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Introduction

Quantum mechanics is one of the fundamental subjects in physics. It is a key com-
ponent for any undergraduate and graduate curricula, and it is required for students
to obtain a good degree of understanding in order to conduct meaningful research.
From a student’s immediate perspective, however, this goal may be difficult to achieve
without taking fundamental concepts and applying them in practice problems.

As part of our teaching experiences as professors, we have had students constantly
asking for more practice problems. The consensus is that having a variety of available
exercises illustrating key concepts more than one time in different scenarios can give
students that extra knowledge. This skill is strongly desired, especially in quantum
mechanics as being one of the pillars in physics. On the other hand, from a practi-
cal point of view of teaching the course and having to give multiple exams during the
semester, it is useful if a diverse set of problems reflecting modern developments in
quantum mechanics is available.

There are many books on quantum mechanics available in the literature. In addition
to textbooks adapted by universities, professors develop custom-made notes empha-
sizing a particular topic or set of topics, and when it comes to practice problems, the
majority of books cover rather standard topics, such as 1D Schrédinger equations, per-
turbation theory, addition of angular momenta, the simple harmonic oscillator and
hydrogen atom Schrodinger equations, and scattering. However, new research areas
are emerging that rely on many concepts that are less represented in this list (which is
not meant to be exhaustive, of course).

Here are some examples. Recent discoveries of many new materials with topolog-
ically nontrivial nature have elevated the importance of symmetry and geometry in
quantum mechanics. There is a great need to better understand Berry phases and
related properties in free space and periodic environments. Manipulating functions of
operators and various transformations in this context also becomes important. Our
experience in the classroom, as students and professors now, shows that geometri-
cal phases are given rather peripheral attention and are not much studied beyond the
standard Aharonov—Bohm effect. But since topology with its underlined symmetry
and group theory is gaining prominence in various areas, we feel that a larger body of
introductory exercises is needed. After all, future researchers can benefit tremendously
if these concepts are taught in quantum mechanics classes with the opportunity for
extra practice.

Quantum information is forming into a separate scientific field, which uses Dirac
notation with theories relying heavily on the density operator. Describing a given
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system with a density matrix is in fact more general than the wave function formalism,
for which many problems already exist throughout the literature. However, the statisti-
cal nature of quantum particles, processes, and measurements is much better captured
using the density operator. This formalism is also necessary for the probabilistic nature
of entropy, pure and entangled states, and measurements for quantum information sci-
ence. Although the density operator with some of its basic properties is discussed in
standard textbooks, there is a shortage of practice problems at a more advanced level.

Perhaps the most challenging problems in quantum mechanics involve identical par-
ticles. It is not easy to understand how to apply symmetrization/antisymmetrization
procedures to composite systems that contain two, three, four, seventeen, or an infinite
number of fermions or bosons. Most books focus on the quantum mechanical states
of two identical fermions and bosons making a connection with addition of angu-
lar momenta. For this purpose, the Clebsch—-Gordan coefficient table is conveniently
introduced. Our experience shows, however, that students cannot easily translate this
knowledge when they are dealing with three or four identical particles and their angu-
lar momenta have to be added. The problem of handling a large but finite number of
fermions becomes especially important in atoms for which the electron shell structures
are needed. Even though this is well known in chemistry, here we tried to reinforce that
the electron shells in atoms from the periodic table are a consequence of the nature
of identical particles. When dealing with quantum mechanical states that represent
essentially an infinite number of identical fermions or bosons (such as in macro-
scopic materials), second quantization becomes necessary, which is seldom discussed
in standard courses. Here we try to give problems showing how second quantization
is performed in relatively simple Hamiltonians by giving the reader opportunity for
extra practice and to make broader connections in the context of the statistical nature
of quantum mechanics. The problems of second quantization are also quite neces-
sary for students to see how current research can become textbook material. Much
of the research in the past several years has been graphene-driven, thus it would be
beneficial to see how its Hamiltonian quantization occurs. Starting with “simpler”
problems and delving into statistical quantum mechanical concepts, the problems we
work out in detail give an exemplary connection between textbook quantum mechanics
and quantum field theory.

Understanding relativistic effects in quantum mechanics has become especially
important in light of many recently discovered new materials, in which the Dirac equa-
tion plays a prominent role. The most important example perhaps is graphene, whose
properties can be described and understood in terms of relativistic quantum mechan-
ics, where the speed of light is substituted by an effective velocity of massless particles.
Scattering of relativistic particles as well as topologically nontrivial edge states also
require knowledge of the Dirac equation and its variations. In addition to these new
developments, relativistic problems are always left at the end of quantum mechanics
courses and students are shortchanged. The problems in the last chapter of the book
give different variations of the Dirac equation, which gives an opportunity for practice
in the context of contemporary research situations.
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These emerging fields of quantum research have created new challenges for teaching
and practice. Universities are currently creating programs and curricula to answer these
demands and train the future workforce with diverse background, so students are bet-
ter prepared for cutting-edge research and industry of tomorrow. The collection of
problems in this book emphasizes less-represented topics in the mainstream literature.
At the beginning of each chapter, a brief introduction of basic concepts is provided.
The reader will notice that this is not a textbook format; rather, it is a brief summary
of some important formulas and relations with concise explanations (a more in-depth
discussion can be found in textbooks). The problems in each chapter are of varying
difficulty and we tried to arrange them by starting with simpler examples. Some prob-
lems are created from scratch, while others are revised from the research literature in
order to make them suitable for practice and instruction.

We certainly hope that the reader will find this book useful. Technical details and
connections that a student or a beginning researcher were expected to make on their
own are now shown explicitly, which is quite beneficial in the interest of saving time
and building skills. We also hope readers will find the book enjoyable. Even though
we have tried very hard to make all notation uniform throughout, it is possible that
improvements are necessary. Some typos are also likely to occur (not many, we hope)
simply because of the nature of the content. We would appreciate it if readers com-
municate with us in case they find such unintentional errors. It would also be great if
readers send us variations of the current problems or new ones based on their research
to include in a new edition of this book in the future.
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In physics we often deal with functions of operators, and in this chapter, we give many
problems to practice this. The key concept to remember is that what stands behind

f(A (A) (A — an operator) is the Taylor series f (A ) ): f 2O & with £ (0) being the

nth derivative of the function f evaluated at 0. Actually, such a meaning is embedded
in the translation and rotation operators given in what follows. Here we have given a
collection of problems by including concepts related to magnetic translations, coherent
and squeezed states, for example. Understanding symmetry also relies on functions of
operators, as evident from the many problems on rotations, parity, and time-reversal
operations. Several problems are also given to apply the Bloch theorem in the context
of symmetry, which is especially relevant in condensed matter physics.

For the benefit of the reader, we give some basic concepts and definitions, which
are critical for being successful in solving the problems in this chapter. Some useful
formulas that appear often and can shorten the work process are also given here.

Translation Operator: 7 (a) = ¢~ iba

The basic property of the trans/,lation operator is to shift the argument of the
Schrodinger wave function by a — T (a)y(x) = y(x +a).
Rotation Operator: R;(¢) = e~/

The basic property of the rotation operator is to rotate a quantum mechanical state
about a given axis 7 by an angle ¢ such that ¢/(x) — y(xz) = Y(R} (¢)xRu(9)).
Parity Operator: 7777 = —F

The basic property of the parity operator is to perform a reflection of the displace-
ment operator.
Time-Reversal Operator: 0=UK

The time-reversal operator is an antiunitary operator, as it is a product of a uni-
tary operator U and a complex conjugation operation K. Its property is to reverse the
particle trajectory direction gpg~! = —p.

Transforming a Quantum Mechanical State under Operation D: yp(r) = ﬁgb(r)
Transforming an Operator A under Hermitian Operation D: ZD =D"AD
Transforming an Operator A under Anti-Hermitian Operation M: AM MAM™!
Operator A Invariant under D Operation: A = DTAD — [A,D] =0

Operator A Invariant under / Operation: A = MAM~' — [X, M| =0
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Useful Formulas:
AE = AcBe 1A where [A,[A, B]] = [B.[A,B]| = 0
[e', B] = ACeﬂ{ where [4,B] = C and [A,C] = [B,C] =0
ePet = eAePe B, where [A,[A, B]] = [B,[A, B]] = 0
EAEE A= §+ [A, A] + 211 [A\v [A\v AH + %[Aa [Av [Aagm +

Problem 2.1
The Galilean transformation x, = x — vt (and t, = t) gives the space-time relation
between two inertial frames, as known from classical physics. Here x,x, are vectors
in space for the two reference frames, v is the constant relative velocity between the
two frames, and r denotes time.

Compare the Schrodinger equation for the quantum mechanical wave functions
W(x,t) and y(x,,1,). Construct a unitary transformation that transforms (r,¢) into
¥(xy,1,), such that the Schrodinger equation is invariant.

The problem is essentially asking us to write the Schrodinger equation in both reference
frames corresponding to x, x, spatial variables and compare them to find the relation
for the invariance of the Schrodinger equation. It has been considered explicitly in
Brandsen and Joachain (2000).

We begin with the Schrédinger equation in the (r,7) reference frame,

x 2 2
aw((% 1) ( hz (x, t)) (1),

By writing x = x, + v, and r =1, we express ¥(x,t) = ¥ (x, + vfy,1,). From the chain

A(x0)  ax, d(x)
rule ay;l = M ox,

, it is then straightforward to see that
xv_)xv(y;,z)

AY(x,t) I (xy+vty,ty)  Ixy I (xy+ iy, ty) n dty Y (xy + viy,ty)

o ot T oot ox, ot ot,
d(x—wt) Iy (x, +vty,1,) n 9t Y (xy + vty ty)
T ot ox, ot o1,
alp(xv""wwtv) 8:,0 (xv'i“’twtv)
=- +
2x, oty
— w —y.V xv'//(xv'i‘WVatv)v
O (xy+vty,ty)  Ox, OW (X, 401y, 1) %Qw(xv—f—vtv,tv)
R P PR P ox  on
_ d(x—vt) dy(x,t) Ot dy(x,t)  Iy(x,t) B
=T ox  an Tax o ax, TOTVevlninn),

v iw (xat) = Vx 'wa(xat) = va Y XVW(xV +Vtv,tv) = Vi,yw(xV_FVIVvtV)'

Substituting everything in the Schrodinger equation allows its expression in the (xy,2,)
coordinate system:
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9 ot
ihm —ihv-V o (xy + vty 1y)

ot
72
:—%Vivw(x,ﬂrvtv,t,,)+V(xv+vtv,tv)z//(xv+vtv,tv),
oy (xy iyt 12V2 )
ih Al vBt . v):<— zmx”+V(xv+vtv,t,,) W (xXy+vty,ty) Fin vV o (X, +viy, 1y).
v

Clearly, due to the appearance of the term ifiv- Vy i (x, + vt,,1, ), the Schrodinger equa-
tion is not satisfied if the wavefunction is not transformed. In quantum mechanics,
a symmetry transformation (like the Galilean transformation G) is represented by a

unitary operator U,; then, operators are transformed as
Ag(x,1) = A(Gx,Gt) = UA (x,,1,) U,
while the wavefunctions are transformed as
WG (x,1) = Y(Gx,Gr) = ¢ (x, + vty 1y) = Uy (xy,1,).
For the unitary transformation of the Galilean transformation, we define

i mv2 o~
Uy (3,1) = ¥ (xy + ¥y, 1) = eﬁ<m”"‘”*7’”>w(xv,tv) = Uy (xy,1y).

One also easily finds

. 2 . 2 2 : 2
J 77— J e;,(mv-x,,+%z,,) _imy e%(mv-xmL%tv) _imrs
at, oty T h 2 Th2 "
. 2 . . 2 .
E £ myx,+ 21, ) 4 i(mv‘x + 00—t ) 1 E
Vi, Uy = vae”( ) = gmv el T2V = gmv U,.

Then the Schrodinger equation in the new Galilean transformed system becomes

U, t 0
M—v Vo, Uy (xv’t")

a‘l’v(xat) _ aw(xv+V[V7tV) —V'Vx l//(xv+VIV t") =

ot ot y o1,
_ 5.9 (xty) |, 0, ~ _
=U, o, + o W (xy,ty) —v- (vaUv) W (xy,1,) = UV s (xy,1,)

~ JY(x,,t i mv* ~ i~ ~
:UquLf—U‘,zﬁ(xv,tv)—v‘ —mvU, | ¥ (xy,1,) =Uypv- Vi 0 (xy,1y)
ot, 2 fi
~ (Y (x,,t i mv?
Uy < w( V) _V'va‘ﬂ(xwtv)_%

8t,, 2 lp(xv’tv)> )

Vx‘pv(xat) =V, ¥ (xv + Vtvytv) = vaﬁva (xv;tv) = (Vx,yfjv> v (xvytv) + ﬁvvxvlﬂ (xvatv)

= (;lm"fjv> lﬁ(xwtv) +ﬁvvxvlﬁ(xwtv) = fjv (;lm"lﬁ (thV) +valﬁ (xvatv)>a

V,zcl//v(x,t) = %mwvxv [l?vz,b(xv,t,,)} +Vy, - {ﬁ,,vad/(xv,tv)}

i ~ PN ~
= 2 [V, 00| 0 (x0uty) + =m0,V (50,80 + [V, 00 - Vi (0,1
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+ av [va ° val!’(xvva)]

~

U <;1m2v2w(xv,tv)+2hmv valﬁ(xv,tv)‘i‘v lﬁ(xv,tv)> .

The potential is transformed as an operator,

Vv(rat) - V(xv + Vtwtv) = ﬁvv (xVatv) ﬁj—
Substituting everything in the Schrodinger equation again allows its expression in the
(xy,1y) coordinate system:

x, 272
8%( t)_( hzv +Vv(x l))lﬁv(x,t)a

ot
o (O (x,1,) i mv?
ihU, (atv_v-vxvﬂl’(xwtv)_h ) ';b(xwtv)
——ﬁﬁ -1 ( t)+2£ Ve (X, 1) + V2 0 (0, 1)
= Tom hzm 4 l// Xy,ly hmv ¥ (X, by va Xy, ly
+ U,V (x0,1,) U Ut (x4, 1,).
2
n P E0D) o Gent) + g ()
ot ! 2
2 2
= %l//(xmtv) —ihv- Vb (xy,ty) - ;—Vivw(xv,tv) +V (2, 1) (X0, 1y) -
m
L oY (xy,ty) thzt
ih oL, = . +V(xp,ty) | (x0,8),

which is precisely the Schrédinger equation in the (x,,?,) reference frame.

Food for thought: This problem is actually quite important in showing that,
for an isolated system of particles, the Schrodinger equation is invariant. In
the case of a two-particle system, one can write the Galilean transformation
R, = R —vt, where the center of mass R, is related to some initial coordinate
Randv= fi’t‘ is the velocity for the relative coordinate x. The unitary transfor-
mation ensuring that the Schrodinger equation is invariant in both reference

i (R, 1%
frames is ¥ (R, + vt,1) = e (mv Rt t> W(R,t), where M = m; +m; is the mass

for the mass center of the two particles.

Problem 2.2

Consider a particle of mass m constrained to move in a periodic potential
U(x+a) = U(x) with period a on a line with length L — oo, such that the wave function
¥ (x) has periodic boundary conditions at the end points of the line. The translation

operator for this periodic environment is then given as f( ) =¢ W , Where p is the
momentum operator. What are the eigenstates and eigenvalues of T( )
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This problem is a variation of the Bloch theorem, whose importance for condensed
matter physics can never be understated.

The periodicity of the wave function at L = Na (N — o) shows that ¢(x+ L) = y(x).
Thus, the wave function can be written as ¥/(x) = uy(x)e™, where u(x +a) = uy(x) are
the periodic Bloch functions. Also, using y(x+ L) = ¥(x), we see that

Y(x+L) = ue(x+Na)e* N — 1 (x)e™ =y (x),

thus e*V4 = 1, k = 22 with n € Z. Let us then consider,

T(a)y(x) = ¥(x+a) = ug(x+a)e* 0T =y (x)e* ek,

T (@) (x) = ¥(x+a) = W(x) = g (x) e,

Comparing the preceding relations, we see that (x) is an eigenstate of f(a) with an
eigenvalue A = e*®, where k = i’;—;’, withneZ.

Problem 2.3

An electron with charge (—¢g) and mass m moves in a periodic crystal potential with an
applied constant external magnetic field B. The periodicity is such that, for an arbitrary
real space vector r = p+ R, where p changes inside the unit cell of the crystal, we have
that V(r) =V (p+R) =V(p). Show that the Hamiltonian of the electron in the periodic
environment can be written as

- (pa=A®)"  (y=04®) (ha-94(®)

2m m
—~ ~\\ 2
~_ (P,—qA(p)) . qh
Ho(P):pT‘FV(P)—%(O"B)’

where o = (01,0, 03) are the Pauli matrices.

We begin with the Hamiltonian in real space:

_an

2m

v -LG.B).

It is straightforward to show that A(7) = A(p) + A(R) and p, = Dy +Pr as we have
done here:
5,-W(Vaf) = —th;lﬁ(P‘F th)
= _thPW(p—’_th) - thRll’(P+R»f) = (ﬁp +/ﬁR) ¢’(P+R»f)a
S| o 1 PN 1 1 -~ 5 ~
A) = 5 (BxP) = <B>< [p+RD — 5 (Bxp)+3 (BxR) — A(P) +A(R).
Therefore, we have

Pp+Pr—4A(P)-qA(R)

2m

( )
A =1 (p.R) = +V(ﬁ+f€)—%(&-8)
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(pp=01@)" _ (pr=9a®)" (5 =449)) (pr-a4(R)

2m 2m 2m
N2 -
. gh . (Pr—4A(R) Pp—4Ap))-(Pr-94(R)
+V(p)—q—(0-B):Ho(p)+< ) +< £ ) ( )
m 2m m
Food for thought: The equation ihdy(r,t) = HF)W(r,t) with
~ - A2
H(r) = % +V(@#) - 25 - B) for a two-component spinor y(r,r)

is called the Pauli equation in quantum mechanics and corresponds to the
motion of an electron in the presence of an external electromagnetic field
(Nowakowski, 1999).

Problem 2.4
The Hamiltonian for a given particle Hy = K (p) + U (¥) has a periodic potential with
period a, such that U (¥ +a) = U (¥), and K (p) = zﬁ—m is the kinetic energy with p being the
momentum operator. In this case, we know that the translation operator T(a) = er
commutes with I-AIO, as evident from Bloch’s theorem.

Suppose an external magnetic field B = (0,0, B) along the z-direction is applied to
this system. The Hamiltonian then becomes

o (h-eA®)
2m

where A(F) = %(—By, Bx,0) is the vector potential and e is the charge of the particle.
What is the translation operator that commutes with H in this case?

