3 ŷ
)

and

a2=a
(

3
2 x̂−

√
3

3 ŷ
)

are unit vectors and a= 1.42Å is the distance between first neighbors

(see Figure 5.6). For such a covalently bonded material, the real-space Hamiltonian
involving only nearest-neighbor coupling can be written as

Ĥ = −t ∑
n
(â+

Rn
b̂+
Rn

+ â+
Rn

b̂+
Rn+a1

+ â+
Rn

b̂+
Rn+a2

+H.c.),

where t is a parameter and â+
R (b̂+

R ), âR(b̂R) are the creation and annihilation operators
for electrons on atoms A(B) in the unit cell labelled by R.

a) Obtain the basis vectors of the reciprocal lattice and determine the first Brillouin
zone.

b) Write the preceding Hamiltonian in its second quantized form in reciprocal space.
c) Find its eigenvalues and eigenstates.
d) Examine the Hamiltonian and its eigenenergies and eigenstates in the vicinity of

the special points, K± = 2π
3a

(
1, ±1√

3

)
, such that k = K±+q in the limit of q→ 0.

a) The unit cell of this honeycomb lattice consists of two inequivalent atoms, shown in
dark and clear gray colors in Figure 5.6. For the Hamiltonian given in the problem,
the distance between the nearest neighbor atoms is needed. For the atom in the
origin, these distances can be found from geometry considerations,

δ1 =
a
2

(
1√
3

)
, δ2 =

a
2

(
1
−
√

3

)
, δ3 = a

(
−1
0

)
.

The basis vectors of the reciprocal lattice are found by using the relation ai · b j =

2πδi j; therefore, we obtain

b1 =
2π
3a

(
1√
3

)
, b2 =

2π
3a

(
1
−
√

3

)
.
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161 5 Identical Particles and Elements of Second Quantization

tFigure 5.6 Lattice structure of 2D graphene with its unit lattice vector a1,2 and nearest-neighbor vector δ1,2,3.

The given Hamiltonian can then be rewritten as

Ĥ = −t ∑
n

(
â+Rn

b̂Rn+δ1
+ â+

Rn
b̂Rn+δ2

+ â+
Rn

b̂Rn+δ3
+ b̂+

Rn+δ1
âRn

+ b̂+
Rn+δ2

âRn
+ b̂+

Rn+δ3
âRn

)
.

b) To transform this Hamiltonian to the reciprocal space, we use the relations

âRn =

∫
BZ

dk√
VBZ

Âke−ik·Rn ⇔ Âk =
1√
VBZ

∑
n

eik·Rn âRn ,

b̂Rn =

∫
BZ

dk√
VBZ

B̂ke−ik·Rn ⇔ B̂k =
1√
VBZ

∑
n

eik·Rn b̂Rn ,

â+
Rn

=

∫
BZ

dk√
VBZ

eik·Rn B̂+
k ⇔ B̂+

k =
1√
VBZ

∑
n

â+
Rn

e−ik·Rn ,

b̂+
Rn

=

∫
BZ

dk√
VBZ

eik·Rn B̂+
k ⇔ B̂+

k =
1√
VBZ

∑
n

b̂+
Rn

e−ik·Rn ,

where VBZ is the 2-volume of the Brillouin zone, and k is the wave vector in
reciprocal space. After substitution, the Hamiltonian transforms to

Ĥ = −t ∑
n

(∫
BZ

dk1√
VBZ

eik1·Rn Â+
k1

∫
BZ

dk2√
BZ

B̂k2
e−ik2·(Rn+δ1)

+

∫
BZ

dk1√
VBZ

eik1·Rn Â+
k1

∫
BZ

dk2√
VBZ

B̂k2
e−ik2·(Rn+δ2)

+

∫
BZ

dk1√
VBZ

eik1·Rn Â+
k1

∫
BZ

dk2√
VBZ

B̂k2
e−ik2·(Rn+δ3)

+

∫
BZ

dk1√
VBZ

eik1·(Rn+δ1)B̂+
k1

∫
BZ

dk2√
VBZ

Âk2
e−ik2·Rn

+

∫
BZ

dk1√
VBZ

eik1·(Rn+δ2)B̂+
k1

∫
BZ

dk2√
VBZ

Âk2
e−ik2·Rn

+

∫
BZ

dk1√
VBZ

eik1·(Rn+δ3)B̂+
k1

∫
BZ

dk2√
VBZ

Âk2
e−ik2·Rn

)
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Ĥ =
−1
VBZ

∫
BZ

dk1

∫
BZ

dk2

[
Â+

k1
B̂k2

(
e−ik2·δ1 + e−ik2·δ2 + e−ik2·δ3

)
+ B̂+

k1
Âk2

(
eik1·δ1 + eik1·δ2 + eik1·δ3

)]
∑
n

ei(k1−k2)·Rn .

Using ∑
n

ei(k1−k2)·Rn =VBZδ(k1−k2) further simplifies the preceding expression:

Ĥ =
−t

VBZ

∫
BZ

dk1

∫
BZ

dk2

[
Â+

k1
B̂k2

(
e−ik2·δ1 + e−ik2·δ2 + e−ik2·δ3

)
+ B̂+

k1
Âk2

(
eik1·δ1 + eik1·δ2 + eik1·δ3

)]
VBZδ(k1−k2)

= −t
∫

BZ
dk1

[
γk1

Â+
k1

B̂k1
+γ∗k1

B̂+
k1

Âk1

]
,

where γk =
3
∑

n=1
e−ik·δn .

c) To find the eigenvalues and eigenstates, we give Ĥ in a matrix form,

Ĥ =−t
∫

BZ
dk
(

Â+
k , B̂+

k

)( 0 γk

γ∗k 0

)(
Âk

B̂k

)
=−t

∫
BZ

dk
(

Â+
k , B̂+

k

)
ĥ(k)

(
Âk

B̂k

)
,

from which it is easy to obtain

E± = ±t |γk| ; χ1 =
1√
2

(
γk
|γk|
∓1

)
,

|γk|=
√

3+2cos(k · (δ1−δ2))+2cos(k · (δ1−δ3))+2cos(k · (δ2−δ3))

=

√√√√3+4cos
(

3akx

2

)
cos

(√
3aky

2
+2cos2

(√
3aky

))
.

The energy dispersion is schematically given here (Figure 5.7), and we see that

the energy bands touch at the special K± = 2π
3a

(
1, ±1√

3

)
points.

d) In the vicinity of those special points, we expand the wave vector k = K±+ q and
consider the limit q→ 0, for which we find

tFigure 5.7 The graphene lowest energy bands with characteristic K , K ′ points in the Brillouin zone.
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γK±+q =
3ta
2

e−i π6
(
qx ± iqy

)
=

3ta
2

e−i π6 q(cos(θ)± isin(θ))

=
3taq

2
e−i π6 e±iθ =

3taq
2

ei(− π6±θ),

ĥ+(q) = −
3ta
2

(
0 e−i π6

(
qx − iqy

)
ei π6
(
qx + iqy

)
0

)
,

ĥ−(q) = −
3ta
2

(
0 e−i π6

(
qx + iqy

)
ei π6
(
qx − iqy

)
0

)
.

The phase
(

e±i π6
)

can be ignored since it only reflects a global π
6 rotation of qx

and qy. Thus, the low-energy Hamiltonian and its eigenvalues and eigenvectors at
K+ are

ĥ+(q) =
3ta
2

(
0 qx − iqy

qx + iqy 0

)
=

3ta
2
σ ·q,

E± = ±
3ta
2

q; χ± =
1√
2

(
qx−iqy

q
±1

)
=

1√
2

(
e−iθ

±1

)
,

where σ = (σ1,σ2) are two Pauli matrices. Similarly, the low-energy Hamiltonian
and its eigenvalues and eigenvectors at K− are

ĥ−(q) =
3ta
2

(
0 qx + iqy

qx − iqy 0

)
=

3ta
2
σ∗ ·q,

E± = ±
3ta
2

q; χ± =
1√
2

(
qx+iqy

q
±1

)
=

1√
2

(
eiθ

±1

)
,

where σ∗ = (σ1,−σ2).

Food for thought: The Hamiltonian for small wave vector around the special
K-point is often written as h = h̄vFσ ·q, which has exactly the same form as the
Dirac Hamiltonian (considered in the next chapter). The fact that the energy
dispersion in the special K-point is linear is one of the main reasons for the
unique properties of graphene, which is often referred to as a Dirac 2D system
(Castro Neto et al., 2009).
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6 Relativistic Effects in QuantumMechanics:
The Dirac Equation

In quantum chemistry, relativistic effects are usually considered as small corrections to
dominating nonrelativistic quantum mechanics as described by the Schrödinger equa-
tion. Typically, one applies perturbation theory to explain properties of heavy elements
in the periodic table. The relativistic correction to the electron kinetic energy in atoms,
spin–orbit coupling, and Zeeman splitting are some examples, which can be found in
many textbooks. Taking into account concepts from special theory of relativity, how-
ever, has led to the development of relativistic quantum mechanics, which has been
successful in areas beyond atoms and chemical elements. For example, the prediction
of antiparticles, dynamics of charged particles in electromagnetic fields, and spin tex-
tures of fermions among others are unattainable without fully relativistic description.
Much of the current research in topologically nontrivial materials has also shown that
relativistic quantum mechanics is needed to understand such physics.

In available textbooks, relativistic quantum mechanics is left as the last chapter with
a few examples worked out in detail and a handful of problems left for practice. One
has to make a big jump by filling out a big gap of needed technical skills. The Klein–
Gordon and Dirac equations are Lorentz-invariant relations, which set the foundation
of relativistic quantum mechanics. In this chapter we primarily focus on the Dirac
equation, which is linear in spatial and time derivatives whose wave function can still
be interpreted as a probability density. The Dirac equation gives an accurate descrip-
tion of the hydrogen spectrum and predicts unusual effects, such as the Klein paradox,
for example. Some of the problems we offer are similar to those in previous chapters,
while others are adopted from the research literature.

6.1 The Klein–Gordon Equation

The Klein–Gordon equation is defined as

−h̄2∂ 2
t ψ(x, t) = Ĥ2ψ(x, t),

Ĥ2 = c2 p̂i p̂i +m2c4 +V (̂r) = [−h̄2c2∇2 +m2c4 +V (x)].

where i = 1,2,3 and the Einstein summation is implied.
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165 6 Relativistic Effects in QuantumMechanics: The Dirac Equation

6.2 The Dirac Equation

The Dirac equation is defined as

ih̄α0∂tψ(x, t) = Ĥψ(x, t),

Ĥ = cα · p̂+mc2α4 +α0V (̂r) = cαi pi +mc2α4 +α0V (x).

where

α0 =

(
σ0 0
0 σ0

)
,αi =

(
0 σi

σi 0

)
,α4 =

(
σ0 0
0 −σ0

)
.

Note that {αµ,αν} = 2δµνα0,
[
α0,αν

]
= 0 for µ,ν = 1, . . . ,4 and σµ are the Pauli

matrices:

σ0 =

(
1 0
0 1

)
;σ1 =

(
0 1
1 0

)
;σ2 =

(
0 −i
i 0

)
;σ3 =

(
1 0
0 −1

)
.

The Hamiltonian is given in the Dirac representation, but using α4 instead of β.

6.3 Symmetry Operations for Dirac Particles

Time-Reversal Operator: Θ̂ = ηα1α3K̂
Parity Operator: Π̂ = ηα4π̂

Particle-Hole Symmetry Operator: Ĉ = ηα2α4K̂

In the preceding definitions: η – arbitrary phase, K̂ – complex conjugation,
π̂rπ−1 = −r̂ – parity operation for the position operator r̂.

Problem 6.1
The Dirac Hamiltonian for a massless particle is Ĥ = cσ · p̂+V (̂r)σz, where c is the
speed of light, σ = (σx,σy,σz) are the Pauli matrices, p̂ is the momentum operator,
and V (̂r) is an arbitrary potential (Berry & Mondragon, 1987).

a) Obtain the eigenspinor |ψ(x)⟩ and eigenenergy for this massless particle constrained
to move in 2D for the case of V (̂r) = 0.

b) Consider also the local electric current j(x) = ⟨ψ(x)|∇pĤ |ψ(x)⟩ and give its explicit
representation.

a) We begin with the eigenvalue equation for the given Hamiltonian,

Ĥ |ψ(x)⟩= E |ψ(x)⟩, cσ · p̂ |ψ(x)⟩= −ih̄cσ ·∇ |ψ(x)⟩

− ih̄c
(

0 ∂x − i∂y

∂x + i∂y 0

)(
ψ1(x)
ψ2(x)

)
= E

(
ψ1(x)
ψ2(x)

)
,
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The energy for this massless particle is taken as E = h̄ck with k =
(
kx,ky

)
being the

2D wave vector. Writing the preceding equation in a matrix as a linear system, we
obtain {

−i
(
∂x − i∂y

)
ψ2(x) = kψ1(x)

−i
(
∂x + i∂y

)
ψ1(x) = kψ2(x)

.