+U(r),

This problem alerts us that the translation operator in a periodic poten;igl when an
external magnetic field is applied is different from the familiar ZA”o(a) = operator.
We immediately see that [Tb(a),ﬁ} # 0 simply because [fb(a),A(?)} # 0. Thus, To(a)

must be modified so that {T\ (a),[ﬂ =0.

We note that when B is introduced, then the momentum is rescaled by the vec-
tor potential as given in the Hamiltonian H. Let’s assume that something similar
happens in the translation operator and construct 7'(a) = eiP+e4M)¢ Now let’s
consider

7(@), (K (p=eA®)+U)| = |T(@).K (p=ed@)] + [T(a). U] .

However, since [(ﬁ—eA(? )i,(ﬁ+eA(?))J} = ihe (% - gfj’f), where i,j = x,y,z, we

realize that for the 4 (F) = 1 (—By, Bx,0) gauge, one has [( P—eA®),,(p+eA(F)) ]} =0
for all i, j. This means that

[T\(a),K(ﬁ—eA(?))} —0.
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On the other hand, by using eh(PreA)a — pjPay AT,
[f(a)’U(y)} et (Pred@)ay §) _y (7)eh (Pred)a
— U(F+a)ei PreAD)a _ gy 3)ei (pred)a
=U(F)eh (p+eA(?>>-a_U(?) F(Pred)a _

Food for thought: The so-constructed translation operator T (a) = efi (P+ed(¥)-a
is called a magnetic translation operator. The concept of a magnetic translation
operator was considered by Brown (1964) and Zak (1964), which turns out to
be quite useful, especially in the construction of Wannier function basis sets for
periodic environments in the presence of magnetic fields.

Problem 2.5
Under the application of a magnetic field B = (0,0, B) along the z-direction, the Hamil-

tonian is H = m + U(¥), where the potential is a periodic function such that
U(x+a)=U(x). For the gauge A(r) = 1(Bxr) = 1(~By, Bx,0), show that the product
of two magnetic translation operators satisfies

T(a)T (@) = T(a2)T (ar) e B@X@) — T (q) 4 ay)eP @),

where T'(a) = e (PTeA®)a and g = ¢B/n.

This problem builds on our understanding of magnetic translation operators (intro-
duced in the previous problem) by considering the successive application of two such
translations with different substitute with vectors aj 5.

Let’s first see that

T (@) g(x) = enPrea®lany (x) = FAD Ny (x 1 ay) = B EDOT (1) (x),

where we make the definition of fo(a) — ¢ From the preceding result,
T(ay) = e BN T (q)) = 7 P@) 7T, (a)), thus we have

f(al)f(a ):e%iLBX(awaz)]-?fO (a1 +a2)e? i (arxaz)-B

(a1 +ay)e? HBx (a1 )7, 5 (a1 xaz) B

o)

>

=Ty (a) + ap) AT (@ H@), jlaxa)p _ 7 (ay+ay)e? (111><az)ﬁ7
f(al)f(az) T (a —ﬁ—az)ef(“]X”Z)‘ﬁ.

>

In the preceding, we have utilized cross-dot properties in the vector potential
£ A(F) = 3B x7), such that

%iLBX(al +a)] .?:éLBx?].(al +ay) :i%A(?).(al +a).
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By exchanging a; and ay,
T ()T (a1) =T (ar +ay) e? @B = T (a) + ay) e~ 2 (0B,
Therefore, we have
T (a1 +a) =T (ay) T (ay) e2(@<e2)#,
By relating the two underlined equations,
T(@)T (@) =T (ay +ay) e2@x@)B

=T(a2)T(a l)e’(alxaz)ﬂe%(alxaz)'ﬂ

=T ()T (ay)e' @) P,
Therefore, one finds

T(a)T (a2) =T (a) + ap) P 1@%®)

Problem 2.6
Under the application of a magnetic field B = (0,0,B) along the z-direction, the

Hamiltonian is H = M + U (¥), where the potential is a periodic function such

that U(x +a) = U(x). For the gauge 4 = l(B><r) = 1(-By,Bx,0), show that when
PP o
R +Ry+R3=0,then T(R))T(R,)T (R3)=¢""" % wheregbo* and ¢=B- (Ry X R3).

This problem of three successive translations is closely related with the previous one, for
which two successive translations were considered in the presence of a magnetic field.

Let’s use the results from the previous problem for two successive magnetic transla-
tions:

T(a)T (@) =T (a) +a2) eslara) B _ T(ay)T (a))e'@*a)B,

Let’s try now performing three such successive translations:

T(R)T(R)T(R3) = T(R)T(Ry + Ry )e 2B (RoxRs)

_T(Ry + Ry + Ry e BRIt Ra)) - RoxRs)
Let us further use that R, + R3 = —R; and 8 = eB/:
T(R)T(Ry)T(R3) = T(Ry — Ry)e P IROR)] o35 (RoxRs3)
_ f(o)e—%ﬂ-[Rlle]e%B~(R2><R3) — o3P (RaxR3)
Then, using the definitions ¢g = % and ¢ = B- (Ry X R3):
T(RO)T(R)T (Rs) = 5B RxRs) _ s

Problem 2.7

Consider a 2D lattice whose periodic potential satisfies U (x + Nya; + Map) = U(x),
where N > are integers and a; > are the unit cell primitive vectors. When an external
magnetic field is applied, this natural periodicity is not fulfilled any more.
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Show that for B = (0,0, B), the magnetic translation operators each associated with
a; and a; will commute with each other only when the flux ® = B- (a; X ay) satisfies

the conditions e,? N1"11V2’ where m is an integer.

From the previous problems on magnetic translation operations, we realize that this
is just another variation of Problem 2.5 for the product of two translations, but now
things are considered in the context of periodicity.

Given the periodic potential, we infer that the wave function also contains the same
type of periodicity (as implied by Bloch’s theorem). Thus, we must have

T (Nlal) T (Nzaz) U(x) = ll/(x+N1a1 +N2a2) =y(x).

Using  the previously obtained result in Problem 2.4 that
T(a)T (@) =T (a) +az) P @x2)  we get

f(Nlal)f(Nzaz)lﬁ(x)ZA(I\’zaz)AUVlal) B NaxNaa) y ()
(Noax) T (N1 s (x)
(

—e =
x+Nia; +Nay)

B a1 Xa2

ieN| Ny
n

T
—e B-(a;xay) l//

ieN1N-
= Blara)yy).

ieN N ieNN- .
711 ZB(alxaz) —1>e }11 ZB-(a1><a2) _ elZIrm’

Comparing the last two relations, we find e
where m is an integer. Thus,
ieN1N, ieN1 N>
h h
where ® = B- (a; X az). After some simplifications, we arrive at

B-(alxaz) =

= i21m,

e e m

2th o h NNy

Problem 2.8

Consider now the Landau gauge with 4 = —Byu,. What is the magnetic translation
vector in this case? Can you derive a property for 7 (a;) T (az) similar to the one found
in Problem 2.5?

This problem gives us an opportunity to practice the derivation of two successive mag-
netic translations (similar to Problem 2.5), but for a different gauge for the vector
potential. . _
Let’s begin with the definition 7'(a) = e (Pred)e — = eiPagiedda = Ty(a)ercA)a =
eA@'“f"o(a), in which A(x) - @ = —Byu, - a = —Bya,. Therefore,
T(a) = e h BTy (@) = Ty (a)eh .

The product of two magnetic translations becomes

T(a)T () = e 1BV (@) ) e BI2x Ty (ay).
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Exchanging Ty (a; )e™ 1 B = ¢~ ¢Ba2:0+a1,) T (a1, we arrive at
T(an)T(ar) = ¢~ h Br0e™ h BxOHaN T, (0)) Ty ()
— o heByaLc,~ eByagvxe—%eB(al,).azﬁx)fb(al ta)
_ [%”By(“lvﬁ“l«‘)fo(al Jraz)e—%eB (a1ya25) — T(a1 +ay)en j eB(a1ya2,),
Exchanging a; and a; in the preceding,
T(@)T (@) =T (@ +a) e Blomvans),
T(a1+a) = T(a)T (ay)eh B (2 a1)
Thus, we obtain

) éeB(alﬁ).azﬁx) — T(az)f(al )e%eB (llz,ylll,x)e—%EB (al_yaz‘x)

T(@)T(a2) =T (a1 +a
= f(a )f( )eﬁ B (a1 ary—ayary) — T(az)T(al)e'hB (arxay)
= f(az)f( 1)e iB-( ‘l1><a2
where we have used WB This is exactly the same result as found in Problem 2.5.

Problem 2.9

Consider the following transformation, D(a) = ¥ =0"@ \where @,a* are the annihi-
lation and creation operators for the simple harmonic oscillator and a = |ale? is a
complex number. Show that

=~ 12 ot
D(a):e 3lal P oza’

)D(ﬂ) —ilm(aB* )

Because of the second and third relations, D(e) is called a displacement operator. This
displacement operator is often applied to the coherent state of the simple harmonic
oscillator, as we will see in the problems that follow.

For the first relation, let’s do the following:

at

D(a) = ™

PPN ~+ .~ 17 ~+ o~ 1 2 ~+ N
- a ad - a,—»|aa ,—a d — 7 | aa - a
=e e e 3l ’ ] =e zlal e e

where we have used that [@,a*] = 1 and the relations in the useful formulas.
For the second relation, we use the following property: ABe = B+ [X B]
x [X, [X,ﬁ]} +4 {A\’ [X, [X,g} H +.... We further note that D* (@) = D(—a) = [D(a)]”
Therefore,
~ o~ 1
D*(a)aD(e) = a+[(-ad@" +a"a) a + 5 [(-e@" +a"d) . [(-e@" +a"a) a]] +...
=a+a+0+...,

where we have used again that [a,at] = 1.
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The third relation can be proven similarly as the second one.
The fourth relation can be shown by using

5((I+ﬁ) _ eaﬁ*—a*ﬁﬁ»ﬁtfr—ﬁ*?i: aat-a aeﬁ t-pra d,=7 [(e@a ™ —a*a),(Bat—p*a)]

D(a)D()e 3" ="F) = D(a)D(p)e™ ().

Problem 2.10

A coherent state for the simple harmonic oscillator is defined as |a) = lA)(a)|0>, where

ﬁ(a) — ¢ -0"d ig the displacement operator for the harmonic oscillator, |0) is its

vacuum state, and @,a ™" are the annihilation and creation operators. Show that the

coherent state can be written alternatively as |a) = e 2l ) \%In). Demonstrate that
~ \n

dla) = ala).

We start with
la) = ( )|0> (m —a* a|0> _ e—f\al aa™ —(1*5|0> — e—%\(rlze{zaJr'O),

sincee‘“*‘7|0)*(1 a*a+1a®a’ +...)10) =0).
Also, €% |0y = z (@) |0y= zn, Vnllny= z (|n> Therefore, |a) = e~ 21" ): o =n).

For the second quantlty, realizing that D(a )D*( ) =1, we can obtain

D(a)D" (a)dley = D(a)D* (a)aD(e)|0) = D(a)(d+ @)|0) = aD(a)|0) = ala).

Food for thought: This is a problem found in many textbooks, and here we are
re-visiting it again in the context of the displacement operator.

Problem 2.11
Show that (%)% = (¥)a = ()3 = 7,5 and (Ap)*)e = (P)e = (P); = "5, Where
the expectation values associated with the displacement and momentum operators of

the simple harmonic oscillator in 1D are evaluated with respect to the coherent state

la) = D(a)|0).

We remember that X = \/ﬁ(a +at)and p =i,/™%(@-at). Therefore, using the

results from Problem 2.9, we find that

(@@+aa) = D" (a)(@+a")D()0) = O|(@+a" +a+a*)0) = a+a,

(e|(@=a")lay=\D" (a)(@-a")D(a)0) = (O|(@-a* +a—a*)|0) = a—a*

(@@+at)@+at)lay=(a+a*)’ +1,
(@-

a
(al@-at)(@a-a")lay=(a—a*)*>-1.
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By simple substitution we further find that

B hmw K2

APy — =
(A7) = T3 and (ADD((AF ) = -

N2\

Therefore, the coherent state satisfies the minimum uncertainty relation.

Problem 2.12
Show that the expectation value for the displacement operator of a simple har-
monic oscillator in 1D with respect to its time-dependent coherent state |a(z)) is

X)e(t) = \/ﬂolalcos(a)l —¢). Here xp = 4/ % and we have used that @ = |a]e!®.

To solve this problem, we realize that we need to evaluate the expectation value of the
displacement operator x of the harmonic oscillator with respect to the time-dependent
wave function ¢, (x,¢) corresponding to the coherent state a.
We begin with the representation for the coherent state at time =0 from Problem
2.10: - |a) — bl Yy %In}. Thus, the wave function at t=0 corresponding to this
~ \n!

state is
P ( ) (xla)y = e~ 2|fl\ Z <x|n>—e 2|‘Y| Z\/_wn

where the eigenfunctions of the simple harmonic oscillator are

_ 1 2 L« _ h o
Yn(x) = Vonivie H,(§e 7, &= 00 X0 =\ e Since the Hamiltonian for the har-

monic oscillator does not depend explicitly on time, the time dependence of ¢, (x) can
be expressed as

it y
Yn(x,1) =€ 1 iy (x,0) = e o(z+ )'vl’n( ),
where we have used that y,(x,r) = U(t)n(x,0) with the evolution operator
Ut)=e i
Therefore, the time-dependent coherent state is simply ¢q(x,1) = e =3 laf? Z r(pn(x 1)

iwt n ,—inwt

= g2l ¥ Z <= Wn(x). Making the substitution a(r) = ae™', we write

o |(1|2 m)f a'” ([) iwt
t 2 ) = 7.
Po(x,1) =€ ~

To find (X), (), we write

<x>a< ) = <¢a ( |x|¢a/ >_ \/ <¢a Zi+>|¢ar(t) (x)>

= 7( (t) +a* (1)) = V2xoRe(a(1)) = V2xola| cos(wt — ¢).

2mw
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Food for thought: We note that the relation (X), () = V2xola|cos(wt — ¢) indi-
cates that the expectation value of the displacement operator oscillates with
respect to the time-dependent quantum mechanical. This outcome is actually
quite different when compared with the expectation value of the displacement
operator found with respect to the time-dependent quantum mechanical states.
Can you show this quantitatively?

Problem 2.13
Eat2_E5

Define the following transformation, S(&) = 7@ ~~3 @ where @, a* are the annihi-
lation and creation operators for the 1D simple harmonic oscillator and & = re® is a
complex number (r is real). Show that

St (£)as(€) = acosh(r) +a* e sinh(r),
SH(€)atS(€) =a+ cosh(r) +ae” sinh(r).

Using the preceding properties, find St (£)zS(¢) and §* (£)pS(€) when & = r is real.

To show the first relation, we use the property ABeA =B + {A B} [A [A B]} +

% |:A\7 {Z, [Z,E\H] +..., where A = 252 -£ a+,2 and B = a. Applying it requires the

evaluation of several commutators,
1< [f-Co] - §ra € 2 e
at2,

where we have used that [a%,a] =0and [a"?,a] = —2a " Similarly, using [a™?,a"] =0

and [@®,a"] = 2a,
[27 [X,a” [A g*A*] _ g [Xﬁ*] :g*g [@a"] —g*% [a*2,at] = &Pa.
The rest of the commutators are found easily, giving the desired result:

~ —~ 1 1 1 1
+ ~ e e RV A < Vot o B U L e W T oo
ST(§)as(é) =a-¢'a +2!|§| a 3!5 €] a+4!|§| a 5!5 |é"a+
= acosh(r) +a e " sinh(r).
The second relation can be shown analogously, and it is left for extra practice.

For the last part of the problem, we remember that a = /52X + i %ﬁ;

at = p. Then, for the case of real £ = r,

%x_l 2mhw
)= (@+at)cosh(r)+ (@+a")sinh(r),
r) = X[cosh(r) + sinh(r)] = €'%,

r) = (@—a")cosh(r)— (@—a")sinh(r),
) = plcosh(r) —sinh(r)] = e p.

"5)
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~

Food for thought: The so-defined S(¢) is called “a squeezed operator,” defined
by Stoler (1970) to deal with squeezed states whose property is to give the min-
imum uncertainty principle for the expectation values of the displacement and
momentum operators of the simple harmonic oscillator. More on this in the
next problem.

Problem 2.14

In quantum optics one often has to consider squeezed states, which are defined as

&) = §(§)IO), where §(§) — 55 and |0 is the vacuum state of the simple harmonic

oscillator with @™, @ being the creation and annihilation operators.

By taking that ¢ = r is a real number, find the variance of the displacement
and momentum operators Axz, Apg, and then check the validity of the uncertainty
principle.

‘We start with
(A%)? = (ER21E) — (€lRIEY> = (OIS (£)2S(£)10) - (OIS (£)xS(£)I0)>

n
= (0|e?"3210) — (0le"x]0)? = > (0[z2]0) — € (0[x]0)> = > ——.
2mw
In the preceding, we have used the results from the previous problem and

SHE) = By (¢). Similarly, one can find that

2 s hmw
(Apg) = —
Given the preceding results, we find that
.. h
AxeApe = 7

We note that Ax; — 0 and Ap; — oo as ¢ = r — co; the minimum uncertainty relation
is always fulfilled.

Problem 2.15
In quantum optics one often has to consider squeezed coherent states, which are defined
as |, &) = 5(&)la) = 5(£)D(a)|0), where §(&) = e L D(a) = ¢*@ '@ for the
1D simple harmonic oscillator, whose vacuum state is |0) and a*t,a are the creation
and annihilation operators.

Find equivalent expressions for the following relations in the case of @, & being real
parameters:

§H(&)D" (@)xD()S(é), St(€)D* (a)pD(a)S(£),
(a,&Wa, &),  (a,élpla,é).
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Using the results from the previous problems, we write

SH(E)D" (a)7D(a)S(€) =57 (¢) <A +2a h) S(¢)

2mw
— SH@TS(E) 4204 | 1 = efF 20y |
2mw 2mw

Similarly,
$* (€)D" (@)pD(a)S(¢) =S+ (£)pS() = ¢

For the last two relations,

(@,éWa, &) = (0] (efﬂ 2a4/ h) [0y = 2a\/T,
2mw 2mw

(@,élpla, &) = (Ole*pl0) = 0.

Food for thought: The transformed displacement operator consists of a
squeezed term and a displacement constant, while the transformed momentum
operator consists of a squeezed contribution only.

Problem 2.16

Consider tlle Hamiltonian H = o+ woN + A(@+at)a,, where wy,ws, A are real
constants, N = a " a is the number operator for the simple harmonic oscillator a*,a are
the creation and annihilation operators), and o7, are the Pauli matrices.

a) Find an expression for the transformed Hamiltonian ﬁlz = (72(7 lﬁ Z71+ 17; within
first order of {1 = - iwz and {r = - fwz for the unitary operators U, = ¢1(@ 0+-a0-)
and [72 — ehlazi—ate-)

b) Find the expectation value of H with respect to the nth simple harmonic state whose
spin is in the positive z-direction.

This problem gives an opportunity to exercise manipulations of creation and annihi-
lation operators for the simple harmonic oscillator and spin !/, operators.

~

a) A useful formula here is the expression e*Bed = B + [X,E} + % [A, [Z,B]} +
% [X, [X, [X, EH] +.... The transformed Hamiltonian becomes
Ay = D00} U5 =H + (6@, —ao-),H] + [p@s, -a‘e) i) +....

We have kept only the first three terms, which turn out to be enough to obtain the
contribution to first order with respect to ; and ;. Working out the commutators
yields

a(@te, - aa_),ﬁ] = w1 (@G- +atey)

- [(0,-00)+ (@a+2ata+ata’)o.],
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[gz(aa - a+&_),ﬁ] =~y (@6, +a"5)
A [(0.+00)+ (@a+2ata+ata™) o],
where 07 is the 2 x 2 identity matrix.

Grouping everything together and using ¢ + & = 9L, & — & = —2292,

wW]—wy Wy—wy

N=a*a and &y = 1 (¢« +icy), we obtain
~ w e o~ ~ ~ -~ L~ o~ o~
Hp, = 710'1+w2N+/1(a+a+) O+ [g’l(a+0'+—a0'_),H}

+ [{2(?)\(/)\'+—Zl\+a’_),ﬁ] ¥

. 1 222 T ey | A Ve 2 N5
Hy=w | 5+—5——(+2N+aa+a*a’) ). +wr (N+—— | 50
2 Awiwy —y
taA( 1+ 525 J@+a")oc+i—5—(@-a")s,.
w3 - w? w3 — Wy

b) The expectation value for H for the nth-particle state whose spin is !> in the positive
Z-axis is

. i~ 1 1 22 202
(Hi2)n = naf‘HU‘na* = wq *+27(1+2n) +w»y n+ﬁ s
2 2 2 Wit R
where we have used that (nlaln) = (nla ™ |n) = (nl@aln) = (nja*a+t|ny = 0, (nNIn) = n,
and (3] |1) = 1.

Problem 2.17
Find an equivalent expression for the operator [T =e¢
and A is a real constant.

7 where 7 is the parity operator

To find such an expression, we use the fact that functions of operators can be written
using their Taylor series equivalent.

Remembering the basic property for the parity operator that 71> = 1, we can easily
recombine this series in even and odd components:
2o ~ B N\ ~ -
= Z( TR ...>1+i</l TREGE ..)n:cos(/l)1+isin(/l)7'c.
Problem 2.18
Consider the bound motion of a quantum mechanical particle in 1D under an

even potential V(x) = V(—x). Demonstrate that the eigenfunctions of the stationary
Schrédinger equation for discrete bound states have a well-defined parity.

This is actually a standard problem that can be seen in many textbooks. Due to its
importance, here we present it again. What is asked in the problem is to show that each
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eigenfunction of the basic 1D Schrodinger equation is either even or odd. A sensible
way to begin is by writing the basic 1D Schrodinger equation

2 2
[_;‘WZ@ +V(x)] w(x) = Eu(x),

where y(x) is the eigenfunction whose eigenenergy is E. However, since V (x) = V (—x),
we can also write
n* d*
V(=) o) = B

After executing the change of variable x — —x in the preceding equation, one arrives at

K d?
[_mndﬂ

V)| w2 = Eul-x),
Therefore, y(x) and y(—x) are solutions to the stationary Schrédinger equation with
the same energy E. In 1D motion, however, the energy spectrum of bound states is

always nondegenerate (Can you explain why?), meaning that ¢(x) and ¢(—x) must be
linearly dependent. Also, both functions must be normalized:

/_ : W (x)Pdx = /_ : y(—x)|Pdx = 1.

Because of the nondegenerate 1D spectrum and the normalization condition for the
eigenfunctions, one concludes that the wave function must satisfy ¥(x) = y(—x) or

Y (x) = —(=x).

Food for thought: Can you give examples of specific 1D potentials for which
their eigenfunctions have definite parity?

Problem 2.19
Show that the ecigenstates for the Hamiltonian of the simple harmonic oscillator
potential have a definite parity.

Show that the parity of the eigenstates for even n have an even parity and the
eigenstates with odd » have an odd parity.

Obviously, this problem is related to the previous one, since the potential for the simple
~ 2

harmonic oscillator is V (x) = $maw?x? = V(—x). The Hamiltonian is H = £~ + Imw?%®

and it commutes with the parity, [ﬁ ,ﬁ} = 0. Thus, according to the previous problem,

the eigenstates must have definite parity.
To demonstrate the parity property of the eigenfunctions, we use the relations for

. P Y S VR e S
the annihilation and creation operators @ = /% (X-i-lmw), a” =./% (x zmw).
Remembering that 77x7 = —x and 7" prt = —p, one easily shows

AtatR=-at, wrar=-a.
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Thus, one finds

a’ Fid
An+1y=nm ny=-a- ny,
| ) WH m|>

where we have used the properties of the creation and annihilation operators
atlny = VYn+1|n+ 1); aln) = v/nln—1). On the other hand, since the simple harmonic
oscillator eigenstates |n) have definite parity, we have

Tlny = naln); Aln+1) = nuy1ln+1).

Comparing the preceding relations, we arrive at

Mn+1 = —Mn,
meaning that the parities of the successive eigenstates alternate. Noting that the ground

m(/JXZ . .
state yo(x) = (x|0) ~ e” 2o is even with g = (+1). Thus, 7, = (—1)". Another way to
realize this is by using

T =7t ﬂloﬁ = (-U"wﬁﬂoﬁ = (-U"wlomo = (=1)"noln) = naln).
Again, since 7, = (—1)", we conclude that the eigenstates for even n have an even parity,
while the eigenstates for odd n have an odd parity.

Problem 2.20
Consider the Hamiltonian for the simple harmonic oscillator and the definition for the
parity operator in the continuum basis of the position operator 7 = [ dx|x){—x].

Find an expression for the parity operator in terms of the number operator N=a"a,
where a ™, a are the creation and annihilation operators respectively.

Using bra-ket notation for the wave function of the simple harmonic oscillator
Wn(x) = (xln), we can write

T (x) = 7xlny = (xlln) = /_ dxo{xlxo){—xoln) = (=xln) = ¥ (-x),

where the definition for the parity 7 = [ dx|x){(—x| was used. However, we know that

- , forn-odd . - .
Un(—x) = Yn(x) orn-o . Since N|n) = n|n), we arrive at
+in(x), forn-—even
Ay = (1)) = €™y — 7 = ™V
Problem 2.21

Consider a Hamiltonian H with eigenenergies and eigenstates given by the character-
istic equation H ) = Enly,). Let H commute with the parity operator, {I-AI ,?r} = 0.

Show explicitly that |if,) is also an eigenstate of the parity operator 7 and find its
eigenvalues.
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We will show that |y,,) is an eigenstate of 7 by construction. Let us take
- 1 ~
|lﬁn> = 5(1 in)|‘ﬁn>-

It is easy to see that H|J,) = Enlih,). Check:

1 PPN 1
HYy) = (H+H7T)|¢’n> = *(Enllﬂn)iﬂHIlﬁn)) =5

2 (EnW’n) iEn;T\W’n» = En|J’n>

It is also easy to see that 7|y,) = +|J,). Check:

—

~ I . . .
7T|';0n> = (ﬂiﬂ'z) o) = E(ﬂ'i D) = ii(l £70)Wn) = ).

2

Food for thought: This problem was considered explicitly in Sakurai and
Napolitano (2017). Can you give examples of specific Hamiltonians that
commute with the parity operator?

Problem 2.22

The electric dipole moment operator of a quantum mechanical particle is defined as
D= gx, where q is the charge and ¥ is the displacement operator. If in the absence of
any external electric field D # 0, then the particle is said to have a spontaneous dipole
moment. Suppose the Hamiltonian H for this particle has nondegenerate spectrum and
is invariant under parity. Show that the expectation value of the spontaneous dipole
moment of the particle is zero.

Since H is invariant under parity, then 77 Hz = H and {ﬁ, H } =0.
Consider the nondegenerate spectrum of the Hamiltonian H ) = Eul,) and do
the following:

(.| W) =0 - Hlwy = Els), - where  Iy,) = 7).
Also, we realize that

<lpn|D|lﬁn> = <wn|A+ADﬁ+ﬁ|wn> = <lﬁn|ﬂDﬁ+|lﬁn> = (lﬂnlDllﬁn%

where we have used that 77 = 1 and the fact that 7 DA+ = grxn+ = —g% = —D. How-
ever, since the Hamiltonian and parity operators commute, then the eigenfunctions of
the Hamiltonian have definite parity, thus [/, = T,) = £[y,,). Therefore,

Wl D) = =W, IDIL) = (Wl Dlrn),

meaning that the expectation value of the spontaneous dipole moment is zero,
WnlDlry) =

Why is it necessary to require the spectrum of H to be nondegenerate7 Is it possible
that for such a Hamiltonian for which atH7=H, the expectation value of D is not zero?
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Suppose H [é) = E,ly¢) and H %) = E,|y%) (e = even parity, o = odd parity). Then
for the linear combination ‘J,ﬁ = Ce| we) + C,ly0), one has ’J/;) =7, = Ce’ ey —
C,|w%). Therefore |if,,) does not have a definite parity and the expectation value of the
spontaneous dipole moment can be nonzero.

Food for thought: This situation reflects the fact that in systems that lack
inversion symmetry, the average dipole moment can be nonzero.

Problem 2.23

a) Using the definition (<¢|A\)|l//> = (¢|(Xlw)) of a linear operator X, write the cor-
responding definition for an antilinear operator B. Also, using the definition
<¢|X+|z,b) = ((¢|X|¢//))* of an adjoint operator, write the definition of an adjoint
antilinear operator B.

b) Show that transition probabilities between two states |iy) and |¢) are conserved
under the antiunitary operator transformation B.

This problem gives a straightforward exercise for the basic properties of antiunitary
operators.

a) The corresponding definition of an antilinear operator is ((¢|B)) = [(#|(Bly))]*.
The corresponding definition of the adjoint antilinear operator is
@I(BT10)) = [((@IB)W)]* = (@I(Blw)). ~
The antilinear operator is also antiunitary if it satisfies BTB=BBt =1.
b) Let |¢/) = Bly) and |¢') = Bl¢), then

@)= (B ) (B) = (B BN = (@'

Therefore, |(¢|y)|*> remains unchanged.
We conclude that transition probabilities are not altered by B.

Problem 2.24

Let us consider the time-reversal operator of spin ! 5. Using the general definition of the
time-reversal operator © = UK, where U is a suitable unitary operator and K denotes
complex conjugation, construct the explicit form 0. Specifically, from the basic trans-
formation for the spin ! /2 operator under time reversal and the fact that any 2 x 2 unitary
matrix can be given as U=ao + Bor +yo3+dog (a,B,y,6 are constants) show that
the time-reversal operator for a spin 1/ particle can be written as 0= neto2m/ 2K. Note
that there is an accumulated phase n upon time-reversal operation, which often is
chosen to be 1. Feel free to take n = 1 in your solution.

We use the follgwing property: 0S0! = -8.
Thus, since S = %a’, we find that

-0 260'1@)_1 = (ﬁf)oq(ﬁf)_l ijfdlk\ﬁ_l ZﬁO'lfzﬁ_l 2(/]\0'1[7_1,
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where we have used that o is real, thus 1?0'1 = 0'11? and that K2 = 1. From here one
finds that the anticommutator

{LA/,O'l} = 00’1 —&—0’13 =0.
Noting that o, is imaginary and I?crz = —o-zl? , we find that
~0y =000 = (UK)o(UK)™' = UKR0KU ™" = -Uorr KU~ = -Ucr U,
thus,
[17,0'2} =0.
Noting that o3 is real and K o3 = 0'31? , we find that
-3 = @03@_1 = I/J\Ea'g(ﬁl?)_l = UKo KU ' =Uo KU = ﬁa'3l7_1,

thus,

{6,0'3} =0.

In summary, U anticommutes with o1, 03 and it commutes with 0. Use each result
explicitly,

{1770'1} =0=alo,01}+plo2,01} +y{o3,01}+6{00,01}

)
:2&0’%4—260’1 =2a0y+ 260 :2( Z N ),

a=0=0 — 17:,80'2—1—70'3.

Also, {[7,0'3} =0=p{02,03} +y{o3,03) =2y03 270'02( 2)/

0 ),thusy 0,
Y
02,30'2.

Additionally, UU+ =0U*U =1: thus, by taking 8 =1,

inoy

U=iocp=e2

=Uocos<g)+i0'2sin(g> = @ = 2R

We note that, from U = U*U =1, we could take 8 = in, with || = 1 being an
arbitrary phase. Then ® = neivzfr/ 2K

Problem 2.25

Let a spin 1/ particle be in a spinor state y = W (Z), where this vector is expressed
(o4

in the standard eigenbasis representation in which o3 is diagonal (o, i = 1,2,3 are the

Pauli matrices). What is the time-reversed spinor state?
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. . . PN = 0 -
For spin 1/ particle the time-reversal operator is ® = ino»K, where o = ( ; 01 )

and K is the complex conjugation operation. One easily finds that
S R TS
P +1BP \ B PP \ -1 0\ B
_ < B )
VieP+12 \ —a /)

Problem 2.26
Consider a particle with angular momentum J = 1, whose spinor is given as
a
x=———=——=1| B | in the eigenbasis representation of JAZ being diagonal. What
la2+B2+y?

happens to this spinor under the operation of time reversal?

Clearly, we have to know the time-reversal operator for the angular momentum J,
whose matrix representation is

010 0 -i O 1 0 O

N h N h ~ h
JSo=— 1 0 1 |s/h=—4| i 0O —i |;/,=—1 0 0 O
\& 010 \& 0 ¢ O \& 0 0 -1

The time-reversal operator can be written as
0= ne_ify”/hf,

where K denotes complex conjugation. Using the series representation of e *»™/" and

—~ 3 —~
the relation (%‘) = %, we find that

—~ —~ 2 —~ 3 ~ 4
= ~ iy 1 {iJ,a 1 [ i)« 1 [ i)«
—iha/h 7 _My® 1 [ Wy® ) 1 [Eha R et
¢ h+2!<h> 3!<h>+4!<h>+"'
o\’ 7,
=1- (;) (I=cos(a))—i (g) sin(a).

2 ~ N\ 2
) (1-cos(n))-i<;>’> sin(n) | K=n 1-2(‘2) K.
Then we see that

o\’ 1 @
X@an1—2<g> O —

ViaP #8247\

Therefore,

=[S~y

@:ne_ify”/hk\:n 1- (
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1
- il 0 -1 0 g
0

V > + |ﬂ|2 + |7|2 1 0

n -

B
VieP+BE+RE\

Problem 2.27
a) How does the commutator for the displacement and momentum operators [Xy, p¢]
transform under time reversal?
b) How does the commutator between two components of the angular momentum
operator [Ji,J;] transform under time reversal?

a) We recall that [x;, py] = iidke. One finds that

~

O, 10" = [, —p)OO " = —[%, i,

which is consistent with the right-hand side of the commutator,

~ o~

O(ihdi)0~" = —ind®O " = —ihdyy.

b) We recall that [j/\(,j;} = ihekgmfm. Thus,
6|0 - [-.~7] 661 1.4
which is consistent with the right-hand side of the commutator,
%) (ihs kgmj;n> o= —ither, (—j;n) 00! = ihskngAm.

Problem 2.28
Consider the wave function for the quantum mechanical state |@) in momentum
representation.

What is the momentum-space wave function for this state under time reversal ®?

In bra-ket notation, the momentum wave function is ¢, (p) = (pla). We then write
3alp) = @IBla) = (916 [ dpolpo)pole? = (ol [ d(=po)I-pYBda(po)
— ol [ dpol~po)ip) = @1 [ dpilpi(-p) = [ dpitolo)s (1)
=dq(-p),
where we have used that (p|p;) = 6 (p—p,) and some obvious change of variables.

In a similar way, one can obtain the wave function in real space under time reversal.
Try it!
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Problem 2.29
Let a spin !5 particle be subjected to the following potential: V () = Vo () + V1 (7) (o Z),
where Vy(7), Vi (¥) are real scalar functions, where r is the distance magnitude o~ are the
Pauli matrices, and L is the three-dimensional angular momentum.

a) Determme 1f the followmg quantities are conserved: total energy E, total angular
momentum J = L+ S, and J2.

b) Is the underlying Hamiltonian invariant under parity or time reversal?

a) The Hamiltonian is time-independent, thus energy E is conserved.
A general operatorg is conserved, providing ‘7 a4 _ i {X ﬁ] + %—‘? =0, where H is the

Hamiltonian for the system. We note that J, L, S are time independent, thus ‘91 =0

and % = 0. We further examine [J H] and find that, for all components i = {x,y,z}:

T.o-L _a(pr_e_72\] =
[Jl,a' L} [J,,s L] h[(] 3 L)] 0,
o7 25711 2 @ 2\ _
{J,O’L} h[J SL} h[J,(J 3 L)}—O.
Therefore, J =L+ and J? are conserved.
b) For the second question, we have
FV@AR =7 (W@ + V@) (o-L)) 7= Vo) + Vi7" o L7
=Vo(A+Vi(F)(o-L) =V(F),
V(MO ! = @(Vo()+V1()(0-Z))®1 Vo(F) + V1 (7)®0 - LO!
= V(A +Vi(F((-0)- (-L)) =V (7).

Thus, the Hamiltonian is invariant under both parity and time reversal.

Food for thought: On your own, answer the same questions, but for a
Hamiltonian whose potential is V (7) = Vo(7) + Vi (7) (o - u;.).

Problem 2.30 "
Is the Hamiltonian H = £~ +a(x*+y*+2*)invariant under (a) parity; (b) the angular
momentum L; (c) rotation about the x-axis by an angle 7/2?