After applying the conjugate operator to each equation, +i
(
∂x + i∂y

)
to the first

equation, and −i
(
∂x − i∂y

)
to the second, we obtain[

i
(
∂x + i∂y

)][
−i
(
∂x − i∂y

)]
ψn(x) =

(
∂ 2

x +∂ 2
y
)
ψn(x)→ ∆ψn(x) = −k2ψn(x)

for n = {1,2}. Therefore, each spinor is a harmonic function in the x = (x,y) plane
ψn(x) = ψ̃n(k)eik·x.

Let us take ψ2(x) =
−i(∂x+i∂y)

k ψ1(x), from the second equation, for example. It is
easy to see that

ψ̃2(k) =
kx + iky

k
ψ̃1(k),

|ψ̃(k)⟩= A
(

ψ̃1(k)
ψ̃2(k)

)
= A

(
ψ̃1(k)

kx+iky
k ψ̃1(k)

)

= A

(
1

kx+iky
k

)
ψ̃1(k) = A

(
1

eiφk

)
ψ̃1(k),

where k2 = k2
x + k2

y , and
kx+iky

k = eiφk in polar coordinates. The spinor must also be
normalized:

1 = ⟨ψ̃(k)|ψ̃(k)⟩=
∫ dk

(2π)2/2 ψ̃
+(k)ψ̃(k) = 2|A|2

∫ dk
2π
ψ̃+

1 (k)ψ̃1(k)

= 2|A|2
〈
ψ̃1(k)|ψ̃1(k)

〉
.

Since
〈
ψ̃1(k)|ψ̃1(k)

〉
= 1, we obtain |A|2 = 1

2 , and A = eiθ
√

2
, with θ being an arbitrary

phase. Thus, the eigenspinor for the massless 2D Dirac Hamiltonian in free space
is

|ψ(x)⟩=
(

ψ1(x)
ψ2(x)

)
=

eiθ
√

2

(
1

eiφk

)
eik·x.

b) Next, let us consider the current j(x) = ⟨ψ(x)|∇pĤ |ψ(x)⟩. Since ∇pĤ = cσ, we find

j(x) = ⟨ψ(x)|cσ|ψ(x)⟩= c⟨ψ(x)|
(
σxx̂+σyŷ

)
|ψ(x)⟩

=
c
2

e−ik·x (1,e−iφk
)( 0 1

1 0

)(
1

eiφk

)
eik·xx̂

+
c
2

e−ik·x (1,e−iφk
)( 0 −i

i 0

)(
1

eiφk

)
eik·xŷ

=
c
2
(
1,e−iφk

)( eiφk

1

)
x̂− c

2
i
(
1,e−iφk

)( eiφk

−1

)
ŷ = c(cos(φk),sin(φk)).
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Problem 6.2
The Hamiltonian for a relativistic particle constrained to move in 2D is
Ĥ = cσ · p̂+V (̂r)σz. Here, σ=

(
σx,σy,σz

)
are the Pauli matrices, p̂ is the momentum

operator, and V (̂r) is an arbitrary real potential (Berry & Mondragon, 1987).

a) When is Ĥ invariant under time reversal?
b) Consider the antiunitary operator Â = σzR̂yK̂, where R̂y represents the reflection

R̂y(x,y) = (x,−y) and K̂ is the complex conjugation operator. When is Ĥ invariant
under Â?

c) Consider the antiunitary operator Ĉ = iσyR̂2πK̂, where the rotation by 2π is
R̂2π(r,ϕ) = (r,ϕ+2π). When is Ĥ invariant under Ĉ?

a) The time-reversal operator for a spin 1/2 particle is Θ̂ = ηeiσ2π/2K̂ = ηiσ2K̂, where η
is an arbitrary phase (see Problems 1.24 and 1.25). Transforming the Hamiltonian
gives

ĤΘ = Θ̂ĤΘ−1 = ηiσ2K̂ (cσ · p̂+V (̂r)σz) K̂−1σ−1
2 i−1η−1

= ηiσ2K̂
(

V (̂r) c
(

p̂x − ip̂y
)

c
(

p̂x + ip̂y
)

−V (̂r)

)
K̂−1σ−1

2 i−1η−1

= η(iσ2)

(
V (̂r) c

(
p̂∗x + ip̂∗y

)
c
(

p̂∗x − ip̂∗y
)

−V (̂r)

)
(K̂K̂−1)(iσ2)

−1 η−1

= η

(
0 −1
1 0

)(
V (̂r) c

(
p̂∗x + ip̂∗y

)
c
(

p̂∗x − ip̂∗y
)

−V (̂r)

)(
0 1
−1 0

)
η−1

=

(
−V (̂r) c

(
p̂x − ip̂y

)
c
(

p̂x + ip̂y
)

−V (̂r)

)
̸= Ĥ.

The preceding result, obtained by using p̂∗i = −p̂i, shows that the given Hamil-
tonian is not invariant under time reversal. We realize that the Hamiltonian is
invariant under time inversion only when V (̂r) = 0.

b) Transforming the Hamiltonian under Â = σzR̂yK̂ operation gives

ĤA = ÂĤÂ
−1

= σzR̂yK̂
(

V (̂r) c
(

p̂x − ip̂y
)

c(p̂x + ip̂y) −V (̂r)

)
K̂−1R̂−1

y σ−1
z

= σzR̂y

(
V (x̂, ŷ) c

(
p̂∗x + ip̂∗y

)
c
(

p̂∗x − ip̂∗y
)

−V (x̂, ŷ)

)
(K̂K̂−1)R̂−1

y σ−1
z

= σz

(
V (x̂,−ŷ) c

(
p̂∗x − ip̂∗y

)
c
(

p̂∗x + ip̂∗y
)
−V (x̂,−ŷ)

)(
R̂yR̂−1

y

)
σ−1

z

=

(
V (x̂,−ŷ) −c

(
p̂∗x − ip̂∗y

)
−c
(

p̂∗x + ip̂∗y
)

−V (x̂,−ŷ)

)
=

(
V (x̂,−ŷ) c

(
p̂x − ip̂y

)
c
(

p̂x + ip̂y
)
−V (x̂,−ŷ)

)
.

The Hamiltonian is invariant under the A operation only if R̂yV (̂r)R̂−1
y = V (̂r),

while in general ĤA ̸= Ĥ.
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c) For the operator Ĉ = iσyR̂2πK̂, the rotation matrix operator is

R̂θ,̂z = e
i
2 θẑ·σ = eπiσz =

(
eiπ 0
0 e−iπ

)
=

(
−1 0
0 −1

)
. The transformed Hamilto-

nian then becomes

ĤC = ĈĤĈ−1 =
(
iσy
)

R̂2πK̂
(

V (̂r) c
(

p̂x − ip̂y
)

c
(

p̂x + ip̂y
)

−V (̂r)

)
K̂−1R−1

2π
(
iσy
)−1

=

(
0 1
−1 0

)(
V (r̂, ϕ̂+2π) c

(
p̂∗x + ip̂∗y

)
c
(

p̂∗x − ip̂∗y
)
−V (r̂, ϕ̂+2π)

)(
0 −1
1 0

)
=

(
−V (̂r) −c

(
p̂∗x − ip̂∗y

)
−c
(

p̂∗x + ip̂∗y
)

V (̂r)

)
=

(
−V (̂r) c

(
p̂x − ip̂y

)
c
(

p̂x + ip̂y
)

V (̂r)

)
.

In the preceding Hamiltonian, we have used that R̂2πV (̂r)R̂−1
2π = V (r̂,ϕ+ 2π) =

V (̂r). While in general ĤC ̸= Ĥ, in the case of V (̂r) = −V (̂r) (meaning V (̂r) = 0) the
given Hamiltonian is invariant under the Ĉ operation.

Problem 6.3
The Klein–Gordon equation −h̄2 ∂ 2

∂ t2ψ(x, t) = (−h̄2c2∇2 + m2c4)ψ(x, t) incorporates
relativistic effects in the quantum mechanical framework. This is a second-order dif-
ferential equation with respect to time and it is consistent with the special theory of
relativity since the equation is invariant under inertial frame transformations. Is the
Klein–Gordon equation consistent with the meaning of probability density as given
by standard quantum mechanics?

In quantum mechanics, the probability density must be real non-negative, and the
norm of the wave function must be time independent.

Note that the solution to the Klein–Gordon equation with no potential, given in the

problem, is satisfied by ψ(x, t) = eiEt−ik·x
N , where the energy E = ±

√
(h̄ck)2 +(mc2)2 can

be either positive or negative.
Let us remind ourselves that the probability density ρ and the probability current

density j must satisfy the continuity equation, such that

dρ
dt

+∇ · j = 0,

where

ρ(x) = i
[
ψ∗(x, t)∂ 0ψ(x, t)−∂ 0ψ∗(x, t)ψ(x, t)

]
,

jµ(x) = i [ψ∗(x, t)∂ µψ(x, t)−∂ µψ∗(x, t)ψ(x, t)] .

Substituting ψ(x, t) = eiEt−ik·x
√

V
in ρ(x), we find ρ(x) = 2E

V . Given that E can be either
positive or negative, this quantity ρ(x) cannot be interpreted as a probability density
in the quantum mechanical sense which must always be non-negative.
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Problem 6.4
The Dirac equation for a free particle can be written in the familiar form
ih̄α0 ∂

∂ tψ(x, t) = Ĥψ(x, t) =
[
cα · p̂+mc2α4

]
ψ(x, t). Is this equation consistent with the

meaning of probability density defined as ρ(x, t) =
〈
ψ(x, t) |ψ(x, t)

〉
?

We must check to see if the norm of the wave function satisfying the Dirac equation
ih̄α0 ∂

∂ tψ(x, t) = Ĥψ(x, t) is conserved in time. Thus,

ih̄
d
dt

〈
ψ(x, t) |ψ(x, t)

〉
= ih̄

d
dt

∫
d3xψ+(x, t)ψ(x, t)

=

∫
d3x

[(
ih̄α0 d

dt
ψ+(x, t)

)
ψ(x, t)+ψ+(x, t)

(
ih̄α0 d

dt
ψ(x, t)

)]
=

∫
d3x

[
ψ+(x, t)

(
Ĥψ(x, t)

)
−
(

Ĥψ(x, t)
)+

ψ(x, t)
]
= 0.

Given that
〈
ψ(x, t) |ψ(x, t)

〉
> 0∀x and t,

〈
ψ(x, t) |ψ(x, t)

〉
can be considered a probabil-

ity density in quantum mechanical sense.

Problem 6.5
Consider the Dirac equation for a free particle ih̄α0 ∂

∂ tψ(x, t)= Ĥψ(x, t) =[
cα · p̂+mc2α4

]
ψ(x, t), where the α matrices were defined at the beginning of

the chapter. Show that the eigenenergies are E = ±
√

p2c2 +m2c4 with corre-
sponding eigenspinors expressed in the eigenbasis of the σ · p̂ operator with

χ+ =

(
cos
(
θ
2

)
sin
(
θ
2

)
eiϕ

)
, χ− =

(
−sin

(
θ
2

)
e−iϕ

cos
(
θ
2

) )
in spherical coordinates of the momen-

tum p = p(sin(θ)cos(ϕ),sin(θ),sin(ϕ),cos(θ)).

We begin by taking the ansatz ψ(x, t) = u(p)e
i(p·x−Et)

h̄ with the spinor u(p) =
(

u1(p)
u2(p)

)
and substituting it in the given equation Ĥψ(x, t) = Eψ(x, t),(

mc2σ0 cσ · p̂
cσ · p̂ −mc2σ0

)(
u1(p)
u2(p)

)
= E

(
u1(p)
u2(p)

)
→
{

cσ ·pu2(p) = (E −mc2)u1(p)

cσ ·pu1(p) = (E +mc2)u2(p)
.

Then, it is easy to find

u2(p) =
cσ ·p

E +mc2 u1(p),

u1(p) =
cσ ·p

E −mc2 u2(p).

Inserting the first equation into the second, and using (σ ·a)(σ ·b) = a ·b+σ ·(a×b),
we further obtain

u1(p) =
cσ ·p

E −mc2
cσ ·p

E +mc2 u1(p) =
c2p ·p

E2− (mc2)2 u1(p),
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from where positive and negative eigenenergies are obtained,

E± = ±
√

c2 p2 +m2c4.

Similarly, inserting the second equation into the first leads to the same result for E.
Therefore, the eigenenergies are double degenerate.