The Hamiltonian is invariant under a given operator transformation, if their commu-
tator is zero. Thus,

a) {I—AI ,ﬂ = 0 since H has even powers of p and X operators. Thus, H is invariant under
parity.
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By using Li=¢ 7Dk and py = —ihVy, it is easy to obtain
{?,f,z,} =4ih ?;?26nksijk,
[#4L + [0 L] + [ L] = -4ins2? -2,
W8]+ [0+ [ )] - amez(@ =),
74,1 + [ L) + [ L] = -4ine 52 -5).
Therefore, the Hamiltonian is not invariant under the I; operation.
¢) The rotation operator about the x-axis by an angle g can be written as
iJ; . A~ .
Dy(B)=e™ % . We have to determine {H ,Dy (%)} = 0 or equivalently
Df (%)HDy (%) = H. Thus,

~ =~ -~
~y (N [P by | P 4 4, 4\ (T
() (B 54 ()
2\ 2m T T T T e 03
~ ~ ~\2
Px | Pz (_Py) ~4 | ~4 ~4 _ 5
_ b Pz v)_ ) =H.

2m 2m+ 2m +a¥"+o7" +a(5)
In the preceding equation, we have used the fact that the specified rotation is reflec-
tion about the x-axis, such that x — x; y = z; 2 = =y} px = px; Py = Pz Pz = —Dy.
Thus, H is invariant under the specified rotation.

Food for thought: You can repeat the same problem by considering a differ-
ent type of rotation or giving a different type of Hamiltonian, for example

5P ~4 = ~~
H=%_+ar', wherer = (,y,2).

Problem 2.31

Consider a Hamiltonian that is invariant under time reversal, that is [H, @] = 0. Sup-
pose that ©? = —1. Show that in this case, the eigenstates of the Hamiltonian are at
least double-degenerate. Such states are said to have Kramer’s degeneracy.

The eigenstates and energies of the Hamiltonian are denoted as H (W) = Eyliry).

Since A and ® commute, then H (C:)Izpn)) =E,, thus |y,,) and (@Iwn)) share the same
eigenvalue.

For |,) and (@Izﬁ,)) to be eigenstates, one also needs to show that they are

orthogonal. We see that, using that @isan antiunitary operator:
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Wnl(©n)) = (OY)|(©%))* = ~(On) ) = ~(Wl(OY)) = Wl () =0
Therefore, when [ﬁ ®] 0and © = -1 the eigenvalues of H are doubly degenerate.

Food for thought. What kind of particles does the time-reversal outcome
@2=-1 correspond to? Is there Kramer’s degeneracy for the case of =17

Problem 2.32
Construct the explicit form of the time-reversal operator for a spinless particle.

The key point here is to realize that since the particle has no spin, the relevant operators
are the displacement and momentum operators, X and p.

Taking the definition ® = UK, we find that since the components of the position
operator are real,

F=0r0' = UKk 'U' = UtU - U = "1,
vAvhereA 1 is the identity matrix, A is a real parameter, and we have used the fact that
U = U~'. On the other hand, for the components of the momentum operator,
5= 050! = DRFR10" = HIRGR-e T = M i(—p)e"T = —.
By choosing 4 = 0, the time-reversal operator for a spinless particle is
©=IK.
By choosing i = ¢/, the time-reversal operator for a spinless particle is
© =nlk.

Problem 2.33

a) Consider a spin 1/ particle in the presence of an external electric field E.y(x). Is
there Kramer’s degeneracy for this particle?

b) Consider a spin 1/ particle in the presence of an external magnetic field B, (x). Is
there Kramer’s degeneracy for this particle?

¢) Consider a spin !/ particle in the presence of internal electric field E and magnetic
field B. Is there Kramer’s degeneracy for this particle?

a) In the presence of an external electric field, the Hamiltonian of the particle is

2
H= gim _e(pext(?)v

where V, (¥) = e, (¥) is the potential associated with the field E,,; (x) = =V V. (x).
After the time-reversal operation, we find that

AN AN —A 2 o~
He — OHO™' = % — oot (F) = H,
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b)

©)

where we have used the fact that the external field ¢, (¥) is not affected by ®. Since
[H,0] = 0 for the preceding Hamiltonian, we conclude that there is at least twofold
degeneracy of the eigenstates of H, as we have explicitly shown in an earlier problem.

In the presence of an external magnetic field, the Hamiltonian of the particle is
o (P—ed.. (P ~ R
j. Q’ZA —¥8 B (7),
m

where A,y () is the vector potential (B, (¥) = VX A, (x)) and y is the gyromagnetic
coefficient. The transformed Hamiltonian becomes

(_IA’_eAexr(?))z

- —y(=8)- By (F) £ H.

ﬁ@ = OH @_1 =
In the preceding equation, we have used that (:)ﬁ@)‘l =-p, ©SO! = -8, and the fact
that the external field and associated vector potential are not affected by the ) oper-
ation. Therefore, the preceding Hamiltonian does not commute with (:), meaning
that the external magnetic field breaks the time-reversal symmetry and the Kramer’s
degeneracy is lifted.
The internal electric and magnetic fields are the electromagnetic fields created by
the dynamical degrees of freedom of our system,

2
N (IA)— eA)
H= 2m
In this case, we have to consider the properties of fields and operators under time
reversal: ©40~! = —4; 060! = $; OEO~! = E; ®BO~' = -B; 0SO~! = -S. After
the time-reversal operation, we find that

fo = OHO " = M —e(+)-¥(-S)-(-B)=H.

—e¢—vS-B.

2m

Thus, [H, @] = 0, and we conclude that there is at least a twofold degeneracy of the
eigenstates of H in the presence of internal electromagnetic fields.

Problem 2.34
Consider Bloch electrons in a periodic system. What is the condition for the Hamilto-
nian of Bloch electrons to remain invariant under the time-reversal operation?

What are the Bloch electron Kramer’s partners for this periodic system?
The time-reversal operation connects Kramer’s pairs and it can be given in a matrix

form whose components are expressed in terms of matrix elements between various
Bloch states wys sy = (uns’klélums»,,k). Write explicitly the matrix for @ in this Bloch
state representation (n,m are state indices; s,s” are the spin projections of the Bloch
states, k is the wave vector).

This problem probes our knowledge of the Bloch theorem for periodic systems and
basic properties of the time-reversal operator.
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We remember that in a periodic system, the eigenvalue equation for the Hamilto-
nian is
H{IWui) = Ea(R)Wkds W) = €* i),

where |¥,;) are the eigenfunctions for the wave vector k spanning the first
Brillouin zone. The Bloch states |u,;) have the same periodicity as the lattice and the
eigenfunctions of the Bloch Hamiltonian.

To find the condition for A invariance under ®, we consider He (k) = ®H (k)®~! in
the continuous k-representation,

~

OH(K)® =0 / dklkyH (k) (k|©!

= / d(—k)| - kYOH (k)O~ ' (=k| = / dk|kYOH (—k)O~ " (K|.
BZ
Therefore, the Bloch Hamiltonian is invariant under time reversal, when
H(k)=©H(-k)® ' =UH"(-k)U".

To give an explicit representation of the time-reversal operator in Bloch state represen-
tation, we recall that the Kramer’s partners are |u,q ) and |u,| _x), for which

Olitur i) = € ®uyy 1) and Oluyy 1) = - iy 1),

The phase &,(k) appears since there is no strict one-to-one correspondence between
the Kramer’s partners. Therefore, we have

Ol s ) = —sign(s) ey, 4y
(it s K1l 5 1) = (s ] = sign(s’) € H"g"“’)"’)lu oy
= —sign(s') e sign(s k) skl g _gr)
= —sign(s’) e'éw (sisns’ >k,)6n,nr6s,_sr6(k+k').

The Bloch state representation for the time-reversal operator can be obtained simply
by constructing the following matrix:

(uiskl®luyy i) (15 kl®luny g7y (uisklBluzy )

O=| Waukl®luyy ) (urspl®lupy gr) (U kl®lusy yr)
0 1) §(k 4 k') 0 0
1K) 5(k+ k) 0 0 0
_ 0 0 0 2K 5(k+ k')
0 0 2K 5(k+ k') 0
Problem 2.35

Consider the Bloch Hamiltonian and its eigenstates H (K)Wur)y = En(k)Wak);
W) = € *|u,y) for each band index n, where |u,) are the periodic Bloch states. If the
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Hamiltonian is invariant under time reversal, then find the eigenenergies and eigen-
states of H(-k).

~

As found in previous problems, for a time-reversal Hamiltonian, H(k) = He(k) =
O®H (—k)®!. Then we have two equivalent expressions:

H(K) k) = OH(~k)O " |y and H(K) W) = En(K)Wk)-
Thus,
OH (~k)O" k) = En(K) 10rni)-
From here, we multiply both sides by ©® ! and find that
O 'OH (—k)O" W) = O En (k) i),
H(=K)O Wy = En(K)O i) = En(k) U™ rui)".

Thus, the eigenenergy of H(—k) is E, (k) and the corresponding eigenstate is U~ |x)*.

Problem 2.36

Consider the case of electrons scattering from a potential V that is invariant under
the time-reversal operation. One example of such a potential is scattering from non-
magnetic impurities in a material. Can this potential elastically scatter the quantum
mechanical state |@) into its time-reversed state Ola)?

The first thing to realize is what is really being asked here. We need to determine if

a A @Ia) is possible; in other words, we need to evaluate the matrix element
(@alV|a) =?.
Let us remember that for the (antiunitary) time-reversal operator, we have
(©y109) = (glp).
Thus, for (®a|V|e) = (BalVa), we find
(®alVa) = (BVa|®%a) = —(OVala),
(©al(Va)) = (0%a|(OVa)) = 6%al(OVO ' 6n))
=- <\7@a|a> =- <@)al‘7a>
‘leefe we Ilave used that V is a linegr unitiry operator invariant under time reversal
®VO~! =V, and that for electrons, ®* = —1. This means that

(®a|V]a) = 0.
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Food for thought: The scattering of electrons from a given state to its time-
reversal partner due to a potential that is invariant under time reversal cannot
happen. This conclusion has important consequences for scattering involving
topological materials, as recently considered by Xu and Moore (2006).

Problem 2.37
An electronic particle is subject to the following Hamiltonian:

H (k) = 21, cos(ka)os + |12 — 213 sin(ka)] o1 ,

where 11, 1, t3 are real constants, k is a wave vector, a is a lattice constant, and o; are
the Pauli matrices.

a) How does this Hamiltonian behave under time-reversal symmetry?

b) Compare the eigenvalues of the original Hamiltonian and its time-reversal coun-
terpart.

a) We begin by remembering that the time-reversal operator for an electron is
0=UK= ina’zk ,
where the unitary operation is U = io» and K denotes complex conjugation. Therefore,
Ho (k) = ©H (k)®~" = 21, cos(—ka)@o30" + |1, — 213 sin(—ka)] O O~
= 21y cos(ka)ioro3ios + [ta + 213 sin(ka)] iop 07y i07
= =211 cos(ka)os — [tp + 2tz sin(ka)] o) -

The Hamiltonian is not invariant under time reversal.
b) Let’s then compare the eigenvalues. For the original Hamiltonian, we have

~ 2t1cos(ka)  tp —2t3sin(ka)
H= . .
tr —2t3sin(ka)  —2r cos(ka)

The eigenvalues are Ejp (k) = J_r\/(Ztl cos(ka))® + (t, — 2tz sin(ka))*.
The transformed Hamiltonian is

Ao =2r1cos(ka)  —ty —2t3sin(ka)
©7\ —n-2sin(ka) 2t cos(ka)

and the eigenvalues are ED (k) = i\/(2t1 cos(ka))? + (t, + 23 sin(ka) ).

Problem 2.38

In physics, problems related to particle-hole symmetry occur often. For this purpose,
one defines a particle-hole operator, which is antiunitary (similar to the time-reversal
operation). More specifically, the particle-hole operation can be given as the tensor
product between

6:()’2®O’1E,


https://doi.org/10.1017/9781009355414.002

Contemporary Quantum Mechanics in Practice

where the unitary part of the operation is a tensor product of Pauli matrices

ey o) ()

0 10 i<o1>0(01>
10 10
00 0 -i
oo =i o0
"o i o o)
i 00 0

and K is a complex conjugation operation. Verify that CC=-1.

Write an equivalent expression for a transformed Hamiltonian in reciprocal space
defined by the wave vector k, He(k) = CH(k)C™", and discuss the implications for
particle-hole symmetry.

We start with
CC=UcKUK = 0200 Ko, 90K = (02®01) (0’3@0’1)?2
=(02001) (03®01) = ([02- 03] @01 - 071]) = ([-00] ® )
=—(oo®0p) =-1.
Let us then consider the second question,
He(k) =CH(K)C™' = UcKH (k)K" U = UcH* (k) Uz
Thus, the Hamiltonian that has particle-hole symmetry must satisfy

H(k) = UcH* (-k)Uz".

Problem 2.39

In physics we often have to deal with problems related to chiral symmetry. For this
purpose, one defines a chiral operator, which is another antiunitary operation. It is
defined as a product between the time-reversal and particle-hole operators,

§S=TC = UrKUcK = UrU;,
where l?T =ioo®0, and l7c =0 ®0].
Show that SS = 1. Write an equivalent expression for a transformed Hamiltonian

in reciprocal space defined by the wave vector k, Hs(k) = SH(k)S™', and discuss the
implications for chiral symmetry.

We start with
S=U;0:=i(c0®02) - (05001) =i(joo-03]®[02-01]) = i (05 ® [-ic3])) = s @03,

58 = UrUsUr U} = (05,0 03) - (05 ®03) = [0 - 03] ® 073 - 03] = g @07 = 1.
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Additionally,

Hy(k) = SH(k)S™" = (UrU2)H (k) (UrUg)™
:(0'3®0'3)I-AI ) 5
(

,_.

(k) (73803)"" = (03 ®03) H(k) (03 ®03)
= (03®03) - (s ®@03) H(k) = H(k).

Therefore, there is chiral symmetry if Hs(k) = SH(k)S™' = +H (k).

Problem 2.40
Is the following Hamiltonian invariant under time-reversal, particle-hole, or chiral
symmetries?
t1 cos(ka) idsin(ka) 1, —t3sin(ka) —id
~ —idsin(ka) t1 cos(ka) —id 1) +t3sin(ka)
H(k)= . . o ,
t) — 13 sin(ka) il —t1 cos(ka) idsin(ka)
il t+t3sin(ka) —idsin(ka) -t cos(ka)

where k is a 1D wave vector and 71, t», t3, A are real parameters.

The conditions for a Hamiltonian in reciprocal space to be invariant under time-
reversal ® chiral C and particle-hole S symmetries are

He(k) = ®H (k)" = Uy (KH(K)K ") U;" = UrH* (-k)U; ",
He (k) = CH(k)C™" = Uc(KH(k)K™")Ug" = UcH" (—k)U¢",
Hg(k) = SH(k)S™' = UrU:H (k) U UE".
Thus, we find
t1 cos(—ka) —idsin(—ka)  ty —t3sin(—ka) i1
~. idsin(—ka) t1 cos(—ka) il tr +t3sin(—ka)
H'(-k)= . ) L
t — t3 sin(—ka) —id —t) cos(—ka) —idsin(—ka)
—id ty +t3sin(—ka)  idsin(—ka) —t1 cos(—ka)
t1 cos(ka) idsin(ka) 1 +13sin(ka) il
B —idsin(ka) t1 cos(ka) il tr —t3 sin(ka)
| t2+13sin(ka) —id —t1 cos(ka) idsin(ka)
—id ty—t3sin(ka)  —idsin(ka) —t1 cos(ka)

We also use the following:

0O 1 0 O
~ . -1 0 0 O ~_
Ur =ioco®o0p = 00 0 1 :—UTI,
0O 0 -1 0
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00 0 —i

i 0 0

0 0 i O
e[ 1007 )

0 i 0 O

Then, we obtain

We conclude that H (k) is invariant under time-reversal symmetry. However, H (k) is
not invariant under chiral and particle-hole symmetries.
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The appearance of a geometrical phase due to the evolution of a given system
under a time-dependent potential can be understood by realizing that in many prob-
lems the time-dependent Hamiltonian can be parametrized as H(t) = H(£(t)), where
&(t) = (&1(1),&(),...,&(r)) is a time-dependent n-dimensional vector. Connecting
with the adiabatic approximation, the parameter £(¢) is a slow variable, while the
fast variables are transitions associated with the electronic states. Interestingly, the
parametrization in terms of (£ (z),&:(¢),...,&(t)) may not be unique.

The properties regarding the geometrical phases are associated with the eigenvalue
problem H(£(1)) ln(£(t))) = En(&(7)) W (£(r))), where the eigenstates |, (£(r))) and
eigenenergies E,(£(¢)) are also functions of £(¢) in general. In this approximation,
the state of a given quantum mechanical system eigenstate can be represented as
P(E(1))) = Lan(€(0)) Wn £(1)))., where ay(£(1)) = ay(t = 0)e™h ()= 0n(6(0).

The appear;ance of the phase factor ®,(£(¢)) is related to the geometry in the system
and it is called the Berry phase (Berry, 1984). There are actually several properties
related to ®,(£(¢)), which are used throughout the scientific literature. Additionally,
these properties can be given in real and reciprocal spaces with different versions of the
formulas. In the following section we summarize those expressions for the benefit of the
reader.

3.1 Real Space Expressions

37

Berry phase for the nth eigenstate |, (£(¢))) of Hamiltonian H(£®1)):

1 d £(1) .
@) = [ W6 G €O = [ €IVl E(0)-dE ()
Berry connection for the nth eigenstate |4, (£(r))) of Hamiltonian H(£(r)):
An(§(1)) = Wn(E@)IV ey (§(1))),
A,Z (f(l)) = <Wn (é‘(t))liv,u‘pn (f(t)»

In the second component expression one uses V,, = % The Berry connection is a real,
nonconservative vector field. It is also termed the “geometrical” vector potential. It is
gauge-dependent, and sometimes it is also called “gauge potential.”
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Berry phase for the nth eigenstate in terms of the Berry connection for a general &(t):
£(t) )
@)= [ OnEOIV e -dgl0) = [ Ar(Er)-der).

&) . . ; .
@)= [ OnEOITn E N 0) = [ e )

In the preceding expressions, C is the path of £(r) along the followed trajectory for the
particle in &-space.

Berry phase for the nth eigenstate in terms of the Berry connection for a closed path
£(0):

ul1) = AED)-d8(0) = [ [Vex )] -d%.

Dul1) = ALEW)AE W) = [ FV,ALE) S,

In the preceding C = dS defines the closed path traced by £(¢). In this case, ®,(¢) cannot
be eliminated by a local “gauge” transformation.
Berry curvature tensor for the nth eigenstate |y, (£(¢))) of Hamiltonian H (£(1)):

Q,Zv(‘f(t)) = V#Aﬁ - VVAZ'

This is a second-rank antisymmetric tensor.
Berry curvature vector for the nth eigenstate |y, (£(¢))) of Hamiltonian H (&(z)):

Qu(£(1)) = Vex Au(£(1) = Q(E(N) = i ((Va(£()) IXI VY (£(1))))”

This vector is defined only when £(zr) is a 3D vector. Note the relation:

Qi(&(1)) = &Py, (£(1))-

Berry phase for the nth eigenstate in terms of the Berry curvature for a closed path &(z):

Dul1) = § Alg0)-dE() = [ [VexAu(@)] -6 = [ 2(6)-d%%,
ult) = § ALED)E 1) = [ SV, AUEPE = [ ()P,

The Berry curvature is gauge-invariant, thus it is potentially observable. It is the geo-
metrical analog of a magnetic field, and it is sometimes called “gauge field.” The Berry
curvature is singular at degenerate points.
Chern number for the nth eigenstate |y, (£(¢))) of Hamiltonian H(£(r)):

Co= e f ArE)-dE= 5 [ 2(6) %
" om JasT" S 2n s '
Here 95 is the (simply connected) closed trajectory of £(¢), which defines the boundary

of a 2D surface S, also in &-space. Note that C,, € 7 is a quantized topological number,
as known from Chern’s theorem.
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3.2 Reciprocal Space Expressions
|

The same properties can be expressed for periodic systems in reciprocal space for a
closed path traced by the wave vector k() = k(£(¢)). In this case, the eigenfunctions
are given as [, (£(1))) = e®0* W0, (£(2))) = ¥ > W (k(r))) with [ul(k(z))) being the
nth Bloch state. The definitions just given can be adapted into the following:

Berry phase for the nth Bloch state |u)(k(t))):
@, () = fé An((1))-dk(r) = f[ﬁ-, Ak ()

Berry connection for the nth Bloch state |ud(k(7))):

Berry curvature tensor for nth Bloch state [u)(k(r))):
Q, (k(t)) = VA - V,Aj.
Berry curvature vector for the nth Bloch state [u3(k(r))):

k(1)) = Viex Au(k(1)) = k(1)) = (i (Vu k() 1] Vup(k(0))))",

. oy ] () | L)\ gy A
sz,.<k<r>>=zeﬂ7< )| 2 >:gﬁw&kﬁr

Chern number for the nth Bloch state |u3(k(z))):

_ 1 _ 1 2
7ﬂngAn(k) dk — 2ﬂ/sﬂn(k) Pkel.

In the preceding formulas in reciprocal space, S = BZ is the Brillouin zone and
d S = d BZ is its boundary.

o

Problem 3.1
Show that the Berry phase is a real quantity.

To demonstrate that ®(r) = i § (Y(€)IV ey (€)) - d€ is real means that we have to show
that the imaginary part is zero or equivalently ® = ®*,
This can be shown by starting with

WE)(E@)) = 1.

After differentiating with respect to £ on both sides, one obtains

(Ve (@D (€) + W @IV ey (£))) =0.
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YEIV e (£)),

Since (Ve (E)DI(§) = W(EI(Vey (§)))", then (W (E)I(IV ey (£))) =~
=i§ WE)IVey(§))-dé

meaning that this quantity always imaginary. Therefore, ®(¢)
is always real.

Problem 3.2
Show that the Berry phase is gauge-invariant under the transformation

W (€)) = (€)= ey (£)).

We remember that a given quantity is gauge-invariant under a specified transforma-
tion, which means that this quantity stays the same under the transformation. Thus,
we have to show that ®(¢) corresponding to |(£)) and ®(r) corresponding to [¢(£))
are the same.

The best way to show this is to use the definition for the Berry phase together with
the Stokes theorem and the Berry connection.

Start with
0= G@IVeE)-dE= | A)-df = [ Vex.d(g)-s
= [ Vex (@eNVea(€)) s
However,
A(€) = W@NVE) = O (W(E)liV (O y(£)))

= (ute)| ( (96 ®) ot + 79 iviute) )

= (u(g)| (e (Verte) [uie)) + 79 v ) )

=~ (Ver(&) WEWE) +W(ENiVew(€)) = - Vey(€) + A(&).

Therefore,

®(1) :/;foA_(f)dzs:/;Vgx(—V.fY('f)-l-A(f))-dzs:./s.Vng(f)dzs:CD(t).

Here we have used that Vg x Vgy(€) = 0, as known from vector algebra. Thus, the
Berry phase is gauge invariant; thus it can be understood as a gauge potential.

Problem 3.3

Show that the Berry curvature can be written as €, (£(r)) =Im Y, YalVHWmXWn [V Hly)
m#n

(En_Em>2 b

where the notation follows the one given at the beginning of the chapter.

The preceding property appears in many textbooks already. Here we repeat the solution
for the benefit of the reader. We start with the components of the Berry curvature vector,

Q(£(1)) = PQ,(£(1)) = &PV AL = (VA7 =V, ALY
:5ﬂVpr<l//n(f(t))livv‘//n(‘f(t)))
= eV (E())IV 0 (£(1))) = (i (Vi (£(2)) IX] Vi (£(2))))”.
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Using that 1 = ¥ [ (&(1))) (¥m(£(t)) |, we obtain
QN (£(1)) = i Y (Y whn(E(O))im (E(0))) W (E(0)IVstpn (£(1)))-

Applying the operator V,, to the eigenvalue problem H(E(D)) (€ (1)) =En Wn(£(1))),
we find

(Vﬂﬁ) W’n}"l‘ﬁ V,u Wn) = (VyEn) |¢’n>+En V/.l |l//n>

Multiplying both sides of the preceding equation by the bra (y,,(£(¢)) | for m # n, we

obtain
(i |Vl |0 )+ (| 1| Wit ) = (] () [ ) + (i |l V)
(| V| )+ (O | Vi) = (V) il + B (¥ )
<t//m(V H wn> (VuEn) S+ (En—En) (W IV 0,

<‘”m‘V AlUn) (5, 6

*ﬁmIV,A//n>* E _E ) - (E _Em) .

Multiplying by the bra (y,(£(t)) |, we find
(v

Applying the operator V,, to the normalization condition (,,[\/») = dmn, We obtain

V,.H

d’n> = (VpEn) Onn + (En _En) <wnlvu'pn> = (VuEn> .

V,u (<Wm|l,[/n>) = Vuémna
(Vutrmlin) + (YmlVyuthn) = 0,
<Vpl//m|¢/n> =~ <l//m|vu¢’n> .

(0[50} (5,0)
(Em_En) (Em _En) .

Therefore,

<V,ul//n|';0m> =-

Now we continue with the expression for 4, (£(t)),

-emg[[E5) i

(En—En) (En—En)

En_Em) (En_Em)

')

") <van>6mn]

WW;%WW%WWMmg@m

(En - Em) (En - Em) (En - m) (E -E )

V[ 90) (9,806 . () S (B1Er) G
- (En - Em) (En - Em) (En - Em) (En - Em)


https://doi.org/10.1017/9781009355414.003

4 Contemporary Quantum Mechanics in Practice

i e (LAt e

Using &P F,F, = 0, we obtain & (V,Ey) (VyEy) 6mn = 0 and, for m =n,

& (i |Vl | i ) (o [V | ) G = £ (V| ) (5 [V, 1) = 0.

From here, we find

V,.H v, H

o]t (o |V )
of(e) ~ie ¥, g ELT
oV uH W ) { o |V H |0
(g B,
o ([ VA ) x (| VA 01)
ﬂ"(f(t)):ln;n (E—E)

=Im

(3 o) (o)
m% (En—En)’

where we have made use of the fact that (Vi [y ) = (Yl Vi)

Problem 3.4

Consider a particle of spin 1/2 under a time-dependent magnetic field along an

arbitrary direction 7, as given in the sketch in Figure 3.1.

a) Write the Hamiltonian by taking into account only the spin properties of the

particle and find the corresponding eigenvalues and eigenfunctions.

b) Find the Berry curvature and Berry connection. Is there a region where these are

not defined?

c) Express the eigenfunctions in a different gauge and calculate the Berry curvature

and Berry connection again.

d) What can you say about the gauge dependence of the Berry curvature and the Berry

connection?

a) The Hamiltonian for the electron under a magnetic field B(z) is

~ o yh
H:—yB-S:—%B-O'

Here v is the gyromagnetic ratio, S is the spin operator, and o = (01,072,073) are

the Pauli matrices.
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Schematic of a spin 1 /2 particle under an external magnetic field directed along an arbitrary n direction.

b)

c)

The best way to solve this problem is in spherical coordinates with

n = (sin(0) cos(¢), sin(6) sin(¢), cos(d)) (see Figure 3.1). Note that these angles

change in time. The Hamiltonian and its eigenvalues and eigenstates are
G- _yhB [ cos(6) sin(6)e™
2 \ sin(@)e® —cos(6) )’

E - yhB cos(0/2) - _ YhB, ([ —sin(8/2)
T e sin(6/2) TT T AT eeos(9/2) )

To find the Berry curvature and the Berry connection, one needs to calculate V)(+,

and since we are working in spherical coordinates, we need to use V = ?% +5 aa +

Thus

rsm( )

~

e B ( 2 Yo (ol )

vei = ( Sy )+ i i )

To find the Berry connection, we can use 4. (£) = i{y+| V), and to find the Berry
curvature, we can use Q. = i(V (x.|) X (V|x=)). The results are

¢ 0 o 1 G G
A =—Ztan(=); Aj=—F—; QU =—s: Q, =——.
2\ 2 + 2rtan(§) 2r? "

All quantities diverge at r — 0.

Let us choose a different gauge, which means we have to use a different represen-
tation for the eigenvectors. In addition to the results in (a), we also have another
valid solution as

vhB e cos(0/2 vhB —e®sin(6/2
B M (o)) g /2

2 sin(6/2) 2 cos(6/2)

Thus, using the definitions for the Berry connection and curvature, as in part (b),
we find

s 1 p) 0 7 7
A_:i : A = —1{ — | Q_:—i' Q = 5.
2r tan (%) ’ +T Mg ) 22’ TR
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d) This is simply a manifestation of the fact that the Berry connection is gauge
dependent, while the Berry curvature is gauge independent.

Food for thought: Berry connection has the same interpretation as a “vector”
potential, which, as we know from electrodynamics, is not unique. The Berry
curvature has an interpretation of a magnetic field of “monopole” with (+) and
(-) charges, which are invariant.

Problem 3.5

Consider the case of a spin S = 1 particle placed under a time-dependent magnetic field
B = By(sin(a) cos (wt )X + sin(a@) sin (wt)y + cos (@)z). Calculate the Berry connection
and the Berry phase for this particle.

For the Berry connection and phase one needs the eigenstates of the Hamiltonian,

which can be written as H = —yB- S, where v is the gyromagnetic ratio and
5 010 " 0 -i 0 1 0 0
Ss=—=| 1 01 |,Sy=—4|i 0 —i |,S;=ha| 0 0 O
\Z 010 V2 0 i O 0 0 -1
The matrix form of the Hamiltonian then becomes
: —iwt
R hyBo \écos(q? sin(a@)e . 0 »
H= V5 sin(a)e' 0 sin(@)e™™" |,
2 0 sin(a)e’  —V2cos(a)
whose eigenvalues and eigenstates are
| —e ™ sin(a) e cos? (%)
Ey=0, xo= G V2cos(a) ;. E_=-hyBy, x_= % sin(a) :
2 et sin(a) e gin? (%)

E, =hyBy, x.= ——\é sin(a)

Then using the definition for Berry connections (in vector form) and phases, we find
I~ 1 -~
=————¢; A =———0¢,
Bytan(a) ¢ * Botan(a) ¢

Py =0; P_=+cos(a)wt; DL =—cos(a)wt.

Ao=0;

Problem 3.6
Consider a material whose periodic lattice has time reversal and inversion symmetries
at the same time. Show that for such a system the Berry curvature vanishes.
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This problem concerns the Berry curvature expressed in Bloch states, since the question
is about a material with a periodic lattice. Thus, we work in the first Brillouin zone (BZ)
0 0
and the following definition: Q,, (k) = isagy< a'g};k) ag;fy") >, where 1) (k) are the Bloch
states for the nth orbital and g4, is the Levi-Civita symbol (a,8,y = x,,2).
From the properties of time-reversal operation, we see that

~ ~ = (k) [ dud(k)\ ~; A ud (k) dud(k)  ~_
1 _a: n n 1 _a: n n 1
OQ, (k)® _®lgaﬁy< 7, ‘ o, >® _®zsaﬁ7'/3 S TR dk©

IO(—k) IO (k) |~
—igy, 1 a d(-k)®0
Eabr oy 3(kg) D(ky) O )

, IUO(—K) D (~k) ] du(~k)
_lg“ﬁy/gz o ok, K _’8“3V< ok,

_ Juy(—k) | dup(=k) \ _

8u§§€;k) >

Qo (k) g —Que (k).

From the properties of inversion operation, we have

~ —1 - (k) [ dud (k) \ -, . ou (k) dud(k) .
1 . n n 1 . n n 1
Qe (k)7 =Tigapy < T ‘ 2%k, > T =Tigepy /B . ok ok, dkm

. dul(—k) du’* (k) S
_zgaﬁy/BZ 3 (k) (k) d(-k)ar!

. 8u9l(—k) aug* (-k)
= —igopy ./BZ ks %, dk

. QU (k) | 9ud(=k) \ . (k) | dup(~k)
TN\ ok, | okg )TN\ ok | ok,

= Qo (-k),
(k) 5 Qo ().
Since the Berry curvature is invariant under both operations, we have
Qo (k) = ORQe ()70 = B0 (~k) 0! = —Qq (k).

Therefore, Q,, (k) = 0.

Food for thought: 1t is important to observe that the Berry curvature does not
vanish if the periodic system has inversion symmetry, but it does not have time-
reversal symmetry. The same is true if the periodic system has inversion, but
not time-reversal symmetry.
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Problem 3.7

The anomalzous Hall conductivity for a given material with d-dimension is given

as oy = h(;T)dZ S5z dkQy vy (K)np (E,(k)), where np(E,(k)) is the Fermi distribution
n

function for the nth Bloch band u(k) with energy E,(k) and Q, (k) is the xy
component of the Berry curvature tensor. The summation is over all Bloch states and
the integration is over the first Brillouin zone.

Show that for a lattice that has time-reversal symmetry, the anomalous Hall con-
ductivity vanishes.

Here we notice that the expression for the anomalous Hall conductivity is given using
the tensor form of the Berry curvature. Nevertheless, if the lattice is invariant under
time reversal, then

OH (K)O™' = H(-k); E,(k) = E,(~k).

Therefore, np(E,(k)) = np(E,(=k)).
From the last exercise, we also have ®@Q,, ,,(k)®~! = —Q,, ,,(-k).
Under time reversal, then

00,07 = 271' dZ @dkgzw (k)np (E,(k))©®~!

) / Oy () (Eu(—K)

N _71(267”)" ; /BZ dkoQp xy (ko) nr (En (ko)) = =0y,

where we have made the k = —k( change of variable in the last step. Thus, comparing
oy and G)o-x),@‘l, we realize that oy, vanishes.

Problem 3.8
The Hamiltonian for an electron in a periodic environment with wave vector k is given
in the following general form,

H(k) = ap(k)oo+a(k)-o,

where o7 is the identity matrix in 2D and o- = (071,03, 03) are the Pauli matrices. Also,
a(k) = (a1(k),a2(k),a3(k)) is k-dependent and real, and the real scalar function ag (k)
is also k-dependent. Find the eigenvalues and eigenstates of this Hamiltonian, and then
obtain the corresponding Berry connections and Berry curvatures.

Working directly with the Hamiltonian in the xyz-coordinate system, we find that

~ ap+as a)—ia
H= . ,
ay+iay ap—aj
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where a, (k) =a, (u=0,1,2,3) for clarity. The two eigenvalues and their corresponding
eigenfunctions are found as

1 az+a
E = =+ ; = — . s
e=aoEa )= o ( ay +ia; )

where N. = \/2a(a+a3) and a = y/a? + a3+ d3. For the Berry curvature calculation,

we need
_ VN: ([ a3*a 1 [ Vi(asta)
V) = Niz, ( ay +iay )+N+ ( V(a1+ia2) ’

(x=l = Z\Z (a3ta, a;—iay).

The Berry connection for each state is

! (a1 —iap) V (a1 +iay) + (axa3) V (ataz) — LVNJr,

Ai = +
N.

\+m‘

azval — a1Va2

Ai = Ni

)

and the Berry curvature vector for each state is then found, using Q.. (k) = Vi x A (k),
as

2
Q, = N (N:Va;xVay;—a1 VN xVay +a; VN xVay).

+

Note: This result can further be given in an alternative form. In fact, we can show that

.Qﬁ _ SMVpQﬁV'-*— _ +gﬂvpa~ (Vyaxvva) _ +8#Vp8aﬁy aaV,,aﬁVyay
= = 2a3 - 2a3
— J_rlgﬂwgaﬁyaivﬂaﬁvval.
2 a a

The proof is left for an independent exercise by the skillful reader.

Food for thought: This is an important problem, especially in condensed matter
physics. It captures many cases in which topologically nontrivial features, such
as Berry phase properties, need to be calculated. Here we consider the solution
in Cartesian coordinates.

Problem 3.9
The Hamiltonian for an electron in a periodic environment with wave vector k& is given
in the following general form,

H(k) = ag(k)oo +a(k) - o,

where o7 is the identity matrix in 2D and o = (071,07, 03) are the Pauli matrices. The
vector a(k) is of the form a(k) = (a; (k),az(k),a3(k)) = a(k)(sin(0) cos(¢), sin(6) sin(¢),
cos(6)), where a(k) = \/ a2 (k) + a3 (k) + a3 (k). Find the eigenvalues and eigenstates of
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this Hamiltonian, and then obtain the corresponding Berry connections and Berry
curvatures.

Clearly this problem is very similar to the previous one. The Hamiltonian is actually
simpler due to the condition given for a(k) implying that the magnitude of this vector is
constant. Given this, the problem can be worked out not only in Cartesian coordinates
by simply substituting in the solution of the previous problem, but also in spherical
coordinates.

Let’s solve this problem in spherical coordinates. The eigenenergies and eigenvectors
can be written as

0 p=i in(4)e
E.=ap(k)xa(k); (= ( Coziiz()g) ¢ >; &= < S_C(()ZS)(g)¢ )

Using the definition of Berry connection given earlier, we arrive at

~ an (615
a0 . w0
2ktan (i) 2k
Using the definition for the Berry connection, we find
k k
Q. =——; 0. =—.
2k? T2

Problem 3.10

We often have to deal with Hamiltonians of the kind H = vo -k, as is the case for certain
topological materials, called Dirac semimetals. Find the Berry connection and Berry
curvature for the eigenstates corresponding to H.