The preceding solutions for positive and negative eigenenergies imply that the
eigenspinors of the Dirac equation are

u+(p) = N+

(
1

cσ·p
E++mc2

)
,

u−(p) = N−

(
cσ·p

E−−mc2

1

)
.

Finally, we take the solution to (σ · p)χ = λχ (where χ = 1√
|a|2+|b|2

(
a
b

)
) as a

representative basis for u±(p). From

σ ·p =

(
p3 p1− ip2

p1 + ip2 −p3

)
= p

(
cos(θ) sin(θ)e−iϕ

sin(θ)eiϕ −cos(θ)

)
,

one finds the eigenvalues λ± = ±p and they are associated with the following eigenvec-
tors:

χ+ =

(
cos
(
θ
2

)
sin
(
θ
2

)
eiϕ

)
, χ− =

(
−sin

(
θ
2

)
e−iϕ

cos
(
θ
2

) )
.

Since
〈
χµ|χv

〉
= δµv, the four eigenvectors of the Dirac equation are

u+,η(p) = N+

(
χη

cσ·p
E++mc2 χη

)
= N+

(
χη

ηcp
E++mc2 χη

)
,

u−,η(p) = N−

(
cσ·p

E−−mc2 χη

χη

)
= N−

(
ηcp

E−−mc2 χη

χη

)
,

where η = ±. After imposing the normalization conditions 1 =
〈
u±,η(p)|u±,η(p)

〉
and

using that
〈
χη|χη

〉
= 1, we obtain

N+ =

√
E++mc2

2E+
, N− =

√
E−−mc2

2E−
.

The results for the four orthonormalized eigenspinors are expressed as

u+,+(p) =
1√

2E+

( √
E++mc2χ+

ηcp√
E++mc2 χ+

)
, u+,−(p) =

1√
2E+

( √
E++mc2χ−

ηcp√
E++mc2 χ−

)
with E+ =

√
m2c4 + c2 p2, and

u−,+(p) =
1√
2E−

(
ηcp√

E−−mc2
χ+√

E− −mc2χ+

)
, u−,−(p) =

1√
2E−

(
ηcp√

E−−mc2
χ−√

E− −mc2χ−

)
with E− = −

√
m2c4 + c2 p2.
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Food for thought: How would the eigenenergies and eigenspinors change in
the limit of m→ 0? Show that, in the zeroth mass limit, the helicity operator
Σ̂ = Ŝ · p̂ = sh̄

|p| σ̂ · ûp is conserved and that the Dirac equation can be split into
two independent parts, corresponding to the two possible helicities of the Dirac
fermion.

Problem 6.6

a) Is the angular momentum L̂ = r̂× p̂ conserved in the Dirac equation
Ĥ = cα · p̂+mc2α4 +α0V (̂r)?

b) Is the total angular momentum defined as Ĵ = L̂+ h̄
2Σ̂, where Σ =

(
σ 0
0 σ

)
conserved in the Dirac equation? (Here σ= (σ1,σ2,σ3)).

c) The parity operator for theDirac equation is defined as Π̂= ηα4π̂, where π̂̂rπ̂−1 =−r̂
is the parity operator for the Schrödinger equation, as discussed in Chapter 1, and
η is an arbitrary phase. Is the operator Π̂ conserved in the Dirac equation?

a) Let us consider the commutator of the Dirac Hamiltonian with the ith component
of the angular momentum operator (L̂i = εijk r̂ j p̂k) and utilize the property[
ÂB̂,Ĉ

]
= Â

[
B̂, Ĉ

]
+
[
Â, Ĉ

]
B̂,[

Ĥ, L̂i

]
=
[
(cα · p̂+mc2α4 +α0V (̂r), εijk r̂ j p̂ k]

= cεijkδℓm
[
αℓ p̂m, r̂ j p̂ k]+mc2εijk

[
α4, r̂ j p̂ k]+εijk

[
α0V (̂r), r̂ j p̂ k]

= cεijkδℓm(r̂ jαℓ
[
p̂m, p̂ k]+ r̂ j [α̂ℓ, p̂ k] p̂m + αℓ

[
p̂m, r̂ j] p̂ k +

[
αℓ, r̂ j] p̂m p̂ k)

+mc2εijk
(
r̂ j [α4, p̂ k]+ [α4, r̂ j] p̂ k)+ εijkα

0(r̂ j [V (̂r), p̂ k]+ [V (̂r), r̂ j] p̂ k).

Taking into account that all commutators with αmatrices are zero together with
the relations of conjugate variables

[
r̂ j, p̂m

]
= ih̄δ jm and

[
p̂m, p̂ k

]
=
[
r̂m, r̂k

]
= 0, we

find (see Problem 3.19)[
Ĥ, L̂i

]
= cεijkδℓm(−αℓih̄δ jm p̂ k)+α0εijk r̂ j

∂V (̂r)
∂ r̂ℓ

ih̄δℓk

= −ih̄cεijkδ
j
ℓα

ℓ p̂ k + ih̄α0εijkr j∂ kV (̂r) = −ih̄εijk(cα j p̂ k −α0r̂ j∂ kV (̂r)) ̸= 0.

The angular momentum is not a conserved quantity for the Dirac equation.
b) For the total angular momentum, we have to evaluate the commutator of the Dirac

Hamiltonian with the components of the spin operator,[
Ĥ, Σ̂i

]
=
[(

cα · p̂+mc2α4 +α0V (̂r)
)
, Σ̂i
]

= cδℓm
(
αℓ
[

p̂m, Σ̂i
]
+
[
αℓ, Σ̂i

]
p̂m
)
+mc2

[
α4, Σ̂i

]
+
[
α0V (̂r), Σ̂i

]
.
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The only nonzero contribution comes from the second term in the preceding
equation, for which it is easy to find that[

αℓ, Σ̂i
]
=

[(
0 σℓ

σℓ 0

)
,

(
σi 0
0 σi

)]
=

(
0 σℓ

σℓ 0

)(
σi 0
0 σi

)
−
(

σi 0
0 σi

)(
0 σℓ

σℓ 0

)
= [σℓ,σi]⊗

(
0 1
1 0

)
= 2εℓikσk ⊗

(
0 1
1 0

)
= 2εℓik

(
0 σk

σk 0

)
= 2iεℓikαk.

Combining with the results for the angular momentum, we obtain

[Ĥ, Ĵ i] =

[
Ĥ, L̂i +

h̄
2

Σ̂i
]
= ih̄εijk (cα j p̂k −α0r̂ j∂kV (̂r)

)
+

h̄
2

2icεℓikαk p̂ℓ

= ih̄α0εijk r̂ j∂kV (̂r) ̸= 0.

It appears that the total angular momentum is conserved for a Dirac equation
whose potential is a constant. In general, however, Ĵ is not conserved.

c) Let’s consider how the Dirac Hamiltonian transforms under parity (Π̂ = ηα4π̂),

ĤΠ = Π̂ĤΠ̂−1 = Π̂
(
cα · p̂+mc2α4 +α0V (̂r)

)
Π̂−1

= Π̂cαi p̂iΠ̂−1 + Π̂mc2α4Π̂−1 + Π̂α0V (̂r)Π̂−1

= cη(α4αi(α4)−1)
(
π̂ p̂iπ̂

−1)η−1 +mc2(α4α4(α4)−1)+η(π̂V (̂r)π̂−1)
(
α4α0 (α4)−1

)
η−1.

Using π̂̂rπ̂−1 = −r̂, π̂p̂π̂−1 = −p̂,
[
α4,α0

]
= 0 and {α4,αi}= 0, we obtain

ĤΠ = c(−αi)(− p̂i)+mc2(α4)+
(
α0)V (−r̂) = cαi p̂i +mc2α4 +α0V (−r̂).

The Dirac Hamiltonian is invariant under parity transformations only if
V (̂r)=V (−r̂).

Problem 6.7
Consider the Dirac equation in 1D with no interacting potential, ĥ= vF p̂xσx+m(x̂)σz,

where the “mass” of the medium is m(x) =

{
m−, x < 0

−m+, x > 0
. Here m± > 0.

Find the bound solution and its energy and eigenstate.

Using p̂ j = −ih̄∂ j, the Hamiltonian is written in a matrix form,

ĥ =

(
m(x̂) vF p̂x

vF p̂x −m(x̂)

)
=

(
m(x) −ih̄vF ∂x

−ih̄vF ∂x −m(x)

)
.

Due to the form of the mass term, we can solve the problem independently in each
region and impose an appropriate boundary condition at the boundary x = 0. As we

are looking for a bound state, the solution ψ(x) =
(

u1(x)
u2(x)

)
must vanish at x = ±∞.
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Therefore, we propose the following ansatz for each region:
(

u1(x)
u2(x)

)
= u−ek−x =(

u−1
u−2

)
ek−x for x < 0 and

(
u1(x)
u2(x)

)
= u+e−k+x =

(
u+1
u+2

)
e−k+x for x > 0 with k± > 0,

that automatically fulfils the boundary conditions at x→±∞. The eigenvalue problem
for the two regions becomes(

∓m± ±ih̄vF k+
± ih̄vF k+ ±m±

)(
u±1
u±2

)
= E

(
u±1
u±2

)
.

The constant k± can be determined from the eigenvalue equations,∣∣∣∣ ∓m±−E ± ih̄vF k±
± ih̄vF k± ±m±−E

∣∣∣∣= 0→ k± =

√
m2
±−E2

h̄vF
.

The eigenvectors can also be found as u± =C±

(
i m±∓E

h̄vF k±
1

)
. At the boundary x = 0, the

wave function must be continuous lim
x→0−

ψ(x) = lim
x→0+

ψ(x), which imposes that

iC− m−+E
h̄vF k−

= iC+
m+−E
h̄vF k+

C− =C+

}
→ m−+E

h̄vF k−
=

m+−E
h̄vF k+

.

After substituting k± and some algebra, we obtain

2E (m++m−) = 0.

Given that m± > 0, the preceding relation can only be satisfied when E = 0, which
further shows that h̄vF k± = m±. Thus, the orthonormalized eigenstates reduce to

u± =
1√
2

(
i
1

)
.

The full solution of the wave function is further written as

ψ(x) = N
[
u−ek_xΘ(−x)+u+e−k+xΘ(x)

]
,

where the normalization constant N can be found from
〈
ψ(x) |ψ(x)

〉
= 1. The complete

solution to this eigenvalue problem is finally written as

E = 0; ψ(x) = η

√
1

h̄vF

m+m−
m++m−

(
i
1

)[
ek_xΘ(−x)+ e−k+xΘ(x)

]
= η

√
1

h̄vF

m+m−
m++m−

(
i
1

)
e

m(x)
h̄vF

x
.
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Food for thought: We note that the solution exists even if m+ → ∞, in which
case ψ(x)→ 0 when x > 0, but it is finite at the boundary. This problem was first
considered by Jackiw and Rebbi (1976) in the context of solitons with spin 1/2.
It is also considered as the mathematical basis for the existence of topological
excitations in 1D systems and their edge states at an interface (Shen, 2012).

Problem 6.8
Consider the 1D Dirac equation with velocity v (instead of the speed of light c) but
with an added quadratic correction

ĥ = v p̂xσx +
(
mv2−Bp̂2

x
)
σz,

where B > 0 is a real constant. We assume that this type of equation applies to the
region x > 0 and the eigenenergy is E = 0.

Find the corresponding eigenstate for this equation at the surface x = 0.

We need to solve the 1D eigenvalue problem[
v p̂xσx +

(
mv2−Bp̂2

x
)
σz
]

Ψ(px) = 0,

where the two-component spinor Ψ(x) must vanish at x ≤ 0. Let us multiply the
preceding equation on the left by σx and use the property σxσz = −iσy:[

vp̂xσ
2
x +
(
mv2−Bp̂2

x
)
σxσz

]
Ψ(px) = 0→

[
v p̂xσ0−

(
mv2−Bp̂2

x
)

iσy
]

Ψ(px) = 0.

This suggests using σyχη = ηχη, whose eigenspinor is χη = 1√
2

(
η

i

)
with its eigen-

values η = ±1. The spinor is represented as Ψ(px) = χηψ(px). From here, we find the
following equation for ψ(px) ,[

v p̂x − i
(
mv2−Bp̂2

x
)
η
]
χηψ(px) = 0.

Multiplying on the left by η and using explicitly p̂x = −ih̄∂x, we further find

Bh̄2∂ 2
x ψ(x)+ηh̄v∂ xψ(x)+mv2ψ(x) = 0.

Here we assume that ψ(x) ∼ e−kx, with k > 0 , which ensures that the wave function
vanishes at x→∞. This yields a quadratic equation for k, whose roots can be found
easily from

Bh̄2k2−ηh̄vk+mv2 = 0,

k± = η
v

2Bh̄

[
−1±

√
1−4Bm

]
.

Further imposing that the wave function vanishes at x = 0 yields

Ψ(x) =
C√
2

(
1
i

)(
e

v
√

1−4Bm
2Bh̄ x − e

−v
√

1−4Bm
2Bh̄ x

)
e
−v

2Bh̄ x,
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where the normalization constant can be found as

⟨Ψ|Ψ⟩= 1 =

∫ ∞
0

[
C∗√

2
(η,−i)ψ∗(x)

][
C√
2

(
η

i

)
ψ(x)

]
dx = |C|2

∫ ∞
0
|ψ(x)|2dx

= |C|2
∫ ∞

0

(
e−k+x − e−k_x)2

dx = |C|2
(

1
k+

+
1
k−
− 4

k++ k−

)
,

C =

√
2
√

k+k−(k++ k−)
|k+− k−|

=

√
v

Bh̄

√
v2

1−4Bm
−1.

Food for thought: It is interesting to graphically analyze |Ψ(x)|2 versus x. We
note that thewave function probability ismainly localized around the edge x= 0
and the spread of this probability distribution is dictated by the parameters in
k+ and k−. Can you plot |Ψ(x)|2 versus x for some parameter choices to illustrate
this point?

Problem 6.9
Consider the Dirac equation from the previous problem, but in 2D with velocity v
(instead of c) with quadratic corrections to the mass term B

(
p̂2

x + p̂2
y
)
= Bp̂2,(B > 0).

We assume that this type of equation applies to the semi-infinite region x > 0 and the
eigenenergy is E = vh̄ky, where ky is the wave vector in the y-direction.

Find the corresponding eigenstate for this equation at the surface x = 0.

The Dirac Hamiltonian is now two-dimensional, and it is written as

Ĥ = v p̂xσx + vp̂yσy +
(
mv2−Bp̂2

x −Bp̂2
y
)
σz.

As the problem is invariant under displacements in the y-direction, we realize that
p̂y = h̄ky is a good quantum number. Also note that, for ky = 0, the problem is very
similar to the 1D problem already solved earlier. Then, we use again the solution of

the eigenproblem σyχη = ηχη whose eigenspinor is χη = 1√
2

(
η

i

)
, with eigenvalues

η= ±1, and represent Ψ(x) = χηψ(x), such that

Ĥχηψ(x) = vh̄kyχηψ(x),[
v p̂xσx + v p̂yσy +

(
mv2−Bp̂2

x −Bp̂2
y
)
σz
]
χηe−kxeikyy = vh̄kyχηe−kxeikyy.

Note that it was assumed that ψ(x) ∼ e−kxeikyy, which ensures that the wave function
vanishes at x→∞ and that h̄ky is a good quantum number ( p̂yeikyy = h̄kyeikyy). After
left-multiplying both sides of the preceding equation byσx and using thatσxσz =−iσy,[

v p̂x − iη
(
mv2−Bp̂2

x −Bp̂2
y
)]
χηe−kxeikyy = v

(
h̄ky− pyη

)
σxχηe−kxeikyy,[

v p̂x − iη
(
mv2−Bp̂2

x −Bh̄2k2
y
)]
χ+e−kxeikyy = 0,
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which is very similar to the 1D Dirac equation from the previous problem. Going back
to the position space by using p̂x = −ih̄∂x, we obtain that ψ(x) must fulfil[

v(−ih̄∂x)− iη
(

mv2−B(−ih̄∂x)
2−Bh̄2k2

y

)]
χ+e−kxeikyy = 0,[

v(ih̄k)− iη
(
mv2 +Bh̄2k2−Bh̄2k2

y
)]

= 0,

Bh̄2k2−ηvh̄k+
(
mv2−Bh̄2k2

y
)
= 0.

The roots to this quadratic equation are

k± = η
v

2Bh̄

−1±

√
1−4Bm+

(
2Bh̄ky

v

)2
 .

In order to ensure that the wave function vanishes at x→∞, η = 1 must be imposed,
which is also consistent with the equation for the energy. Therefore, the eigenstates cor-
responding to the 2D Dirac Hamiltonian defined in the boundary of the semi-infinite
space x > 0 are

E = vh̄ky, Ψ(x,y) =
C√
2

(
1
i

)(
e−k+x − e−k_x)eikyy,

C =

√
2
√

k+k−(k++ k−)
|k+− k_| .

Food for thought: Suppose we are looking for the eigenstates corresponding
to the preceding Hamiltonian and boundary condition but with eigenenergy
E = −vh̄ky. What changes in this case and how is the solution modified?
These two eigenstates with E = ±vh̄ky energies correspond to the so-called heli-
cal edge state whose characteristic length λ is found to be dependent on ky

(Zhou et al., 2008).

Problem 6.10
In two dimensions for a Hamiltonian of the form Ĥ = d(p̂) ·σ, where p̂= (p̂x, p̂y), one

can define the Chern number C = − 1
4π
∫

dp
d·(∂pxd×∂pyd)

d3 . For Chern numbers C ̸= 0, the
system for which this Hamiltonian applies is topologically nontrivial.

The Hamiltonian from the previous problem is precisely of this type,

Ĥ = v p̂xσx + v p̂yσy +
(
mv2−Bp̂2

x −Bp̂2
y
)
σz,

where η= ±1 and B,m can be positive or negative. Under what conditions is the system
topologically nontrivial?
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From the definition of the Chern number, using d =
(
vpx,ηvpy,

(
mv2−Bp2

x −Bp2
y
))

, we
obtain

C =
−1
4π

∫
R2

dp
ηv2
(
mv2 +Bp2

x +Bp2
y
)

(
v2 p2

x + v2 p2
y +
(
mv2−Bp2

x −Bp2
y
)2
) 3

2
.

Due to the rotational symmetry around the origin, the integral is written in polar
coordinates p =

(
px, py

)
= p(cos(θ),sin(θ)),

C =
−ηv2

4π

∫ 2π

0
dθ
∫ ∞

0

mv2 +Bp2(
v2 p2 +(mv2−Bp2)2

) 3
2

pd p

=
−ηv2

4

∫ ∞
0

mv2 +Bq(
v2q+(mv2−Bq)2

) 3
2

dq,

where q= p2. The integral over q can be carried out by applying the change of variables
q = u+ v2

2B2 (2Bm−1), which leads to

C =
−ηv2

4

∫ ∞
v2

2B2 (1−2Bm)

Bu+2mv2− v2

2B(
4B4u2+v4(4Bm−1)

B2

) 3
2

du

=
−ηv2

4
1

(4B2)
3
2

∫ ∞
v2

2B2 (1−2Bm)

Bu+
(

2mv2− v2

2B

)
(

u2 +
v4(4Bm−1)

4B4

) 3
2

du.

Using that ∫ 1

(u2 +A)
3
2

du =
−1√

u2 +A
;

∫ u

(u2 +A)
3
2

du =
u

A
√

u2 +A
,

it is easy to obtain

C =
−η
2
(sign(m)+ sign(B)).

Thus, it appears that the system is topologically nontrivial when the parameters B,m
have the same sign, in which case C = ±1. However, when B,m have different signs,
C = 0 and the system is topologically trivial.

Food for thought: The fact that topologically nontrivial solutions exist when
mB > 0 reflects the bulk-edge correspondence consistent with the quantum Hall
effect (Hatsugai, 1993; Shen, 2012).

Problem 6.11
Let’s now consider the Dirac Hamiltonian in the 3D half-space located above the plane
x = 0,

Ĥ = v p̂xσx +ηv
(

p̂yσy + p̂zσz
)
+
(

mv2−Bp̂2
)
σz,
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where p̂2 = p̂2
x + p̂2

y + p̂2
z . The Hamiltonian vanishes at x = 0 and the eigenenergies in

this case are E = ±v
√

p2
y + p2

z . Find the corresponding edge eigenstates.

As the problem is invariant under displacements in the y and z directions, we realize
that p̂y = h̄ky and p̂z = h̄kz are good quantum numbers. Therefore, the eigenspinor is
Ψ(x,y,z) ∼ eikyyeikzz.

We further note that this problem is quite similar to the 1D and 2D edge problems
we solved earlier, thus we use a similar strategy by seeking a solution in terms of the
solution of v

(
pyσy + pzσz

)
χ± = ±eχ±, whose eigenvalues e± and eigenspinors are

e± = ±e = ±v
√

p2
y + p2

z , χ± =
1√

2e(e± pz)

(
pz± e
ipy

)
.

Thus, the spinor for the given Dirac Hamiltonian is Ψ(x) = Ce−kxeikyyeikzzχ±, where
e−kx with k > 0 ensures that the solution vanishes at x→∞. After substitution in the
equation ĤΨ(x) = EΨ(x), we obtain[

v p̂xσx +
(
mv2−Bp̂2

x −Bp̂2
y −Bp̂2

z
)
σz
]
χηe−kxeikyyeikzz = (E −ηe)χηe−kxeikyyeikzz.

Therefore, imposing E = ηe = ±v
√

p2
y + p2

z , we have that the boundary state must fulfil[
vp̂xσx +

(
mv2−Bp̂2

x −Bp̂2
y −Bp̂2

z
)
σz
]
χηe−kxeikyyeikzz = 0,

which is very similar to the 1D Dirac equation as in the previous problems. Taking into
account that p̂i = −ih̄∂i, we further obtain a secular equation for the constant k,∣∣∣∣ (mv2 +Bh̄2k2−Bh̄2k2

y −Bh̄2k2
z
)

ih̄vk
ih̄vk −

(
mv2 +Bh̄2k2−Bh̄2k2

y −Bh̄2k2
z
) ∣∣∣∣= 0.

We find two roots for which k > 0,

k± =
v

2Bh̄

1±

√
1−4Bm+

(
2Bh̄
v

)2 (
k2

y + k2
z
) .

Therefore, the eigenstates corresponding to the 3D Dirac Hamiltonian at the

boundary of the semi-infinite space x > 0 with energy E = ±v
√

p2
y + p2

z are

Ψ±(x,y) =
C√

2e
√

e± pz

(
pz± e
ipy

)(
e−k+x − e−k−x)eikyyeikzz,

C =

√
2k+k−(k++ k−)
|k+− k−|

,

where C is the normalization constant, and we have ensured that Ψ±(x,y) vanishes at
x = 0, as required by the problem.
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Problem 6.12
Consider the following effective Dirac Hamiltonian,

Ĥ =
(
C−D1

(
p̂2

x + p̂2
y
)
−D3 p̂2

z
)
α0 + v(α · p̂)+

(
M−B2

i p̂2
i
)
α4,

where D1,3, Bi, M, v are constants.
Show if this Hamiltonian is invariant under the operations of (a) time reversal, (b)

parity, and (c) particle-hole symmetry.

a) For spinors, the anti-Hermitian time-reversal operator is Θ̂ = ηα1α3K̂, where η is an
arbitrary phase and K is complex conjugation. Therefore,

ĤΘ = Θ̂ĤΘ̂−1 = Θ̂
[(

C−D1
(

p̂2
x + p̂2

y
)
−D3 p̂2

z
)
α0 + vαi p̂i +

(
M−B2

i p̂2
i
)
α4]Θ̂−1

= η
[
K̂
(
C−D1

(
p̂2

x + p̂2
y
)
−D3 p̂2

z
)

K̂−1 (α1α3α0(α1α3)−1)
+v(α1α3(αi) ∗(α1α3)−1)

(
K̂ p̂iK̂−1

)
+ K̂

(
M−B2

i p̂2
i
)

K̂−1(α1α3(α4)∗(α1α3)−1)
]
η−1.

To further reduce the preceding expression, we use that K̂p̂K̂−1 = p̂∗ = −p̂. Also, the
facts that all α matrices are real except

(
α2
)∗

= −α2 further give

ĤΘ =
(
C− (−1)2D1

(
p̂2

x + p̂2
y
)
− (−1)2D3 p̂2

z
)
α0 + v

(
α1α3α1 (α1α3)−1

)
(−p̂1)

− v
(
α1α3α2 (α1α3)−1

)
(− p̂2)+ v

(
−α1α3α3 (α1α3)−1

)
(− p̂3)

+
(
M− (−1)2B2

i p̂2
i
) (

α1α3α4 (α1α3)−1
)

=
(
C−D1

(
p̂2

x + p̂2
y
)
−D3 p̂2

z
)
α0 + v(−α1)(− p̂1)+ v(−α2)(−p̂2)

+ v(−α3)(− p̂3)+
(
M−B2

i p̂2
i
)
α4

=
(
C−D1

(
p̂2

x + p̂2
y
)
−D3 p̂2

z
)
α0 + vαi p̂i +

(
M−B2

i p̂2
i
)
α4 = Ĥ.