Comparing with the previous two problems, we see that this is essentially the same
exercise, but for a specific and simpler a(k) = k whose magnitude is always k.

From Problem 3.9, the eigenenergies and eigenvectors can be written using spherical
coordinates,

Ey = ag(k)za(k) = +vk; ¢y = ( co:iglggge)—w >; [ = ( Si_llc((,gs)(eg_)i¢ )

Based on the definition of Berry connection in spherical coordinates given earlier, we

arrive at
. 0 2 tan (g)a 0 2 a
A_ =sin (2) V¢—72k ; AL =cos (2) V¢_72ktan(%)'

Using the definition for the Berry connection, we find
k
Qi == 27](2 .
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The same problem can be considered in Cartesian coordinates also,

aq Vﬂaz — agVﬂal Vzkléﬂz - V2k25ﬂ1 V2 ~ ~
= N_% = N% —>Ai= f(klkz—kgkl).

Asy

H o

Again, from the previous problem the Berry curvature is

V,.agV,a V3ky6,56 k
o _ By Ga VudpVyay B a%upOvy B a
Qf = +M"Pe 772613 = +g"Pg" 7721/3 i +8y VT 3
Using egy,£%7 = 62, we obtain
kP k k
=400 =t o> Q= =+
T2k 243 U3 242

Food for thought: This Hamiltonian corresponds to graphene, indicating a
Dirac-like physics for low-energy carriers. We also note that this problem is
very similar to Problem 3.4, where we are asked to solve for similar things but
in real space. Actually, the radial variable r in the Berry curvature and con-
nection in real space (Problem 3.4) is now substituted by the wave vector k& in
reciprocal space.

Problem 3.11

Let us consider an electron moving in a periodic environment under the following effec-
tive Hamiltonian in Bloch space H = By, - o, where By, = =2t cos(ka)X — 2t sin(ka)p + AZ,
o = (01,07,03) are the Pauli matrices, k is the wave vector, and ¢,A are positive
constants. Find the Berry connections and phases for this case.

This problem is another variation of Problem 3.8. We will provide solutions in
Cartesian and spherical coordinates for the benefit of the reader.
Cartesian coordinates: In the Bloch state basis, the given Hamiltonian can be written

as
~ A —Dteika
H= ( —Dtetka -A ) ’

The solutions of the eigenproblem H |y.. (k)) =E. |y+(k)) are

1 F2reka
= 2 2. + =
Ei i\/m, |X—(k)> ( W,A2+4[2-T-A )’

Ny

with N, = V2\/A2 + 412 + AVAZ + 412 Taking into account that f and A are independent
of the wave vector, we obtain

42q 4t2q

As = <Xi(k) ‘i9k|)(i(k)> = Tzakk: Nii
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Similarly, the Berry phases can also be found:

Ta % 4%a 4r’a (% 412
¢i: : Aidk:/z Zauk.dkziza/z dkzizﬂ'
-4 - N N J-f N

. ﬁ _1 _ A .
Using 25 = 3 (l F W) , we obtain

n A
P.=—|1F———|.
T2 ( VAT T 4t2)
Note that the Berry curvature is zero in this case:

Q. =VxA4.=0.

Spherical coordinates: The eigenvalues and eigenstates can alternatively be obtained as

Ec =Nt |y (k)= < Cos(g)ee)ika >

—sin (§
E-=—/N+4%  |y_(k)) = ( sir::gg)(;tka )

where tan(6) = 2¢/A. From here, the Berry connections are

~ k A
As = iy (k)| V s (k) = kacos?(6/2) = 7a (1 + m) :

The phases are

® /”/21<1+ a )d(k) "(1+ A )
= — + — a) = — ],
)2 VA2 412 2 VA2 ¥ 42

giving zero Berry curvatures 2. = Vx4, =0.

Food for thought: Notice that the geometrical phase, often called the “Zac”
phase (Zak, 1989), of the electron moving in this periodic environment can take
any value in the [0,27] interval. It is not quantized, and in this sense it is not
topological. It is interesting to note that the Zac phase actually depends on the
origin of space.

Problem 3.12

Here is a model Hamiltonian for a topological semimetal phase given as

H = v (ks +kyory) + M (k2 —k?) 0. Here k = (ky,ky,k:), k = /K2 +k2+ k2, and k,

is a constant in momentum space. Also, A, M are positive constants. Calculate the

Berry curvature.

Again, this is another variation of Problem 3.8. This model Hamiltonian was consid-

ered in Lu and Shen (2017) as an example of a two-node Dirac semimetal.
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The eigenenergies and corresponding eigenvectors are

1 [ tv(ke—iky)
_ 2 (12 112 2 _ x T LKy
Ei*i\/v (kx+k})+A (k)ﬂ Xi*Ni(k) ( EiiA(k) )7
where N.(k) = \/2E, (E; FA(k)) and A(k) = M (k% —k?). Then, using the result
Q, = ﬁ(a1Va2xVa3—a2Va1xVa3 +a3Va; xVay) found in Problem 3.8, we
obtain

_kxkz
2M 12 ' MV (KK
Qt ==+ 3V —kykzz ) = E3v ( W—zi_ Uk, —kzk) .
+ 2, kiytk +
—k 2

Problem 3.13
Consider the Hamiltonian H (k) = A, k"o# 4+ Ao = d,0*, for a system with a 2D wave

vector k = (k*,k”) and where o# are the Pauli matrices. Note that in this particular
. . . . . a(k)-(Va(k)xV,a(k))
Hamiltonian A4 is a 2 x 2 constant matrix. Using €, = S /AL R show that
the Chern number C can be written as C = sign(A)sign(|A|), where | 4| is the determinant

of the matrix A.

The given Hamiltonian specifies an energy dispersion of a band crossing with a finite
gap A. The Chern number depends on QF, the p-component of the Berry curvature
vector; thus we find

[0k, d(Kk) % O, d(k)] -d(k) &% d,0,dpd,d,
2ld (k)P 2ld|?

PPN S 3Ag Ay AAIGS

= 2|A2+(A'k)2’3 - |A2+(A~k)2|3’

O = Q) = &

where we have used the property e"?s%YAg,A,, = 2|4|6°*. Now we proceed to carry
out the integral over the Brillion zone to obtain
1

C=— [ &k,
21 Jez *

_ 1 2 AlA|
2tz A2+ (A4-k)2PC

After applying the change of variables ¢ = A4 - k, we find that

B 1/ d*’q AlA|
- 2m ez A |A? + 2P

where ||A4|| is the absolute value of the determinant |4|. After a second change of
variables v = Ag, one obtains

B 1/ v AAl 1 AA| d*v
21 ez IMANNT+ V2R 2m |ATIAN Bz 1+ v2P
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Energy

Wave Vector

@ITIEERT schematic of energy eigenvalues dispersion for the considered Hamiltonian with four crossing points i reciprocal
space with finite gaps.

This last 2D integral can be easily carried out, since

d2 2n oo
/ 7"23:/ dgo/ dv——=or,
Bz [1+v4| 0 0 (142)2

which yields the desired result:
C = sign(A)sign(|Al).

Food for thought: The preceding result can be generalized for Hamil-
tonians with crossing points in the band structure H(k) = d(k) - o =
Y Ay (kp,) (K =Kp ) o + A(kp,) o3, where Ay, (kp,) = 24&) - The
i —kp,

energy dispersion then corresponds to several crossing points in reciprocal

space kp, characterized by finite gaps A (kp,). In Figure 3.2 a sketch for four
such crossing points is shown for illustration. In this case,

C= kz:sign (A(kp,))sign (|A(kp,)])-

Problem 3.14
Consider the Hamiltonian H (k) = vo -k, where v is a constant, o = 0,X + oy, and k
is a 2D wave vector. Calculate the Chern number.

The solution to this problem is a direct consequence of Problem 3.13. Since here A=0,
then the Chern number is
Cc=0.
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Food for thought: As an exercise, calculate the result directly. This indicates that
the Chern number for graphene is zero, since this Hamiltonian corresponds to
the case of a graphene system.

Problem 3.15

Consider the Hamiltonian H (k) =t sin (kya) o +1 sin (kya) oy +1 (cos (kxa) +cos (kya) )
o, where ¢ is a positive constant, k = (ky,k,) is the 2D wave vector, and a is a lattice
constant. Calculate the Chern numbers.

For the solution of this problem, we make a connection with Problem 3.13 and look for
crossing points in the energy dispersion. With this in mind, let’s consider the Hamilto-
nian in a linear Taylor expansion with respect to the wave vector to find these crossing
points at the minima placed at kp = 0 for the first Brillouin zone,

H(kp) = Ay (kp = 0) Ko + A(kp = 0) 5,

where A, (kp) = a‘g‘k(vk)

. Thus, the Hamiltonian is expressed as
k—kp=0

H(kp) Ztak'oc' +ralPo? +2ta® = (k' K )- ta 0 (o +2t0°
b= B 0 ta o? '

This problem now becomes a direct application of the formula C = sign(A)sign(|A|),

where A=2r and A = ( tg (zl ) . Therefore:

C = sign(A)sign(|Al) = sign(2t)sign (‘ tg ra

0 D = sign(t)sign(t*a®) = sign(t).

Problem 3.16
Consider the Hamiltonian H = A (ko + kyory) + Mk*o-,. Here k = (ky, ky) is a 2D wave

vector, k = 4 /k2 + k}g’ and A, M are positive constants. Calculate the Chern number.

This problem is a direct application of the formula

C=Y sign(A(kn,))sign (|4 (kp)|),
kpeD;

with the Dirac point at kp = (0,0) and A (kp) = 0. Therefore, C = 0.

Problem 3.17

The eigenvalue equation for a periodic crystal with nondegenerate states is
Hy| ®,(k, A)) =E, (k) |®,(k,2)), where the Hamiltonian is H,= % +V,(¥) with A being
an adiabatically changing parameter, |®,(k, 1)) are the eigenstates with a wave vec-
tor k for the nth band, and E,(k) are the corresponding eigenvalues. Show that by
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using the difference of the electric polarization P of a material with a periodic lattice
defined as

1 d4p
AP:/Od/lﬁ,whereP qz DIFID; (D)),

one can obtain an equivalent expression in terms of the Berry phase for an nth Bloch
band,

& / / |
p="1 dk [ daQ", (k).
Vv Z,,“ BZ 0 i (k> )

In the preceding expressions, A is an adiabatically changing parameter, V is the volume,
q is the charge, and Q] Lk, is the Berry phase tensor component for the nth band. Here
we note that the polarization P of an infinite periodic crystal depends on the choice
of the unit cell, thus it is not a well-defined quantity. However, AP is well defined,
since it is connected to the Berry phase of Bloch electronic states as implied by this
problem.

Here we provide two different solutions to this problem, which may be beneficial to the
reader.

Version 1: The solution in this case can be given as a multistep process, which we start
by executing the derlvatlve and rewriting (note that ‘)r =0):

dP d q

= div ) Z<<I>,,(k, )[¥|®, (K, 2))

ZK 9 i, (k) (o, |‘9q’a<fﬂ)>}

Using the identity, Y. | ®,,(k, 1)) (P (k,2) |) = 1, we further write
m

7l q22[< K\, e, 1))@ e, D7, (, 1))

nk m

- 0D, (k,A
+ <q)n(k7/l)|r|q)m(k,/l)><q)m(k,/l)|a(/l)>:| _

To proceed further, we recognize the following:
Property 1: (®,|P,) = On,

0= V<q)m|q)n> = (Vq)mlq)n> + <q)mlvq)n>'
(Vq)mlq)n> = <(Dm|vq)n>

Property 2: 7, = ihﬁ =ihv,,

(P (K, )| P (K, A)) = (P (K, )iV | Py (K, 1)) = i1 Dy (K, )|V P (K, 1))
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Rewriting the derivative of the polarization again, we find

. ’thZ K o) 0 ) DIV, D (e )

— (VD (I, )@y (K, ) XDy (, A)|‘W>}

A
- T ()

Under the sum, we simply give the Berry curvature tensor, obtaining

dP _ qu <aq>,é(f,4)‘aq>s§€1:,a)>_ <aq>g§€1:,a)’aq>,é(:,a) >

where we recognize that % = % Y iy (k,A). This can finally be expressed in an
n.k ’

integral form:
L' dP hg 1
AP= [ di—=— dk | daQy, (k).
/0 1~ v zn"/Bz /0 i, ()

Version 2. For this version of the solution process, we start by executing the derivative

4P and rewriting (note that g; =0):
ap
ai d/l 2 Z@ ke, A) 710, (K, 1))
bl 9, (k. 1)
Z K 71D, (k, 2)) + (D, (k, A)|F 'aa>]'

Using that 7 = +ih-2- Ik, = ihVH and applying this operator to the eigenfunction of each
bra-ket, we get

W
dP a‘I’n k A) | VD, (k, 1))+ (D, (k, ) |ihV”| 8d>,,(lc,l)>]

da

<\® <\®
=~

{ Ok, A) oy, (e, A)y -+ (il (K, m%ﬁ"”ﬂ

?nk [< \aq’aiﬂ - (Tt )

Here we recognize again % = @ Z Qe (k A), which can finally be expressed in an

9

~.

integral form, AP = |, dAdk = hq XfBdefO dAQ) .. (k,A).

Food for thought: This result for the polarization, now obtained in two ways,
has far-reaching consequences in condensed matter physics, as first recognized
in Vanderbilt (2018).
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Problem 3.18
The momentum operator p in position space is represented as p = —iiV,.. The position
operator ¥ in momentum space is represented as ¥ = ifiV,. These definitions are valid
in free space. In a periodic environment (such as a lattice), these definitions need to
be reexamined, however. Show that for a periodic lattice, the momentum and position
operators are

where k is the wave vector and A, (k,r) = i{u, & (r)|V ki x(r)) is the interband Berry
connection for the Bloch states u, x(r). In the preceding we have taken the single band
approximation, meaning that the Berry connection is 4, (k) = i{uy 4 (r)|V gty 1 (r)).

To show the preceding relation, one can consider what the action of ¥ is on a gen-
eral wave function W(r) representing the Bloch band basis for the Hamiltonian. For
this purpose, we recall the eigenstates of a Hamiltonian in a periodic environment,
I;h,//n.k(r) = E, k¥ x(r), where ¢, x(r) = un’k(r)e"k"'. Thus, by expanding ¥(r) in the
eigenstates of the Hamiltonian and using ¥l (x,)) = xul¥a (x,)), we write

W(x) =7 {Z / dkan(k)%k(x)} - Z / ety (Kt g (x) xe ™
_ Z /dka,,(k)u,,,k(x) (—ivke"’”‘)
_ Z / ke (i & [ern (K) it ()] ) 4%

Using the following property,
x / ke (i & [ern (Kt ()] ) % = X / ke (1 tn (k) t g (x)
+y / dlecry (k) (1% ity g (x)) €,
we rewrite: n
() =% / ke (1 ket (K)) 1 () + 0 (k) (19 gt ()] €.

Noting that
Zu;,k (xO)um,k(x) = 5(x - x()) ,
m

we obtain

W) =Y / dk {(ivkan(k))un,k(x) +an(k) / dxo (i kit g (x0)) & (x - xo)] ok

= Xn:/dk {(ivkan(k))“n,k(x)+01n(k)/dx0 |:(ivkun,k (xo));“fmk (x())um.k(x):|:|€ik'x.
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Rewriting again, using the definition A, (k,r) = (g (#) iV gty (1)),
PU0) = X [ k| (930 00) 10516 4 ) £ a0 [ 0 4 30) (9t (50)]|
- Z, / dk {(ivkan(k)) k(%)™ + (k) Y e® %1, 1 (x) ' / dxo A (k, xo)} .

Now using [ dxoAu, (k,x0) = Ay (k), we obtain

FP(x) = Z/dk [(ina,, (k)) u,,yk(x)e"k'x + a,,(k)Zeik‘xunhk(x)Amn(k)}

m

-y / AR [(1V 1S+ A (k) cn (K)] t e ()%
Finally, applying the single band approximation 4,,,(k) = §,,A,(k), we obtain
W)=Y / A [Sn (17 &+ An () ) ctn () 16 ()%
= X [ ARGkt A () (Kt )

Therefore, we find that ¥ = iV + A4,(k) in the single band approximation, and
¥ =i6,n Vi + Apn (k) in the general case.
Consider now the momentum operator by keeping in mind that p = Ak,

PY(k) :P?/dxly(x)f”"x = /‘dx‘P(x)hke*”‘"‘ = /dx'{-’(x) (ihvxefikx)
= /dx(—ihvqu(x))e—ikx’
thus p = —ihV,.

Problem 3.19

a) Letacharged quantum mechanical particle move in the presence of external electric
and magnetic fields. Derive the equations of motion for the position and momentum
operators of this particle.

b) Let the charged quantum mechanical particle move in a periodic environment in the
presence of external electric and magnetic fields. Obtain the equations of motion for
¥ and p in this case by considering a Hamiltonian expanded about a given point r
of the trajectory and retaining only the first two terms in this series.

a) To derive the equations of motion for the position and momentum operators, we
recall that the equation of motion for any operator Alis % = % [X, ﬁ} + %—*}, where

H is the Hamiltonian of the system and %—? is the partial time derivative of a time-
dependent operator A
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The Hamiltonian for a charged particle in external fields is
(P-qA®)* g
2m 2m

where g is the charge of the particle, A(r),®(r) are the vector and scalar potentials
associated with the magnetic B(r) and electric E(r) fields respectively. Therefore,

H= o B(F) + V() - q®(r),

5= -t

ih2m
- qh = — =
+ {rﬂ, —%O'-B(V) +V(@r) - qCID(r)] +0.