Therefore, the given Dirac Hamiltonian is invariant under time-reversal.
b) For spinors, the parity operator is Π̂ = ηα4π̂, where π̂̂rπ̂−1 = −r̂. Therefore,

ĤΠ = Π̂ĤΠ̂−1 = Π̂
[(

C−D1
(

p̂2
x + p̂2

y
)
−D3 p̂2

z
)
α0 + vαi p̂i +

(
M−B2

i p̂2
i
)
α4]Π̂−1

= η
[
π̂
(
C−D1

(
p̂2

x + p̂2
y
)
−D 3 p̂2

z
)
π̂−1 (α4α0(α4)−1)+ v

(
α4αi(α4)−1)(π p̂iπ̂

−1)
+ π̂
(
M−B2

i p̂2
i
)
π̂−1 (α4α4(α4)−1)]η−1.

Since π̂p̂π̂−1 = −p̂ and {α4,αi}= 0, we obtain

ĤΠ =
(
C−D1(−1)2 (p̂2

x + p̂2
y
)
− (−1)2D 3 p̂2

z
)
α0 + v(−αi)(−p̂i)+

(
M− (−1)2B2

i p̂2
i
)
α4

=
(
C−D1

(
p̂2

x + p̂2
y
)
−D 3 p̂2

z
)
α0 + vαi p̂i +

(
M−B2

i p̂2
i
)
α4 = Ĥ.

The given Hamiltonian is also invariant under parity.
c) For spinors, the particle-hole symmetry operator is Ĉ = ηα2α4K̂. By taking into

account that (αµ)−1 = αµ, p̂∗i = − p̂i, and that the constants C, D1, D3, M, v, and
Bi are real numbers, the transformed Hamiltonian is
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ĤC = ĈĤĈ−1 = ηα2α4K̂
[(

C−D1
(

p̂2
x + p̂2

y
)
−D3 p̂2

z
)
α0 + vαi p̂i +

(
M−B2

i p̂2
i
)
α4]

× K̂−1 (α4)−1 (
α2)−1

η−1

= η
[(

C−D1
(

p̂∗2x + p̂∗2y
)
−D 3 p̂∗2z

)(
α2α4α0∗α4α2)

+v
(
α2α4αi∗α4α2) p̂∗i +

(
M−B2

i p̂∗2i
)(
α2α4α4∗α4α2)]η−1.

Since K̂p̂K̂−1 = p̂∗ = −p̂,
[
α0,αµ

]
= 0, {αµ,αv} = 2δµνα0 for µ = 1,2,3,4, and all α

matrices are real except (α2)∗ = −α2, after a little algebra we get

ĤC = ĈĤĈ−1 =
[(

C−D1
(

p̂2
x + p̂2

y
)
−D3 p̂2

z
)
α0− vαi p̂i−

(
M−B2

i p̂2
i
)
α4]

= 2
(
C−D1

(
p̂2

x + p̂2
y
)
−D 3 p̂2

z
)
α0− Ĥ.

The Hamiltonian is invariant under the particle-hole symmetry operation when
ĤC = ĈĤĈ−1 =−Ĥ (see Problem 6.19), therefore, the givenHamiltonian is invariant
under the particle-hole symmetry operation only if C = D1 = D3 = 0.

Problem 6.13
Let us consider the Dirac Hamiltonian at z ≥ 0 when px = py = 0. In this situation, an
effective surface Dirac Hamiltonian can be written as

Ĥ =
(
C+D 3h̄2∂ 2

z
)
α0− ivh̄α3∂z +

(
M+B3h̄2∂ 2

z
)
α4.

Given that the energy is E, find the eigenstates corresponding to D3 < B3, assuming a
Dirichlet boundary condition at z = 0. This condition ensures the existence of a topo-
logically nontrivial surface state associated with the topological insulator phase, obtain
this state.

Let us write the preceding Hamiltonian in an explicit matrix form using p̂z = −ih̄∂z,

Ĥ =


C+M+(D3 +B3) h̄2∂ 2

z 0 −ivh̄∂z 0

0 C+M+(D3 +B3) h̄2∂ 2
z 0 ivh̄∂z

−ivh̄∂z 0 C−M+(D3 −B3) h̄2∂ 2
z 0

0 ivh̄∂z 0 C−M+(D3 −B3) h̄2∂ 2
z

 .

We observe right away that the eigenspinors of this Ĥ can be decoupled in the
following way:

Ψ1 =


a1

0
b1

0

eξz, Ψ2 =


0
a2

0
b2

eξz.

This ansatz gives two independent eigenvalue equations:(
C+M+(D3 +B3) h̄2ξ2 −ivh̄ξ

−ivh̄ξ C−M+(D3−B3) h̄2ξ2

)(
a1

b1

)
= E

(
a1

b1

)
,(

C+M+(D3 +B3) h̄2ξ2 ivh̄ξ
ivh̄ξ C−M+(D3−B3) h̄2ξ2

)(
a2

b2

)
= E

(
a2

b2

)
.
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From here, we obtain the following secular equations for the eigenvalues,∣∣∣∣ (C+M)+(D3 +B3) h̄2ξ2−E −ivh̄ξ
−ivh̄ξ (C−M)+(D3−B3) h̄2ξ2−E

∣∣∣∣= 0,∣∣∣∣ (C+M)+(D3 +B3) h̄2ξ2−E ivh̄ξ
ivh̄ξ (C−M)+(D3−B3) h̄2ξ2−E

∣∣∣∣= 0,

which lead to the same two roots for the parameter ξ,

ξ =
±V

√
2h̄
√

B2
3−D2

3

√√√√
1±

√
1+

4((E −C)2−M2)h̄2 (B2
3−D2

3

)
V 2 ,

where V 2 = h̄2v2−2h̄ [(E −C)D3 +MB3].
We further note that Ψ1,2(z) must vanish at z = 0 and z → ∞. Therefore, the

meaningful solutions are

ξ± =
−V

√
2h̄
√

B2
3−D2

3

√√√√
1±

√
1+

4((E −C)2−M2) h̄2 (B2
3−D2

3

)
V 2 ,

Ψ1(z) =


a+1
0

b+1
0

eξ+z−α1


a−1
0

b−1
0

eξ−z, Ψ2(z) =


0

a+2
0

b+2

eξ+z−α2


0

a−2
0

b−2

eξ−z.

Imposing the Dirichlet Boundary Condition at the surface z = 0, we have

lim
z→0

Ψ1,2(z) = 0, fromwhich we have
(

a+1
b+1

)
= α1

(
a−1
b−1

)
and

(
a+2
b+2

)
= α2

(
a−2
b−2

)
.

Rewriting the reduced spinors further gives

ψ±1,2 =

(
a±1,2
b±1,2

)
=

1
N±1,2

(
1

Λ±1,2

)
,

Λ±n =
(−1)nih̄vξ±

(M−C)+(D3−B3)h̄2ξ2
±+E

; N±n =

√
1+(Λ±n )

2.

The condition
1

N+
1,2

(
1

Λ+
1,2

)
= α1,2

1
N−1,2

(
1

Λ−1,2

)
implies that α1,2 = 1 and

Λ+
1,2 = Λ−1,2 are consistent with Dirichlet boundary conditions.
The relation Λ+

1,2 = Λ−1,2 gives a transcendental equation to find the energy E, which
can be obtained numerically. The numerical solution is left for the reader.

Problem 6.14
An effective surface Dirac Hamiltonian, when a constant magnetic field B = Bûz is
applied along the z direction with unit vector ûz, can be written as

Ĥ = v(p̂×σ) · ûz +∆σz,

where ∆ is a positive constant. What are the eigenstates and eigenenergies of Ĥ?
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After expressing the given Hamiltonian in the form Ĥ = d(k) ·σ, calculate its Hall

conductivity, σxy =
e2

2h̄
∫ dkxdky

(2π)2
d(k)·(∂kxd(k)×∂kyd(k))

|d(k)|3 .

The Hamiltonian can be written as

Ĥ = v
(

p̂xσy− p̂yσx
)
+∆σz.

Thus, using p̂i = h̄ki, one writes the eigenvalue equation Ĥχ± = Eχ± explicitly,(
∆ −h̄v

(
ky + ikx

)
−h̄v

(
ky− ikx

)
−∆

)
χ± = Eχ±.

From here, the eigenenergies are calculated as E± =±
√

h̄2v2k2 +∆2, where k2 = k2
x +k2

y .

The corresponding eigenstates can also be found,

χ± =
1√

2ε(ε±∆)

(
∆±ε

h̄v
(
ikx − ky

) ) ,

where ε=
√

h̄2v2k2 +∆2.
To calculate the Hall conductivity, we use that d(k) =

(
−h̄vky, h̄vkx,∆

)
; then we

have

σxy =
e2

2h̄

∫ dkxdky

(2π)2
h̄2v2∆

(h̄2v2k2 +∆2)
3
2
=

e2

2h̄
∆

(2π)2

∫ 2π

0
dθ
∫ ∞

0
dk

h̄2v2k

(h̄2v2k2 +∆2)
3
2

= σxy =
e2

h̄

∫ ∞
|∆|

dε
ε2 =

e2

4πh̄
∆
|∆| =

e2

4πh̄
sign(∆) =

αc
4π

sign(∆),

where we have used that α= e2

h̄c is the fine structure constant.

Food for thought: Making a connection with Chapter 2 and previous problems,
we see that there is an intimate connection between the topology of the surface
Dirac Hamiltonian and its Hall conductivity,

σxy =
e2

2h̄

∫ dkxdky

(2π)2

d ·
(
∂kxd ×∂kyd

)
|d |3

=
αc
2π

[
1

4π

∫
dkxdky

d ·
(
∂kxd ×∂kyd

)
|d |3

]
=
αc
2π

C,

where we have used the Chern number definition and α= e2

h̄c .

Problem 6.15
Here we would like to consider the surface states described by a Dirac Hamiltonian
when a strongmagnetic fieldB= (0,0,B) is applied.Working in the Landau gauge with
the vector potential A = (−By,0,0), the effective Dirac Hamiltonian given in position
space is

Ĥ = v
[
(h̄kx − eBy)σy + ih̄∂yσx

]
+∆σz.
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Obtain the eigenenergies and eigenstates. For the calculations, define the dimen-
sionless parameter M = ∆

v
√

2eBh̄
and rewrite the effective Hamiltonian in terms

of harmonic oscillator auxiliary annihilation and creation operators, such that

Â = i
√

h̄
2eB

(
∂y +

eB
h̄

(
y− h̄

eB kx
))

for which
[
Â, Â+

]
= 1.

Let’s express the Hamiltonian as suggested in the problem,

Ĥ = v
[
(h̄kx − eBy)σy + ih̄∂yσx

]
+∆σz

=

(
∆ v

[
−py− i(px − eBy)

]
v
[
−py + i(px − eBy)

]
−∆

)

= v
√

2eBh̄

( ∆
v
√

2eBh̄
Â

Â+ − ∆
v
√

2eBh̄

)
= v
√

2eBh̄

(
M Â
Â+ −M

)
.

Thus, we arrive at the following eigenvalue equation:

v
√

2eBh̄

(
M Â
Â+ −M

)(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
.

The operators Â and Â+ are effective annihilation and creation operators, as implied

by their property
[
Â, Â+

]
= 1. Thus, they can be treated as the ladder operators of

harmonic oscillator levels |n⟩ already seen in other chapters, and then

Â|n⟩=
√

n|n−1⟩, Â+|n⟩=
√

n+1|n+1⟩.

From the eigenvalue equation, we obtainMψ1 + Âψ2 =
E

v
√

2eBh̄
ψ1

Â+ψ1−Mψ2 =
E

v
√

2eBh̄
ψ2

.

This implies that if ψ2 ∝ |n⟩, then ψ1 ∝ |n−1⟩. By defining En = v
√

2eBh̄εn, we propose
the following ansatz for the orthonormalized solution

Ψ =

(
ψ1

ψ2

)
=

(
αn|n−1⟩
βn|n⟩

)
,

for which the normalization condition of the wave function is α2
n + β2

n = 1. Inserting
the ansatz into the eigenvalue problem, we obtain the following set of relations:{

Mαn|n−1⟩+√nβn|n−1⟩= εnαn|n−1⟩
√

nαn|n⟩−Mβn|n⟩= εnβn|n⟩
→
{

Mαn +
√

nβn = εnαn√
nαn−Mβn = εnβn

.
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This leads to εn,± = ±εn = ±
√

M2 +n. From the normalization condition α2
n+β

2
n=1

and the preceding system of equations, we also find solutions for the αn,±, βn,±
corresponding to εn,±.

In summary,

En,± = ±vεn
√

2eBh̄, Ψn,± =

(
αn,±|n−1⟩
βn,±|n⟩

)
,

αn,± =

√
n

2εn (εn∓M)
, βn,± = ±

√
εn∓M

2εn
.

Food for thought: For practice, demonstrate explicitly the following com-

mutation relations:
[
Â, Â+

]
= 1,

[
Â, Â

]
=
[
Â+, Â+

]
= 0. These commutators

ensure that the Â, Â+ operators are effective ladder operators for the quantum
mechanical oscillator states.
These En,± are the Landau energy levels of a Dirac particle. Note that from here
we can obtain the Landau levels for a massless Dirac particle by taking M=0,
found as En = ±v

√
2eh̄Bn. It appears that this behavior is different when the

particle is nonrelativistic, for which the Landau levels are equally separated by
the cyclotron frequency En = h̄ωc

(
n+ 1

2

)
.

Problem 6.16
Here we would like to examine a relativistic electron with velocity v moving in 1D. The

electron with energy Ee is scattered from a step-function potential V (x) =

{
0, x ≤ 0

V, x > 0
,

as proposed in Thomson and McKellar (1991). Determine the transmission and
reflection coefficients of the relativistic electron for the following cases:

a) Ee >V +mv2;
b)
(
V −mv2

)
< Ee <

(
V +mv2

)
;

c) mv2 < Ee <V −mv2.

For this problem we need to solve the equation

ĤΨ = EηΨ

for regions x < 0 and x > 0, where Ĥ = v p̂xσx +mv2σz +Vσ0 is the Dirac equation in
1D. Since this is an elastic scattering problem with a given energy Eη, the wave function

Ψη(x) ∼
(

a
b

)
eikx is considered in momentum space. Here we take advantage of the

fact that px = h̄k is a good quantum number for the momentum operator p̂x = −ih̄∂x.
The index η= {+1, −1}= {e,h} is taken to denote scattering of a relativistic electron or
a hole particle, respectively.
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The general eigenvalue problem becomes(
V +mv2 h̄vkx

h̄vkx V −mv2

)(
a
b

)
= Eη

(
a
b

)
,

which yields Eη = V + η

√(
h̄vkη,V

)2
+m2v4. Considering only traveling solutions, we

find

kη,± = ±kη,V = ±

√(
Eη−V

)2−m2v4

h̄v
,

Ψη =
1√

|C+|2 + |C−|2
(
C+Ψη,+eikη,V x +C−Ψη,−e−ikη,V x

)
,

Ψη,± =
1√

(h̄vkη,V )2 +
(
mv2 +Eη−V

)2

(
mv2 +Eη−V
±h̄vkη,V

)
=

1
Nη,V

(
1
±Λη,V

)
,

with Λη,V =
h̄vkη,V

mv2+Eη−V and Nη,V =

√
1+
∣∣Λη,V

∣∣2.
This compact solution can now be used to obtain the reflection and transmission

coefficient for the electron and hole particles. The group velocity for the relativistic
electron is

vg = ∇kEη =
∂
(

V +ηv
√

m2v2 + h̄2k2
)

∂k
=

h̄2v2k
Eη−V

.

Assuming the particle moves from left to right, vg is parallel to the wave vector k in
the x < 0 region and antiparallel to k in the x > 0 region.

This general solution for the eigenstates now enables us to consider the specific cases
as specified in the problem.
Case a) In the case of an electron with energy Ee > V + mv2 (see the diagram in
Figure 6.1), the wave function is

Ψe(x) =

{
Ψe,L(x) = Ψe,+eike,0x + rΨe,−e−ike,0x, x < 0

Ψe,R(x) = tΨe,+eike,V x, x > 0
.

From the boundary conditions of continuity of the wave function
lim

x→0−
ΨL(x) = lim

x→0+
ΨR(x), we find

1+ r
Ne,0

=
t

Ne,V
Λe,0− rΛe,0

Ne,0
= t

Λe,V

Ne,V

.

Using that h̄vke,V =

√
(Ee−V )2−m2v4 and the expressions for Λe,V and Ne,V , we obtain

r =
ke,0
(
mv2 +Ee−V

)
− ke,V

(
mv2 +Ee

)
ke,0 (mv2 +Ee−V )+ ke,V (mv2 +Ee)

,
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tFigure 6.1 A schematic representation of the incident (I), reflected (R), and transmitted (T ) electron and hole wave function
is given. The potentialV (x) is represented as a thick line, the electronic part of the spectrum as light gray, the hole
part of the spectrum as a dark gray and the forbidden energies at white. The arrows show the direction of the group
velocity.

t =

√√√√ (mv2 +Ee−V )2 +(h̄vke,V )
2

(mv2 +Ee)
2 +(h̄vke,0)

2

2ke,0
(
mv2 +Ee

)
ke,0 (mv2 +Ee−V )+ ke,V (mv2 +Ee)

.

Case b) In the case of an electron with energy
(
V −mv2

)
< Ee <

(
V +mv2

)
, there is no

possibility of transmission of a traveling wave, since such energy does not belong to
the given spectrum (see the diagram in Figure 6.1). However, there is a generation of
an evanescent wave for x > 0. In principle, we have

Ψ(x) =

{
Ψe,L(x) = Ψe,+eike,0x + rΨe,−e−ike,0x, x < 0

ΨR(x) = tΨη,+e−κη,V x, x > 0
,

where −mv2 < (Ee−V )< mv2. Therefore, the associated momentum of the evanescent
wave is

kη,+ =+kη,V =

√(
Eη−V

)2−m2v4

h̄v
= i

√
m2v4−

(
Eη−V

)2

h̄v
= iκη,V ,

where κη,V is a positive real quantity. Therefore, we have Ψη,+ = ψη,+e−κη,V x, with

ψη,+ =
1√

(mv2 +Ee−V )2 +
(
h̄vκη,V

)2

(
mv2 +Ee−V

h̄viκη,V

)
=

1
Nη,V

(
1

i
∣∣Λη,V

∣∣ ) ,

Λη,V = i
h̄vκη,V

mv2 +Ee−V
, Nη,V =

√
1+
∣∣Λη,V

∣∣2.
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From the boundary conditions of continuity of the wave function
lim

x→0−
ΨL(x) = lim

x→0+
ΨR(x), we find


1+ r
Ne,0

=
t

Nη,V
Λe,0− rΛe,0

Ne,0
=

tΛη,V

Nη,V

.

Thus,

r =
Λe,0−Λη,V

Λe,0 +Λη,V
=

ke,0
(
mv2 +Ee−V

)
− iκη,V

(
mv2 +Ee

)
ke,0 (mv2 +Ee−V )+ iκη,V (mv2 +Ee)

,

t =
Nη,V

Ne,0

2Λe,0

Λe,0 +Λη,V

=

√√√√ (mv2 +Ee−V )2 +
(
h̄vκη,V

)2

(mv2 +Ee)
2 +(h̄vke,0)

2

2ke,0
(
mv2 +Ee

)
ke,0 (mv2 +Ee−V )+ iκη,V (mv2 +Ee)

.

Case c) For the incident energy mv2 < Ee < V −mv2 (see the diagram in Figure 6.1),
the transmitted particle is a relativistic hole, as its energy will be Eh = Ee, such that
Eh−V < −mv2 < 0, whose group velocity is positive. The solution can be written as

Ψ(x) =

{
Ψe,L(x) = Ψe,+eike,0x + rΨe,−e−ike,0x, x < 0

Ψh,R(x) = tΨh,−e−ikh,V x, x > 0
.

From the boundary conditions of continuity of the wave function
lim

x→0−
ΨL(x) = lim

x→0+
ΨR(x), we find

r =
ke,0
(
V −Eh−mv2

)
− kh,V

(
mv2 +Ee

)
ke,0 (V −Eh−mv2)+ kh,V (mv2 +Ee)

,

t =

√√√√ (V −Eh−mv2)2 +
(
h̄vkh,V

)2

(mv2 +Ee)
2 +(h̄vke,0)

2

2ke,0
(
mv2 +Ee

)
ke,0 (V −Eh−mv2)+ kh,V (mv2 +Ee)

.

Food for thought: Further insight can be gained by comparing the scattering
of a nonrelativistic particle from the same potential obeying the Schrödinger

equation
(

p̂2
x

2m +V
)
ϕ= Eϕ. Using that px = h̄k is a good quantum number for

the momentum operator p̂x = −ih̄∂x, we find that

k± = ±kV = ±
√

2m(E −V )

h̄
,

ϕ=
1√

|C+|2 + |C−|2
(
C+eikV x +C−e−ikV x) .
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The wave function for the entire region can then be given as

Φ(x) =

{
ϕL(x) = eik0x + re−ik0x, for x < 0

ϕR(x) = teikV x, for x > 0
.

From the continuity of the wave function and its first derivative across x = 0,
we find that

r =
k0− kV

k0 + kV
, t =

2k0

k0 + kV
.

Problem 6.17
Now let us consider again the reflection and transmission of the 1D relativistic electron

with energy Ee being scattered from the V (x) =

{
0, x < 0

V, x > 0
step-potential and under-

stand the behavior of the various currents. What is the current density of the particle
in both regions as specified by the potential for the following:

a) Ee >V +mv2;
b) V −mv2 < Ee <V +mv2;
c) mv2 < Ee <V −mv2.

d) Check the current’s continuity condition at the boundary x = 0 and comment on
the reflected and transmitted probability conservation relation. Consider the limit
of V →∞ explicitly and compare with the nonrelativistic scattering.

The particle currents on the left and right sides of the potential are given by

jL(x) = Ψ+
L (x)σxΨL(x); jR(x) = Ψ+

R (x)σxΨR(x),

and they must fulfil the boundary condition jL(0) = jR(0). From the previous problem
for relativistic electrons and holes, we have

kη,± = ±kη,V = ±

√(
Eη−V

)2−m2v4

h̄v
;

Ψη,±(E) =
1√(

h̄vkη,V
)2

+
(
mv2 +Eη−V

)2

(
mv2 +Eη−V
±h̄vkη,V

)
=

1
Nη,V

(
1
±Λη,V

)
;

Λη,V =
h̄vkη,V

mv2 +Eη−V
; Nη,V =

√
1+
∣∣Λη,V

∣∣2.
Case a) In the case of an electron with energy Ee > V + mv2 (see the diagram in
Figure 6.1), the wave function is

Ψ(x) =

{
Ψe,L(x) = Ψe,+eike,0x + rΨe,−e−ike,0x, for x < 0

Ψe,R(x) = tΨe,+eike,V x, for x > 0
.
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At the potential step x=0, the current obtained from each side of the wave function
is

jL(0) = Ψ+
L (0)σxΨL(0) =

[
1

Ne,0
(1, Λe,0)+

r∗

Ne,0
(1,−Λe,0)

]
× σx

[
1

Ne,0

(
1

Λe,0

)
+

r
Ne,0

(
1
−Λe,0

)]
=

1
N2

e,0

[
(1, Λe,0)

(
Λe,0

1

)
+ r (1, Λe,0)

(
−Λe,0

1

)
+r∗ (1,−Λe,0)

(
Λe,0

1

)
+ |r|2 (1,−Λe,0)

(
−Λe,0

1

)]
=

2Λe,0

N2
e,0

(
1− |r|2

)
,

jR(0) = Ψ+
R (0)σxΨR(0) =

[
t∗

Ne,V
(1, Λe,V )

]
σx

[
t

Ne,V

(
1

Λe,V

)]
=
|t |2

N2
e,V

[
(1, Λe,V )

(
Λe,V

1

)]
=

2Λe,V

N2
e,V
|t |2,

j0 =
[

1
Ne,0

(1, Λe,0)

]
σx

[
1

Ne,0

(
1

Λe,0

)]
=

2Λe,0

N2
e,0

,

where j0 is the current density whenV = 0. Thus, the reflected and transmitted currents
are, respectively,

jr =
[

r∗

Ne,0
(1,−Λe,0)

]
σx

[
r

Ne,0

(
1
−Λe,0

)]
= −2Λe,0

N2
e,0
|r|2,

jt = jR(0) =
2Λe,V

N2
e,V
|t |2.