Using [r, f(r)] = 0 and [Fy, py] = ilid,,y, we obtain
D _ L L s (17, 55)] +@ [Fas Ay ()40 )] - q [P oy ()]
dt ih 2m wEvip oA o Evee
-4 [?H7AV(7)ﬁp:|> )

[Fus BvPp) 6" = 6" [Fu, By Bp + 6" By [Fius P
= 8" (RS, Pp + Pyildyp) = 2ihpy,
(70, VAL (7)] 8" = 8" [T, Dy | Ap(F )+5Vpﬁv (7, Ap (F)]
= 6" ihd,uAp(F) +0 = ihA,(F),
F‘;UA ( ) ]6vp = 6vp [rllaA ( )] pp+6va (/f) [?Maﬁp}
=0+6"A,(F)ihd,, = ihA,(F).
Then,
dr, 1

| 2 e 1, o~
— = (2ihpy + q°0 — qihA,(F) — qihA,(F)) = —~ (Pu—qAu(F)),
~ 1 .
= —(p—qAr)).
F= - (p-qA()
To obtain the dynamic equation for the momentum operator, we are going to study
the dynamical evolution of the conjugate momentum,

~

T=mir=p—qA(¥),
then write the Hamiltonian as
~ 7 h ~
H= 7—%0 B(7) +V(#) - q®(F).
The equation of motion for components of 7 becomes

P — o] + 5 = [
di in ot an "t

] = (10 2] + [ (- 2 B V-0 |.
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Funfl] = 5o i) + | (-t P). (- B+ V) -02(0) ) |

After evaluating the commutators,

& [Fu, Ty = Oy [ Rp) + 6" R, 7] R,
[ﬁwﬁV] = [ﬁu —qAu(r), pv—qAy (?)]
= [Pur ) = [P AVE)] =4 [Au(F), V] + 77 [Au(#), A (7))
=0-q [V, A (F)] - q [Au(F), =ihV,] +4%0
= ilq (VA (F) -V, A7) ,

we can write
[;T\wﬁv] = ihqgﬂvagaByVﬁAV(/r\)'
Because £, = 6’265 - 6Z8€ , we obtain

O (R uy| = 0P 7yihqEp08PVV Ay (F) + 8" ihqe,yae™ V gA, (F)T,

= 2ihgR" Euya e VA, (F).
This commutator can be written in a vector form as
8 Ry, 7T, = 2ihgeuyan’ [V X A(F)]* = 2ihg [A X [V, X A(?)]]ﬂ .
The other term of the commutator is
[ﬁ,,, (—qh0'~B(?) V(@) —qw))] — iV, (—qho--B(?) V) —qw)) .
2m 2m
Finally, we group all the commutators:

y L[] 1(@

o= [Tl ] = o T EX(Vex A@)], iV, (—%mB(?HV(?)—qcP(?)))

— L (VA -, (- D B + V) -0,
g = gV, + LEx (VX AR) - V.V () + %v,,(a.g(m

Using that the electric field is E, (¥) = -V, ®(r) and B(r) = V, X A(r), we find

dp _
dr

GE() + g x B(F) - V,V (F) + %v,. (o-B@#).

We note that the first two terms correspond to the Lorentz force, the third one
is the effect of the external potential, and the fourth one is the Zeeman effect with
nonclassical analogue. Of course, if the external fields are zero (4(¥) =0, ®(¥) =0),
then we simply have the equations of motion for a free particle.
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b) For a charged particle in a periodic environment, the natural basis for the Hamilto-
nian is the Bloch functions ﬁz//n’k(x) = E, inx(x), where i, i (x) = un,k(x)e"k'x. In
this case, the displacement operator becomes ¥ = ihV, + 4, (p), where A4, (p) is the
Berry connection for the nth Bloch state, as we showed in the previous problem.
The presence of a periodic environment introduces some difficulties in obtaining
the equations of motion for ¥ and p operators. The reason is that now the position
¥=ihV,+ A,(p), analogously to the canonical momentum 7 = mp — gA(r) before,
is a noncommutative operator; let’s check this:

[Fu, 7] = [ihV, +Au(p),ihV, + A, (P)]
= [ihVy, iV, ] + [ihV,,A,(P)] + [Au(P),ihV, ]| + [Au(P). Ay (P)]
= 0+ih [V, Ay(p)] +ih [Au(P), V)] +0 = ifi (YA, (B) — VAL (P))
= iheuwae™ VA, (P).
This is reminiscent of the canonical momentum & = mp — A (¥), whose components

also do not commute, as shown in part (a) of the problem. The equation of motion
of the position is

A7y ifn o7,
7:,[_]"} el
dt h[ T +8t

We carry out the calculation of this commutator by using the property

.1 O6H .. . 6H . _
[H(p,r),r,,] = g [Pv’rﬂ] JF(SATV [rwr#]v

14

where 2 5A are functional derivatives

oH _oH 0 ( oH \
5py  9py 0x+ \ 9 (V.p))

Then, it is clear that g’f = g{ff and, using the Hamilton’s equations p = -9, we
obtain

IS A o~ aﬁ o~ o~ AV~ o~
[H(p r), r}_a/\ [pwr,u] p [rwry]-

Further, using the commutation relation [7,p,] = ihd, and
[?ﬂ,?,,] = ihsﬂms"ﬁyvﬁAy(ﬁ),

SN L O0H . .
[H(p.7).7,] = _lhéuvﬁ +pvzhsﬂms"ﬂ7VﬁAy(p)
4

OH e
lh( Mya,\ =D Ewa (VpXA(p)) >

= —ih (g? [ﬁx (V,,xA(ﬁ))L) .
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Finally, the equation of motion of the position is

% _i [ﬁ,?ﬂ] +% :% l ih (;gl— [;X (VI,XA(ji))L>

—ag— X (Vpx47))]

In vector form, and noting that the Berry curvature vector £2,,(p) = V, x4, (p) plays
the role of a magnetic field in the momentum space, we obtain

+0

“

dr 5o - p—-qAr) - .
- (Ve ) = L) G (9, 5,5).
dp ~ .

L ==V H +gix (VX A(F)

=V, <V(?) - %G-B@) - qq>(?)> Fgix (Vox A(R).

If we compare the dynamical equations with their classical analogs, we observe that
the double cross product in the dynamical equations appears when the position
and the canonical momentum do not commute with each other in the different
directions of space.

Food for thought: Examples and specific consequences for the equations of
motion in periodic environments in the presence of electromagnetic fields can
be found in Xiao et al. (2010).
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Density Operator

The concept of a density operator was first introduced by von Neumann in the con-
text of quantum mechanical ensembles. The density operator is quite useful when we
deal with randomness and statistics. With the emergence of quantum communica-
tion, quantum information, and other areas of quantum science, we need to be able to
describe the information contained in a quantum mechanical system. It turns out that
the foundation of entanglement, entropy, teleportation, and other relevant properties
are understood using density operators.

Let’s review some basic definitions and properties of a density operator p and build
our foundation with various problems. The following summary is not intended to pro-
vide a thorough representation of quantum information; rather, the properties given
here are directly related to the density operator, giving an opportunity to practice
knowledge from quantum mechanics. Specifically, there are many types of entropies
defined in quantum information. Here, however, we introduce only the von Neumann
and entanglement entropies to illustrate basic problems involving the density oper-
ator. We hope that emphasizing different aspects will be helpful for building better
understanding of this unique concept.

4.1 Density Operator for a Single Particle

62

Density Operator p:
P=Y.Y oumltn )bl
n m

This is a positive semidefinite Hermitian operator, such that p = p with py, = (0pm)"
Its definition relies on the eigenstates |¢,) of a given Hamiltonian. The p operator has
unity trace, 7r(p) =Y. ppn = 1.

n

Density Operator for a Pure State:
p =Xl

The quantum mechanical state |y) can be any superposition of eigenstates of a given
Hamiltonian. For a pure state, p> = p with a purity parameter % (p) = Tr(p*) = 1.

Density Operator for a Mixed State:
P =Y PulndWul =Y pubn
n n
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Here |y;) are individual pure states and p; are their distribution probabilities, such that
Y. pn = 1. For a mixed state, p* # p and its purity % (p) = Tr(p*) < 1.
n

Density Operator for a Maximally Mixed State:
3
p = ) Wil
NS

The density operator is proportional to the identity matrix with diagonal elements
Prn = ﬁ (N — space dimension).

Measurement of an Observable O: (O) = Tr[pO]
Measuring an observable is defined as an ensemble average over the quantum
mechanical distribution of states.

4.2 Density Operator for a Two-Particle System
I ——

For composite systems, quantum mechanical states contain two or more particles. As
an example, we consider a two-particle system composed of A and B particles.
The Hamiltonian for a two-particle system:

HAB = [/'I\A ®ﬁ3.

This is a tensor product of the Hamiltonians for the two subsystems, A and B.

Density operator for a two-particle system:

=pa= Y, pinlananl®bi)bil= Y. piklanb;}ambil.
n,m, j.k n,m,j.k

Here, |a,) are the eigenstates corresponding to H, and |b ;) are the eigenstates cor-
responding to Hp. The composite eigenbasis |a,b;) corresponds to Hyp, and it can
equivalently be represented as |a,b;) = la,)®1b;) = |a)|b;).

Reduced density operator for subsystems A and B: py = Trg(p); pp = Tra(p);

pB=Tra(pas) = Z (aalpaBlaq)

— Z<aa| Y o lan)(anl @b billaq)

n,m,j.k

=Y Y plhcaclan)amlas) @ b;)}bil

a=ln,m,jk

=Y Y 0}k SanSam®Ib;) bl

a=1n,m,jk

_y (zpaz) PRI T
Jjk \a=1 ik

The partial trace pg = Tra(pap) is the density matrix that accounts for all the experi-
mental observations done in subsystem B that do not involve subsystem A.
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Density operator for a pure noncorrelated two-particle state: [Yap) = |[a) ® [¥p):
PAB = PA®PB.

The noncorrelated state can be decomposed into two independent parts character-
ized by their own states [4), /). As a result, the density operator is a tensor product
of the individual density operators ps and pg.

Density operator for a mixed classically correlated state: pap = Y. pups ® 0.
n
Here p)} = 4 n){¥a | and pf, = g »){(¥B x|, meaning that each term in the summa-
tion is a noncorrelated state. The populations p, € [0,1], and ¥ p, = 1.
n
Density operator for an entangled, quantum correlated state: pag = ¥ pnpi 5-

n
Entangled states are the ones that cannot be written as a sum of product states. The
populations p, € [0,1],and Y p, = 1, and at least one p); ; is not separable: p; , # pl ®p.
n

~ ~ ~ r
Schmidt decomposition for Hygp = Hy @ Hp: [Wap) = ¥ galt'}) ® W}).
n=1

The quantum mechanical state [y 45) corresponding to ﬁAB can always be given as in
the preceding relation, where |z//f‘ ) are orthonormal and associated with Hsp. Also, g,

are nonnegative numbers with 2 lgx|? = 1. The number r in the summation is termed

as the Schmidt number. For a two particle state that is not entangled, the Schmidt
number r = 1, and |y4p) = [¥4)®|y¥p). For an entangled two-particle state, r > 2, then

[Wap) # Wa)®We).

4.3 Entropy

Von Neumann entropy:
Sy(P) =-Trpln(p)] = Z/l In(A

The A, are the eigenvalues of the density matrix p. This quantity measures how much
information the state has.
Entanglement entropy for a bipartite system Hyp = Hs ® Hp:

E =S(pa) = —Tralpaln(pa)] = -Trg [ppIn(pg)] = S(ps)
Ee[0,In(2)].

The p4 and pp are the partial traces of psp. If E = 0, then pyp corresponds to a pure
(nonentangled) state pap = pa ®pp. If E = In(2), then pap corresponds to a maximally
entangled state pap # pa ® 5.

. . . 1
Bell states for two particles, each one with spinup | 1>= ( 0) and down, | | >= (?) :

%(I TN Ic,i>=%(ITT>illl>)-

Bell states correspond to maximal entanglement between two subsystems. Spins are
anticorrelated for |a, +) and correlated for |c, +).

la,+) =
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Problem 4.1

We have several examples of 2 X 2 matrices given in what follows. Which of these can
be density matrices? From the possible density matrices, which one can correspond to
a pure state and which one to a mixed state? Compare the von Neumann entropy for

the possible density matrices:
Co L3y
C BT )

. (1 1)' . <1
1= ) 2 = [
11 i
Loy, o 1/10
Pa=s58 1 1) 73 0 1 )

This problem probes our knowledge of basic properties of density operators. Thus, we
have to check the following for each matrix:

S DI~

— Is it Hermitian?

IsTr(p) =1?

Is % (p) = Tr(p*) = 1 to indicate a pure state?
Is % (p) = Tr(p*) < 1 to indicate a mixed state?

It is easy to see the following:

All matrices are Hermitian: ,o;r =p;fori=1,2,3,4,5.
Tr(p1> = 2; Tr(p273’4’5) =1.

3
e} =3 Tred) =3 Tred) =1 Tr(ed) =5

Thus, only p4 and ps can represent density matrices, such that p4 corresponds to a pure
state, while p5 corresponds to a mixed state.
Since the von Neumann entropy is defined as Sy(p) = — YA In(4;), where 2A;

l
are the eigenvalues of the density matrix, we find that for p4, the eigenvalues are
A1 =0;4=1- Sn(ps4) =0In(0) + 1In(1) = 0. Note that here we have used the fact
that lirr(l) xIn(x) = 0.
X!

For ps, the eigenvalues are 11, = § — Sy (ps) = -2 () In () =In(2).

Problem 4.2
The density matrix for an ensemble of spin 1/ particles in the S, basis is given as

;b
— 3
(e

What values must a, b, ¢ be so that p is a density matrix? Determine a, b, ¢ such that the
density matrix p would correspond to a pure state.

The objective of this problem is similar: basic properties of density operators. We
remember:
o = p—must be Hermitian;
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Tr(p) = Tr(p?) = 1 for a pure state.

From the condition for p being Hermitian, we find that ¢ = b*. Also,
1:Tr(ﬁ):%+a, a:%,
1=Tr(p?) =3+2b2, b= %e‘i"’ (¢ — arbitrary phase factor).

1 V2 ,i¢
p= 3 3
V2-ip 2 '
3 3

The pure state can also be found simply by writing p in Dirac notation and using some
straightforward rearrangements:
1 V2

N » V2 . 2
_1 i¢ i¢ 2
P—3|T><T|+ 3¢ | T+ 3¢ |l><T|+3|l><l|

1 2 . 1 2
_ = i Z ¢
1 2 .
_ Zip
Il/f>—\/§|T>+\/;e -
Problem 4.3

The expectation value of an arbitrary operator A can be given with respect to a given
quantum mechanical state |y). Show that this expectation value can be written as
(A) = (YlAly) = Tr(pA), where p is the density operator.

From here, we find

This problem essentially reinforces the statistical representation of the ensemble
average of an operator for a pure state.
This can easily be demonstrated by using the spectral representation of the operator

A in some eigenbasis |¢). Take A and multiply from left and right with T = Y 10)¢4):
3

A=TAT= Y 10X0AIm)m| = Y 1A gm(ml.

{m m

This is nothing but the spectral representation of the operator A in the eigenbasis |£).
Furthermore,

(A) = WIAW) = Y WOApmly) = ¥ mlp)WOA .
{m m
Since p = |y)y, then
<A\> = meéAém = Z(ﬁA\)mm = Tr(ﬁA\)

lm m

Food for thought: Suppose you are asked a similar question to find the ensemble
average of the operator A, but in the case of a mixed-state density opera-
tor. What changes in the proof? The answer, of course, is the same as above:
(A) =Tr(pA).
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Problem 4.4
Consider a Hamiltonian H for which H|y,,) = E,;[W,).

(a) What is the density operator that minimizes the von Neumann entropy as a
function of the eigenenergies of H if the state has an energy E?
(b) What is the purity in this case?

a) This problem is intended to make a connection between the quantum mechanical
representation in terms of the canonical ensemble.

The problem can be solved with the help of Lagrange multipliers. We begin
by constructing a functional £[p] that contains the von Neumann entropy (the
quantity to be extremized).

We add two constraints with the help of Lagrange multipliers: A corresponding to
the measured energy Tr[Hp| = E, and @ corresponding to the Tr[p] = 1 requirement,

£[p) = ~Trln(p)p] + ATr[Hp] ~ E) +a(Trlp] - 1)
= Z (/lEnpnn ~ Pnm [ln(p(lﬂ)] mn + apnn) —a-AE

= ZZ </1Enpnm6nm - Z (an [ln(p)]mpénp) + a'pnm(snm> —-a-AE.
n m

p

The condition of extremum requires that 52 [p] =0, thus

ZZ ( (AE, + @) ppmOum — Y (pnm[ln(p)]mp5np>>

p

5Ll
6pah 6pab

—ZZ( AE, +a p"’"(s,,m)
~L LT (L ey o g, )

n om p
5pnm
= (AE, )
-L (002,
9 B
_ZZZ < Onm hl mpénp +anm[p mq 6pqp6 ) = 0

n m p

Now we exchange dummy indices /m and ¢ in the second summand to obtain
0pgp —17 OPmp OPmp
6 = —8np =) Onm—"0np-
Zzpnm[p mq 50a np ;;pnq@ }qm 50ab np ; nm Spab np

After using the relation M = 8unOpm, WE obtain

[
52[p)

5 9 0
5o ZZ ( AE, +a p”m nm) ZZZ < ,Onm (0)]mpOnp + Snm ;;mpé >
n m Oab nom-.p
= ZZ /lE + Q’)(Sanfsbm&nm)
- ZZZ 6al16bm ln mﬁénp + énméamébpdnl’) =0.

n m p
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Finally, using the properties of the Kronecker delta, we can carry out all the sums:
6L p]

5 = ZZ ((/lEn + a)éanébménm - 6an6bm [ln(p)]mn - 6nm6am6bn)
Pab nom

= Z ((/lEn + a)éanébn —Oan [ln(p)]bn - 6na6bn)
= (AE; 4+ @)6pa — [In(0)]pa — 6pa = 0.
Then, we obtain that p maximizes the entropy (at a given energy) if
(/lEa —|—a')6ba - [ll’l(p)]ba —0pa=0—> [ln(p)]ba = (/lEa +a- 1)517(1-

For matrices, the inverse operation of the logarithm is the exponential,

exp ([In(0)]pa) = pap = exp ((AE;+a—1)dp,), thus the exponential of a diagonal
matrix is immediately p,, = etFa= 1126,
We define the trace of the density operator as

7 — TI’LD] — e—1+wZeAEn.
n

After identifying 1 = -8 = —1/kpT, we obtain

e—l—‘roze—ﬁEn

Pn = A
B e*lﬂ’aeﬁBEn _ e*]‘Hl’eﬁBEn _ eﬁBEn B eﬁBEn
b T T ey [e P Tr[eFE] | Z(B)

with Z(B) = TrlePEn] = Tr[ePH].
b) Let’s consider the purity of the state 2 (p) = Tr(p?), which in this particular case is
(eﬁEn eﬁEn> 1 ¥ oW z(2p)
zZ) zB) )  ZB)?* 5 Z(p)?
The preceding result indicates that at T = 0, 2 (p) = 1, meaning that the state is

always pure. On the other hand, as T — o0,% (p) = 0, meaning that the state is
maximally mixed.