Therefore, from jL(0) = j0 + jr and jR(0) = jt , and we have

R =
| jr |
| j0|

=

∣∣∣∣− 2Λe,0
N2

e,0
|r|2
∣∣∣∣∣∣∣∣ 2Λe,0

N2
e,0

∣∣∣∣ = |r|2, r =
Λe,0−Λe,V

Λe,0 +Λe,V
,

T =
| jt |
| j0|

=

∣∣∣∣ 2Λe,V

N2
e,V
|t |2
∣∣∣∣∣∣∣∣ 2Λe,0

N2
e,0

∣∣∣∣ =
Λe,V N2

e,0

Λe,0N2
e,V
|t |2, t =

Ne,V

Ne,0

2Λe,0

Λe,0 +Λe,V
,

R+T = |r|2 +
Λe,V N2

e,0

Λe,0N2
e,V
|t |2 = 1,

which is a well-known result from scattering theory.
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Case b) In the case of an electron with energy
(
V −mv2

)
< Ee <

(
V +mv2

)
(see the

diagram in Figure 6.1), there is a transmission of an evanescent wave, for which

Ψ(x) =

{
Ψe,L(x) = Ψe,+eike,0x + rΨe,−e−ike,0x, x < 0

ΨR(x) = tΨη,+e−κη,V x, x > 0,

where κη,V is a positive real quantity. In the potential step at x = 0, the current obtained
from each side of the wave function is jL(0) = j0 + jr and jR(0) = jt ; then we have

j0 =
[

1
Ne,0

(1, Λe,0)

]
σx

[
1

Ne,0

(
1

Λe,0

)]
=

2Λe,0

N2
e,0

,

jr =
[

r∗

Ne,0
(1,−Λe,0)

]
σx

[
r

Ne,0

(
1
−Λe,0

)]
= −2Λe,0

N2
e,0
|r|2.

It is important to note that, for the evanescent wave, Λη,V becomes a purely
imaginary quantity (see the preceding problem); then, Ψη,+ = ψη,+e−κη,V x with

ψη,+ = 1
Nη,V

(
1

i
∣∣Λη,V

∣∣ ), resulting in

jt =
[

t∗

Nη,V

(
1,−i

∣∣Λη,V
∣∣)]σx

[
t

Nη,V

(
1

i
∣∣Λη,V

∣∣ )]
=
|t |2

N2
h,V

[(
1,−i

∣∣Λη,V
∣∣)( i

∣∣Λη,V
∣∣

1

)]
= 0.

The reflection and transmission coefficients become

R =
| jr |
| j0|

=

∣∣∣∣− 2Λe,0
N2

e,0
|r|2
∣∣∣∣∣∣∣∣ 2Λe,0

N2
e,0

∣∣∣∣ = |r|2, r =
Λe,0− i

∣∣Λη,V
∣∣

Λe,0 + i
∣∣Λη,V

∣∣ ,
T =

| jt |
| j0|

= 0, t =
Nη,V

Ne,0

2Λe,0

Λe,0 +Λη,V
.

Then, we obtain

|r|2 = r∗r =
Λe,0 + i

∣∣Λη,V
∣∣

Λe,0− i
∣∣Λη,V

∣∣ Λe,0− i
∣∣Λη,V

∣∣
Λe,0 + i

∣∣Λη,V
∣∣ = 1,

showing that the known relation R+T = 1 is fulfilled in this case as well.
Case c) In the case of an electron with incident energy mv2 < Ee <V −mv2, which leads
to a reflected electron and a transmitted hole whose energy is Eh −V < −mv2 < 0 (see
the diagram in Figure 6.1), we recall that the solution is

Ψ(x) =

{
Ψe,L(x) = Ψe,+eike,0x + rΨe,−e−ike,0x, for x < 0

Ψh,R(x) = tΨh,−e−ikh,V x, for x > 0
.
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At the potential step x = 0, the current obtained from each side of the wave function is
jL(0) = j0 + jr and jR(0) = jt ; then we have

j0 =
[

1
Ne,0

(1, Λe,0)

]
σx

[
1

Ne,0

(
1

Λe,0

)]
=

2Λe,0

N2
e,0

,

jr =
[

r∗

Ne,0
(1,−Λe,0)

]
σx

[
r

Ne,0

(
1
−Λe,0

)]
= −2Λe,0

N2
e,0
|r|2,

jt =
[

t∗

Nh,V

(
1,−Λh,V

)]
σx

[
t

Nh,V

(
1
−Λh,V

)]
=
|t |2

N2
h,V

[(
1,−Λh,V

)( −Λh,V

1

)]
= −2Λh,V

N2
h,V
|t |2.

Then, the reflection and transmission coefficients are

R =
| jr |
| j0|

=

∣∣∣∣− 2Λe,0
N2

e,0
|r|2
∣∣∣∣∣∣∣∣ 2Λe,0

N2
e,0

∣∣∣∣ = |r|2, r =
Λe,0 +Λh,V

Λe,0−Λh,V
,

T =
| jt |
| j0|

=

∣∣∣∣− 2Λh,V

N2
h,V
|t |2
∣∣∣∣∣∣∣∣ 2Λe,0

N2
e,0

∣∣∣∣ =

∣∣∣∣∣Λh,V N2
e,0

Λe,0N2
h,V

∣∣∣∣∣ |t |2, t =
Nh,V

Ne,0

2Λe,0

Λe,0−Λh,V
.

Further realizing that Λh,V =
h̄vkh,V

mv2+Eh−V = −
√

V−Eh+mv2

V−Eh−mv2 < 0 and Λe,0 =
h̄vke,0

mv2+Ee
=√

Ee−mv2

Ee+mv2 > 0, then

R =

∣∣∣∣∣Λe,0−
∣∣Λh,V

∣∣
Λe,0 +

∣∣Λh,V
∣∣
∣∣∣∣∣
2

, T =
4Λe,0

∣∣Λh,V
∣∣(

Λe,0 +
∣∣Λh,V

∣∣)2 → R+T = 1.

d) Let’s see now what happens at the V →∞ limit for Eh −V < −mv2 < 0 using that
lim

V→∞
Λh,V = −1,

lim
V→∞

R = lim
V→∞

∣∣∣∣∣Λe,0−
∣∣Λh,V

∣∣
Λe,0 +

∣∣Λh,V
∣∣
∣∣∣∣∣
2

=

∣∣∣∣Λe,0−1
Λe,0 +1

∣∣∣∣2 = Ee−
√

E2
e −m2v4

Ee +
√

E2
e −m2v4

̸= 1,

lim
V0→∞

T = lim
V→∞

4Λe,0
∣∣Λh,V

∣∣(
Λe,0 +

∣∣Λh,V
∣∣)2 =

4Λe,0

(Λe,0 +1)2 =
2
√

E2
e −m2v4

Ee +
√

E2
e −m2v4

̸= 0.

Note that, even when the potential step becomes infinite, it cannot block the trans-
mission of flux of fermions (even though we have a transmitted flux of holes instead
of electrons). This is known as the Klein paradox for relativistic particle scattering
(Calogeracos & Dombey, 1999).

Let us compare with the nonrelativistic particle scattering, which was also discussed
in the previous problem. The motion is subject to the Schrödinger equation. The
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particle current is j(x) = h̄
2mi [ϕ

∗(x)∇ϕ(x)−ϕ(x)∇ϕ∗(x)] and the continuity equation
jL(0) = j0 + jr and jR(0) = jt still holds.

We have to distinguish two different possible cases here:E >V → kV =
√

2m(E−V )
h̄ > 0,

E <V → kV = i
√

2m(V−E)
h̄ = iκV .

For both cases we have the same wave function,

Φ(x) =

{
ϕL(x) = eik0x + re−ik0x, for x < 0

ϕR(x) = teikV x , for x > 0
,

and the same result for r and t,

r =
k0− kV

k0 + kV
, t =

2k0

k0 + kV
.

However, the E > V case corresponds to a propagating transmitted wave, while the
E <V case corresponds to an evanescent transmitted wave.

The incoming, reflected, and transmitted currents are found as

j0 =
h̄k0

m
, jr = −|r|2

h̄k0

m
,

jt = |t |2
h̄

2mi

[
e−ikV x ∂xeikV x − eikV x ∂xe−ikV x

]
= |t |2 h̄kV

m
.

For the propagating transmission, we arrive at

R =
| jr |
| j0|

= |r|2, r =
k0− kV

k0 + kV
∈ [0,1],

T =
| jt |
| j0|

=
kV

k0
|t |2 > 0, t =

2k0

k0 + kV
∈ [1,2].

For the evanescent transmission, we have

jt(x) = |t |2
h̄

2mi
[e−κV x∂xe−κV x − e−κV x∂xe−κV x] = 0,

R =
| jr |
| j0|

= |r|2 = 1, r =
k0− iκV

k0 + iκV
,

T =
| jt |
| j0|

= 0, t =
2k0

k0 + iκV
.

The Klein paradox appears precisely for the evanescent transmission corresponding
to the creation of holes due to the scattering of the incoming relativistic electron.

Problem 6.18
Consider aDirac particle withmass m moving in 1Dwith velocity v and energy E being
scattered by a potentialV0δ(x). The particle also experiences a quadratic correction Bp2

x
to the mass term with the constant B > 0. Assuming an incoming particle on the left
side of the potential barrier, obtain the scattered and reflected wave functions.
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We begin with the Dirac equation of this 1D massive particle:[
v p̂xσx +

(
mv2−Bp̂2

x
)
σz +V0δ(x̂)α0]Ψ(x) = EΨ(x).

The potential separates the space region into two parts and the corresponding wave
functions of the two regions will be connected by some boundary conditions at x = 0.

For the regions to the left and right of the potential barrier, the solution to the
eigenvalue problem ĤΨη(x) = EηΨη(x) for p̂x = h̄k is

Ψs,η(x) = uη(k)eikx =
1

Nη

(
1

sΛη

)
eiks,ηx,

Eη = η

√(
mv2−Bh̄2k2

)2
+(h̄vk)2,

where η = ±1, Nη =
√

1+Λ2
η, Λη = h̄vk

mv2−Bh̄2k2+Eη
. Similarly, there are two possible

momenta (s = ±) for each η:

k±,η = ±
v√
2h̄B

√√√√
(2mB−1)+η

√
(1−4mB)+

4E2
ηB2

v4 .

The general form of the spinor for a given energy E = Eη can then be written as

Ψη(x) =C+,ηuη
(
k+,η

)
eik+,ηx +C−,ηuη

(
k−,η
)

eik−,ηx.

The so-obtained wave function is valid everywhere except at the x = 0 point. At that
point, we must ensure the continuity of the Dirac equation due to the inhomogeneity
from theDirac delta function, by considering Ĥ (p̂x = −ih̄∂x)Ψ(x) =EΨ(x). Using that

Ψ(x) =
(

a(x)
b(x)

)
, we arrive at

( (
mv2 +Bh̄2∂ 2

x
)
+V0δ(x)−E −ih̄∂x

−ih̄∂x −
(
mv2 +Bh̄2∂ 2

x
)
+V0δ(x)−E

)(
a(x)
b(x)

)
=

(
0
0

)
.

This is a linear system of two second-order ordinary differential equations. For our
purposes, it is useful to define α(x) = ∂xa(x) and β(x) = ∂xb(x), which transforms the
system to first-order ordinary differential equations,

α(x) = ∂xa(x)

β(x) = ∂xb(x)(
mv2 +V0δ(x)−E

)
a(x)+Bh̄2∂xα(x)− ih̄β(x) = 0

−ih̄α(x)+
(
−mv2 +V0δ(x)−E

)
b(x)−Bh̄2∂xβ(x) = 0

.

Collectively, one writes

Bh̄2∂x


a(x)
b(x)
α(x)
β(x)

=


0 0 Bh̄2 0
0 0 0 Bh̄2

−
(
V0δ(x)+mv2 −E

)
0 0 ih̄

0
(
V0δ(x)−mv2 −E

)
−ih̄ 0




a(x)
b(x)
α(x)
β(x)

 ,
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where each equation from the preceding system is of the form ∂xΦ(x) = 1
Bh̄2 M(x)Φ(x).

Using the Neumann solution ansatz Φ(x) = Pxe
1

Bh̄2
∫ x

x0
dxM(x)Φ(x0), where Px is the

Dyson ordering operator, one finds

lim
ε→0

∫ ε

−ε
dxM(x)

= lim
ε→0

∫ ε

−ε


0 0 Bh̄2 0
0 0 0 Bh̄2

−
(
V0δ(x)+mv2−E

)
0 0 ih̄

0
(
V0δ(x)−mv2−E

)
−ih̄ 0

dx

= lim
ε→0


0 0 2εBh̄2 0
0 0 0 2εBh̄2

−V0−2ε
(
mv2−E

)
0 0 2εih̄

0 −V0−2ε
(
mv2 +E

)
−2εih̄ 0



=V0


0 0 0 0
0 0 0 0
−1 0 0 0
0 1 0 0

 .

This solution leads to the following boundary condition:

lim
ε→0

Ψ(ε) = lim
ε→0

Pxe
1

Bh̄2
∫ ε
−ε dxM(x)Ψ(−ε) =


1 0 0 0
0 1 0 0

− V0

Bh̄2 0 1 0

0
V0

Bh̄2 0 1

Ψ(−ε),



a(ε) = a(−ε)
b(ε) = b(−ε)
α(ε) = α(−ε)− V0

Bh̄2
a(−ε)

β(ε) = β(−ε)− V0

Bh̄2
b(−ε)

.

Thus, for Ψ(x) =
(

a(x)
b(x)

)
we have the following boundary conditions,

(
a(0+)
b(0+)

)
=

(
a(0−)
b(0−)

)
→Ψ

(
0+
)
= Ψ(0−) ,

∂x

(
a(0+)
b(0+)

)
= ∂x

(
a(0−)
b(0−)

)
− V0

Bh̄2

(
1 0
0 −1

)(
a(0−)
b(0−)

)
→ ∂xΨ

(
0+
)
= ∂xΨ(0−)−λσ3Ψ(0−) ,

where λ = V0
Bh̄2 . These boundary conditions are now used to study the wave function

scattering (see the scheme in Figure 6.2),
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tFigure 6.2 A schematic representation of the potential and the two regions for which the Dirac equation must be solved is given.
The incident (I), reflected (R), and transmitted (T ) electron wave function are denoted.

Ψ(x) =


ΨL(x) = ∑

η=±1

(
Aηuη

(
kη
)

eikηx +Rηuη
(
−kη
)

e−ikηx
)

for x < 0

ΨR(x) = ∑
η=±1

(
Tηuη

(
kη
)

eikηx
)

for x > 0
,

where the Rη and Tη terms denote reflected and transmitted waves, respectively. We find

T−u−(k−)+T+u+(k+)

= A−u−(k−)+A+u+(k+)+R−u− (−k−)+R+u+ (−k+) ,

ik−T−u−(k−)+ ik+T+u+(k+)

= ik−A−u− (k−)+ ik+A+u+(k+)− ik−R−u− (−k−)− ik+R+u+ (−k+)

−λσ3

(
A−u− (k−)+A+u+(k+)+R−u− (−k−)+R+u+ (−k+)

)
,

which can be written in a matrix form:

R =

(
R+

R−

)
=
λ

∆

(
r++ r+−
r−+ r−−

)(
A+

A−

)
,

T =

(
T+
T−

)
=

2
∆

(
t++ t+−
t−+ t−−

)(
A+

A−

)
,

r++ = 2k−
(
Λ2
++Λ2

−
)
−4k+Λ+Λ−+λ

(
Λ2
+−Λ2

−
)
,

r+− =
2Λ−N+

N−

(
(k−− k+)(Λ++Λ−)+λ(Λ+−Λ−)

)
,

r−+ = −2Λ+N−
N+

(
(k−− k+)(Λ++Λ−)+λ(Λ+−Λ−)

)
,

r−− = 2k+
(
Λ2
−+Λ2

+

)
−4k−Λ+Λ−+λ

(
Λ2
−−Λ2

+

)
,

t++ = 2(k+Λ+− k−Λ−)(k+Λ−− k−Λ+)+λk+
(
Λ2
−−Λ2

+

)
,
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t+− =
λN+

N−
Λ− (k++ k−)(Λ−−Λ+) ,

t−+ =
λN−
N+

Λ+ (k++ k−)(Λ−−Λ+) ,

t−− = 2(k+Λ+− k−Λ−)(k+Λ−− k−Λ+)−λk−
(
Λ2
−−Λ2

+

)
,

∆ = ((λ+2k+)Λ−− (λ+2k−)Λ+)((λ−2k−)Λ−− (λ−2k+)Λ+) .

It is interesting to note that the reflection and scattering of a Dirac particle from a delta
function potential leads tomixing of the η=+ and η=− polarizations, as evident from
the off-diagonal elements in the R and T matrices.

Food for thought: What are the consequences of the λ→ 0 and λ→±∞ limits
in the R and T matrices?

Problem 6.19
Consider the Dirac equation Ĥ = cα · p̂+mc2α4.

Obtain the (a) parity, (b) time-reversal, and (c) charge conjugation under which this
Dirac Hamiltonian is invariant.

We recall that the invariance of a given Hamiltonian Ĥ under a symmetry transforma-
tion g of a given symmetry group G implies

Ĥ(gt, ĝr,gp̂) =U(g)Ĥ(t, r̂, p̂)U−1(g),

or, similarly

Ĥ(t, r̂, p̂) =U−1(g)Ĥ(gt, ĝr,gp̂)U(g),

where U(g) is a unitary transformation that is a representation of the symmetry
transformation g in the Hilbert space of the system.

Then, the eigenfunction is transformed as |ψ(gt,gx,gp)⟩=U(g)|ψ(t,x,p)⟩. Invariant
observables Â, under the symmetry operation are given as

⟨Ag⟩ψ =
〈
ψ(gt,gx,gp)|Â(gt, ĝr,gp̂) |ψ(gt,gx,gp)

〉
=
〈

U(g)ψ(t,x,p) |U(g)Â(t, r̂, p̂)U−1(g) |U(g)ψ(t,x,p)
〉

=
〈
ψ(t,x,p) |U−1(g)U(g)Â(t, r̂, p̂)U−1(g)U(g) |ψ(t,x,p)

〉
=
〈
ψ(t,x,p)|Â(t, r̂, p̂) |ψ(t,x,p)

〉
= ⟨A⟩ψ .

The Hamiltonian is invariant under the symmetry transformation g if

Ĥ(t, r̂, p̂) = Ĥ(gt, ĝr,gp̂) =U(g)Ĥ(t, r̂, p̂)U−1(g).
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a) We recall that the parity operator π̂ reverses the position π̂rπ−1 =−r̂; consequently, it
also reversesmomentum π̂p̂π̂−1 =−p̂. Also, π̂2r̂=−π̂̂r= (−1)2 r̂, therefore, π̂−1 = π̂+.

For the Hamiltonian of the Dirac equation, we use the equality

ĤΠ(t, r̂, p̂) =U−1
π π̂Ĥ(t, r̂, p̂)π̂−1Uπ =U−1

π Ĥ
(
π̂t, π̂̂rπ̂−1, π̂p̂π̂−1)Uπ

=U−1
π Ĥ(t,−r̂,−p̂)Uπ,

U−1
π π̂Ĥ(t, r̂, p̂)π̂−1Uπ =U−1

π π̂
(
cα · p̂+mc2α4) π̂−1Uπ

= c
(
U−1
π αiUπ

)(
π̂ p̂iπ̂

−1)+mc2 (U−1
π α4Uπ

)
= c
(
−U−1

π αiUπ

)
p̂i +mc2 (U−1

π α4Uπ

)
= H(t, r̂, p̂) = cαi p̂i +mc2α4.

This means that the unitary operator Uπ must fulfil{
−U−1

π αiUπ = αi

U−1
π α4Uπ = α4

.

Equivalently,
{
αi,Uπ

}
= 0 and

[
α4,Uπ

]
= 0. Therefore, by using the anticom-

mutation relations of the Dirac matrices {αi,α4} = 0, it is very easy to obtain that
Uπ = α4 =U−1

π . Therefore, the parity operator can be represented as Π̂ = ηα4π̂, and
Π̂|ψ(t,x,p) ⟩= ηα4π̂|ψ(t,x,p) ⟩= ηα4|ψ(t,−x,−p) ⟩.

b) The time-reversal operator reverses time Θ̂tΘ̂−1 = −t, but not position Θ̂r̂Θ̂−1 =+r̂;
consequently, this operator must be odd for the momentum Θ̂p̂Θ̂−1 = −p̂. Using
p̂= − ih̄∇ and applying the time-reversal operator, we obtain

Θ̂p̂Θ̂−1 = Θ̂(−ih̄∇)Θ̂−1 = −h̄
(

Θ̂iΘ̂−1
)(

Θ̂∇Θ̂−1
)

= −h̄
(

Θ̂iΘ̂−1
)
∇= −p̂ = −(−ih̄∇) = ih̄∇.

To obtain the antiunitary operator that represents the time-reversal transforma-
tions for the Dirac equation, the following equality must be fulfilled

Ĥ
(

Θ̂tΘ̂−1,Θ̂r̂Θ̂−1,Θ̂p̂Θ̂−1
)
= Θ̂Ĥ(t, r̂, p̂)Θ̂−1 = Ĥ(t, r̂, p̂).

Representing the time-reversal operator as Θ̂ = UΘK̂ with K̂ being the complex
conjugation operator, we obtain

Θ̂Ĥ(t, r̂, p̂)Θ̂−1 =UΘK̂
[
cαi p̂i +mc2α4] K̂−1U−1

Θ =UΘ
[
cαi∗ p̂∗i +mc2α4∗]U−1

Θ

= c
(
UΘα

i∗U−1
Θ
)
(− p̂i)+mc2 (UΘα

4∗U−1
Θ
)
= Ĥ(t, r̂, p̂)=cαi p̂i +mc2α4,

where we have used that c and m are real. This means that the symmetry transfor-
mation matrix UΘ must fulfil {

UΘα
i∗U−1

Θ = −αi

UΘα
4∗U−1

Θ = α4
.
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As all αµ matrices are real except the purely imaginarymatrix α2, the above relations
are equivalent to{

α1,UΘ
}
=
{
α3,UΘ

}
= 0 =

[
α2,UΘ

]
=
[
α4,UΘ

]
.

It is easy to obtain that UΘ = α1α3, therefore, the time-reversal operator can be rep-
resented as Θ̂ = ηα1α3K̂, and Θ̂|ψ(t,x,p) ⟩=UΘK̂|ψ(t,x,p) ⟩= ηα1α3|ψ∗(−t,x,−p) ⟩.

c) The particle-hole symmetry operator transforms particles into antiparticles, and vice
versa. It is also called the charge-conjugation operator because it can be proved that,
for consistency, all gauge charges (as the electric charge) change sign under the effect
of this operator.

As we are looking for an operator that transforms particles into antiparticles, we
need the equation for the particle and for the antiparticle (if it exists). The particle
(electron) is represented as the ket (|ψ⟩= ψ, while the antiparticle (hole) will be the
bra (⟨ψ|= ψ∗), therefore, we have

Ĥψ=
[
cαi (−ih̄∂i)+mc2α4]ψ= Eeψ.

Our goal is to transform the particle equation into the antiparticle one. To this
end, we conjugate the Dirac equation for the electron

(Ĥψ)∗ = Ĥ∗ψ∗ =
[
cαi (−ih̄∂i)+mc2α4]∗ψ∗ = [cαi∗ (+ih̄∂i)+mc2α4∗]ψ∗ = Eeψ

∗.

Note that the hole has equal energy to the electron, but with opposite sign: Eh =

−Ee, a property that the Hamiltonian has to obey.
Now, we multiply the conjugate Dirac equation by (−1) in order to exchange the

global sign to obtain the correct energy for the antiparticle

−Ĥ∗ψ∗ =
[
cαi∗ (−ih̄∂i)−mc2α4∗]ψ∗ = −Eeψ

∗ = Ehψ
∗.

Finally, to obtain the unitary representation of the particle-hole symmetry for the
Dirac equation, we assume that there is a unitary matrix transformation UC that
transforms the initial Hamiltonian into the antiparticle Hamiltonian,

UCĤU−1
C UCψ=UC

[
cαi (−ih̄∂i)+mc2α4]U−1

C ψC

=
[
c
(
UCα

iU−1
C
)
(−ih̄∂i)+mc2 (UCα

4U−1
C
)]
ψ∗

= −Ĥ∗ψ∗ =
[
cαi∗ (−ih̄∂i)−mc2α4∗]ψ∗

where we have used that c and m are real and ψC =UCψ= ψ∗. This means that the
symmetry transformation matrix UC must fulfil{

UCα
iU−1

C = αi∗

UCα
4U−1

C = −α4∗ .

As all αµ matrices are real except the purely imaginary matrix α2, the above
relations are equivalent to[

α1,UC
]
=
[
α3,UC

]
= 0 =

{
α2,UC

}
=
{
α4,UC

}
.
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It is easy to obtain that UC = ηα2α4; therefore, the particle-hole operator can be
represented as Ĉ = ηα2α4K̂, and Ĉ|ψ(t,x,p)⟩=UCK̂|ψ(t,x,p)⟩= ηα2α4|ψ∗(t,x,p)⟩.

Finally, note that, contrary to the rest of symmetries studied here, a Hamilto-
nian is invariant under the particle-hole symmetry if, under this transformation,
the hamiltonian changes its sign:

ĈĤ(t, r̂, p̂)Ĉ−1 = −Ĥ(t, r̂, p̂)

Food for thought: Starting from the Dirac Hamiltonian in the presence of an
electromagnetic field,

Ĥψ =
[
cαi (−ih̄∂i +qAi)+mc2α4 +qϕα0]ψ= Eeψ,

check that the antiparticles have the opposite charges of the particles.
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