P@)=Tr(p*) =),

n

Food for thought: Making connections with information theory, we realize that
minimizing the von Neumann entropy is the same as minimizing the mean
quantity of information contained in the system. The preceding result indicates
that a thermal state is the state with less information at a given energy E.

Problem 4.5

Consider the case when the density operator corresponds to the canonical ensemble,
o= eﬁH , where 8 = 1/kgT, H is the Hamiltonian, and Z = Tr(e‘ﬁﬁ) is the partition
function (kg — Boltzmann constant; T — temperature). Calculate the von Neumann
entropy and compare it with the thermodynamic entropy.



https://doi.org/10.1017/9781009355414.004

69

4 Density Operator

This problem is intended to make a connection between the quantum mechanical and
thermodynamical nature of quantum mechanics as captured in entropy. It is closely
related to the previous one.

The von Neumann entropy can be calculated simply by using its definition and the
given p and partition function,

o PH oPH oPH .
Sn(p) = ~-Tr(pln(p)) = -Tr ( In ( )) =-Tr ( (In(e™PH) —ln(Z))>

V4 Z Z

~ e_ﬁﬁ e_ﬁﬁ o~ 5 ~
=Tr ﬁHT +Tr hl(Z)T =pBTr(pH)+In(Z)Tr(p) = B(H) +In(Z)
_ (H)~(~ksTn(2))
kgT ’
where we have used the fact that Tr(p) = 1. From statistical mechanics, we recall that
the Helmholtz free energy is defined as F = —kgT In(Z) = (H) — TSy, where S, is the
thermodynamic entropy. We find that

S

S =—.

v (P) i

In other words, the von Neumann entropy is actually the thermodynamic entropy
divided by the Boltzmann constant.

Problem 4.6

Consider a system of N electrons per unit volume in thermal equilibrium that are placed
in an external magnetic field B = Bu,.

a) What is the measured magnetization of this system in the high-temperature limit?
b) Obtain the measured magnetization for all temperatures.

The words “thermal equilibrium” are indicative that this problem is related to the

previous one since the canonical ensemble p = e_ZﬁH , Where 8= 1/kpT, H is the Hamil-

tonian, and Z = Tr (e‘ﬁﬁ ) is the partition function (kg — Boltzmann constant; 7 —
temperature), corresponds to precisely this situation.

Let’s begin with the definition for the magnetization for a Hamiltonian H = —fi- B
and its observable,

_ oH P Ny o Y. _ Ny
w () <o (L 3wn) =L 1o e
TV n=
(M) = =N{f,),
where [, = %76',,, with y being the gyromagnetic ratio and ¢, the Pauli matrix in the
pu-direction. For a system in thermal equilibrium, we use
(M) = Tr(pM,),

-pH .
,B:ez . Z=Tr(ePH).
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From here, we write

5~~~ yBG . yB& ~ /(10
B T gH =1+ 2% 7~7r (1 L) x2, 1=
¢ BH =1 ST "\ okt ’ 0 1)
- Ny_ [. yBo? Ny’B
M)~ —_T | = .
M)~ =T [“Z 2T |~ 4ksT

This, of course, is the well-known Curie law for spin !/ particles, whose magnetization
in thermal equilibrium has the M, ~ % behavior with respect to temperature.

b) Obtaining the magnetization for any 7 can be done by using the general results
for (M,) without making any assumptions:

~. Ny —ﬁI-AIA}
(M) = 2ZTV{@ o, .

We further find

[ o ByB
=Tr < ByB )]ZZCOSh(7>,
0 ez 2

. [e_ﬁﬁaz] :Tr: gs&z@} —Tr [f%B(é %) ( 1o )}

:Tr:<eMZB eoﬁ><(l) —Olﬂ
(< .

=Tr

Therefore:

_BH ~ . B
<M>__]v,yTr|:g IBHO'Zj| __&2511’1}1(%) __]V’ytanh< 'yB )
: 2 Z 2 2 cosh (%) 2 2kgT ’

From this result, we can obtain the high- and low-temperature regimes easily:

~ N¥*’B
lim (M) = —
kg]lgly3< Z> 4kgT ’
—~ N'y
li M) =———".
kg;glyB< Z> 2
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Problem 4.7

Often, it is necessary to consider the time dependence of the density operator. What
is the time evolution of the density operator p(¢) = Y., pnltfu(t)){Wn(2)|, Where |y, (1))
satisfies the Schrodinger equation?

As |, (2)) satisfies the Schrodinger equation, we are working in the Schrodinger pic-
ture; then, we start with |f,,(¢)) = U (¢)l,(0)), where U (¢) is the time evolution opera-
tor. This is a consequence of the fact that |/, (7)) satisfies the Schrédinger equation:

i (1)) = Hltp (1))
It is easy then to find
Z Pultin ()XW (=Y, pnU ()01 (0) X (0)T ™ (2)
()Y, ol (0))wn (0)T ™ (2)
= U( DO (7).
Note that in the preceding relation p, are taken to be time-independent, which is in

line with the Schrodinger picture and its statistical interpretation for a closed system.
We can now consider the derivative of the density operator with respect to time,

d .
(9[ 8t2 pnllﬁn ><§0n Z Pn atll/’n )><¢n |+Z pn|¢n <¢n(t)|

=): pn.—H|wn(r>><wn t |+Z,,pn|wn(r)><wn(r)|.—ﬂ
(H X ol ()W 1) = X, ouliia ()0 (1))

l;<Hp<> POA) = - [A.5(0)].

Food for thought: Solve the same problem in the Heisenberg and Interaction
(Dirac) pictures.

Problem 4.8

A spin s=1/2 particle placed in a magnetic field B has the Hamiltonian H=-yB. S
(where vy is the gyromagnetic ratio and S = hso is the spin operator vector). The
time-dependent polarization vector can be given in terms of the density operator as
P(t) =(o(t)y =Tr(op(t)), where o = (01,072, 073) are the Pauli matrices and p(z) is the
time-dependent density operator. Find an equation for the time dynamics of P(r).

Here again we are deallng with an electromc system in a magnetic field given with
the familiar Hamiltonian H = —-yB- S. However, the emphasis is on the time dynam-
ics of the polarization. We recall that time dynamics in quantum mechanics is given
with first-order differential equations in time (similar to the Schrédinger equation, for
example).
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Thus, let us begin with
LdP()  od o dp(1)
ih ” —zhdtTr(O'p(t))—Tr <0'zh )

We recall the Liouville-von Neumann equation of motion for the density matrix,

ih@ = {I-AI , ﬁ(t)} . For the ith component of the polarization vector, we obtain
it _ g, (&amdﬁ(’)> —Tr (aa [ﬁ,ﬁ(r)D = GB350
dt dt 2
= Gl p0)
__ hVZBb Tr([Ga, 35 P(E)) = —hVZBb Yieare THFP(1)) = —ilyTr (sac B3B(1)) -

In the preceding relation we have used the fact that [6,,0%] = 2ig,p.0°. After some
simple algebra, we find

dP,(t g e
% =—yTr (sabCBbO'Cp(t)) = —ysabCBbTr(O'Cp(t)) = —ysabCBch(t).
Therefore, in a vector form, we find
dP(t)
=vyP(t) X B.
o = YPO)x

This is an expected outcome classically. The result simply indicates that the polarization
vector P(r) has a fixed magnitude that precesses in time around the magnetic field B
with frequency wo = yB.

Problem 4.9
The most general density matrix for a spin !/ particle is given by p = %(U +P-0).

a) What conditions must the polarization P satisfy so that p is a density matrix
operator?
b) Calculate the von Neumann entropy.

a) We see right away that Tr(p) = 1 since the Pauli matrices o are traceless. We also
easily find that

Det(p) = %(1—P2).

Given that the Det (p) must be nonnegative, we determine that P> < 1. Another way
to see this is to examine the purity 2 (p) for the given density operator. Specifically,

0<% () =Tr(7%) = 51 +P) <1

Given that P? > 0, we determine that 0 < P? < 1. This condition essentially deter-
mines the interior of the so-called Bloch sphere. In fact, when P? < 1, then the
density matrix corresponds to a mixed state, while P> = 1 determines the density
matrix for a pure state.
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A graphical representation of the von Neumann entropy as a function of the polarization magnitude.

b) We remember that the von Neumann entropy is given as
Sn(p) = 2/1 In(A

where A; are the eigenvalues of the density matrix. It is easy to find that the

eigenvalues for the given p are 1;» = IJ—'TP, where P = |P|. Thus,

~ 1+P 1+P 1-P 1-P
SN(p)=—/l1ln(/l1)—/121n(/12):— 2 ln< > )— > ln( 2 )

_ _% [In(1-P?)~In(4)] - gln (

To get an idea of how the entropy evolves as a function of the polarization, we
give a graphical representation here (Figure 4.1) showing a smooth decline of S(P)
between its highest In(2) and lowest 0 values.

1+P

l—P> =1In(2) - %ln(l — P?) - Parctanh(P).

Problem 4.10

Often it is necessary to define time-dependent correlation functions for operators. Let’s
consider the correlation function for some operator I'(¢) given as C(¢) = (I'(1)T(0)) =
Tr(T(t)T(0)p). Here p is the equilibrium density operator corresponding to states
(basis) that are time-independent as expected from the Schrodinger picture. Specifi-
cally for eigenstates |n), the density operator is given as p = Y p,|n)(n|, where p, are

n
the probabilities. Evaluate the imaginary part of this correlation function given as
Im(C(1) = L) -C" (1))

Let’s first see what C(¢) looks like explicitly in the basis |n). We can write
C(1) = Tr(T()T(0)p) = Y ¢mIL(0)T(0)plm) = Y 4mlT(1)T(0) paln)nbm)

m,n

= Z(nIF 0) paln).
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What about C*(r)? Starting with the last expression, we find
=Y ((n[FOTOpa|n)) =L (n| (FOT©) pa| ),

since the complex conjugation does not affect the probabilities p,. We make the con-
nection with the time evolution operator that I'(z) = U (£)[(0)U (¢) and take advantage
of Hermitian conjugation,

")

Z <n ’ (f(t)f(O)) *pn n> = Zn: <n
n> =Tr (r(())f(t)ﬁ) ,

n
ABC)" =C*TB'A™. Finally, putting everything together,

(T OFOTOTO) po

where we have used that

—

1 S ~

Im(C(0) = 5:(C(0) - (1) = 5: [Tr (FOT©p) - (1r (FO)T©0)p) ) |
- 211 [Tr (f(;)f(om) ~Tr (f(oﬁ(;)ﬁ)} - %Tr ( [f(;),f(oﬂ ,3)

1/~ =~
— {0, 10 } >
i [FO.FO
In other words, the imaginary part of the so-defined correlation function is related to

the commutator of the time-dependent operator and the operator at t = 0.

Problem 4.11
Consider a system for spin 1/ particles whose pure state is given as

¥y = (174, 18) +ae”| La, 1p)),

1
Vi+a?
with a > 0. What would one record if the spin of particle A is measured? Obtain your
answer by
a) using the operator o, ®0 and evaluating (5) = (‘P|5|‘P);

b) using the operator &, ® [ and evaluating Tr ( {E-Z ®ﬁ] . ﬁAB);
¢) using the reduced density ps and evaluating Tr(5,04).

This problem is an opportunity to practice the different ways to represent measure-
ments of local observables in composite systems.

a) Here we obtain the result as usually done in quantum mechanics,

(T4 = (V|G ®1P)
1

“1ra ((Ta [T 1+ae™™(Ua Kl 1) [@ ®ﬂ (1)l 1) +ae®] Ladl Lg))

= 1 (a8 1aa 1) +ae™(La 1620 1) 1 Ta)

+ae(a 1620 L)1 B gy + a(Ua 162 L)L 1] L)
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Now, using 7| T) =1| 1) and 7| |) = —| |), we obtain
1-d?
1+a?

b) Measurements can also be defined using the ensemble average over quantum
mechanical states using the density operator. Since this is a composite system, we
have

Gy =Tr ( {&z ®ﬂ -ﬁAB)

pag = ¥ =

1
<UZ>A—<‘PIUZ®UI‘P>— TTa 5 (M4 170 1) +0+0+a*(La 101 1a)) =

Tl T8 +ae”] Lol L)) ((Ta (s 1 +ae™“(La [l 1)

1+ —— (1T T8X(Ta T3 [+ ae™™ Ta) Ta)la Kls|
+ae”| Ll LeX(Ta K18 1+ @] Ladl LeXLa KLs ).

In the basis {| Ta)l 7). 1 Ta) I8), 1 L)l Ta),1 La)l Ls)}, we have
~i

1 0 0 ae
1 0 00 0
PE=1721 0o o0 o |
a® 0 0 42
1 0 0 0
[(?@ﬂ:(l 0)@(1 0>:(+n 0[|>: 01 0 o0
: 0 -1 0 1 o -1 00 -1 0
00 0 -I

Multiplying the two matrices and finding the trace afterwards yields

1—-a

<32>A:Tr<{a'z®”} PAB) T5a

¢) Measuring the spin of particle A as part of the two-particle composite system can
be defined using the relation (6;)4 = Tr(0,04), where p4 is the reduced density
operator. For this purpose, we first find the reduced density py:

Pa= TrB(ﬁAB) = (15 [oasl 18+ (U5 [Pasl L)
= 12 (11X 1 T8)(Ta K15 1 18) +ae™ 14XT5 | T5)La Kig | T5)
+ ae"f| LaX18 118XTa (K18 1 18) + @ LaX(Ts | Le)la K5 | T5))
+ 7 (1B 115X K | Lg) +ae™ TaXLi 115X La KCUs | L)
+ ae"f| LaXds 1 1sX(Ta (08 1 1s) + @ LaXUs | Ls)la KB | L))
= 12 TaXTa |+al LaX{la|)

1 1 0
T 14+a2\ 0 & )
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Therefore,

1-a2
1+a%

(To)a=Tr(0:pa) =

Food for thought: We have given three definitions for measurements in quan-
tum mechanics. For the case of a pure state, all outcomes yield the same result.
Can you design a problem for a density operator corresponding to a maximally
mixed state and see if the outcomes from these definitions are the same?

Problem 4.12
Consider one electron spin in the state |y;) = a| T)+ 8| ) and a second electron in the
state |y2) = @| )+ 8] 1), where @ and S are real. The composite state of the system is
) = lxix2) = x1®lx2).

Construct the operatorA 0'5 )®0'§ )i in the basis | TT),] T1),1 LT),111), and calculate
the ensemble average (A) = Tr(Ap), where p is the density operator corresponding to
the pure state | y).

This problem concerns the construction of operators as tensors (outer products) of
operators corresponding to individual states. The composite operator then will have a
larger basis of the constituent subsystems. So, in order to calculate (A) = Tr(gﬁ), we
need to know A and p in the {| T1),| TL),1 11,1 L1)} basis.

Let’s calculate the matrix elements for A first. Start with
A(l

At =arie eIt = e ne I 1) =0

Here, we remember that &_S,z)l T1) operates on the second spin, while &2‘)| T1) operates
on the first spin. Since (7 |7y 1) = 0, the whole matrix element is zero. Similarly all
matrix elements can be evaluated,

0 -i 0 0
~ i 0 0 0
=10 0 o i
0 0 - 0

For the density matrix, we use its general expression for a pure state, p = | y){x|, which
implies that we need to construct |y) first. The normalized composite state is then

LX) = ((al T +BI L) (el L2) +B1 12))

1
2_|_ﬁ2

1
=R (@Bl 1112+ a2 T1d2) + 871 LiT2) + el Lila)).
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From here, we find

1
:|X><X|:W B PR B of

The ensemble average is then

0 —-i 0 O a2ﬁ2 (13[3 aﬂ3 a2B2
~ ~ 7 3 4 212 3
“=Trdp ):(a2+1ﬁ2)4” (l> g 8 (1) Zﬂf (;ﬁz aﬁf Zﬁ/j -
0 0 —i 0 28 P o PR

While this solution provides the answer to the question at hand, often it is not neces-
sary to resort to matrix multiplication. Rather, one can work directly with the tensor
product, and here we give the solution for extra practice:

& =1r(4p) = Tr (7" 857 hocwd) = 7r (el 957 1v))
1
= [ s (epMiT2 [+ (Mila |+ 8712 |+ eBlila |)}
x[ (a >®0'y } { o (@Bl T112) + P T1l2) + |l1T2>+C¥ﬂ|l1lz>)]

1
_(7 [aﬁ M lleV oo }|T1T2>+a ,3<T1T2|[0z ®0'> }|T1l2>

|

+ap itz 1ot @0l | I 11loy+a?B Mt [ [0l 9| 11 l2)
|
(2)

+ @Btz |[ol 9ot

Tt +a¥Nila | o @ ol }mm
+a?B MLl [o! @ol®] 1 L) + Bl [ oo |1 L)
+ap (Uil [ol @al I+ a8 Ui | ol @] 11112)
+8 U2 ol @y }|m2>+aﬁ Wtz l[ot 90! }u]m
+ 2Lk [V oo | It + Bl ol @] 11112)
+apX il [V ool || Lty + a2l [V el |1 1)

After taking into account the operation of the Pauli matrices, as explained at the
beginning of the solution for one case, we find that (A) = 0.

Problem 4.13

Consider a state of the form [¥) = cos()| T|) +sin(6)| |1). a) Find the entanglement
entropy for this system. b) What values of 6 correspond to a Bell state and a product
biparticle state? Comment on the entropy entanglement in each case.
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a) To find the entanglement entropy, we have to obtain the partial trace of the state
|¥). Therefore, we need the density matrix operator, found to be

0 0 0 0
0 cos?(6) cos(#)sin(d) 0
0 cos()sin(6) sin?(6) 0
0 0 0 0

p =Xyl =

The reduced density operator for particle B (second spin in the composite spinor) is

P8 =Tra(Pas) = a;(aalpABlaa> = ( Cosé ) sin(6)? > '

The entanglement entropy is

E = -TrglpgIn(ps)] = S(bB),
E = —sin*(6) In(sin’(#)) — cos?(8) In(cos>(6)).

The same entanglement entropy with the same reduced density is found for subsys-
tem A (first spin in the composite spinor).

b) The entropy is an oscillatory function of the angle 6, as shown in Figure 4.2. It can
be zero when 6 = nr, with |¥) = | T]) =| Ta)®| |5) being the noncorrelated pure
state. The entropy can also be zero when § =« (n + %) with [¥) =17 =11a)®| TB)
being the pure noncorrelated state (n — integer).

The given graphical representation of E(6) shows how the entropy changes as a
function of the angle 6. In the case of 6 =7 (n+ %) orf=n (n + %) for integer n,
E =1n(2) reaches its maximum value, which corresponds to a maximally entangled
state. In this case, those are the Bell states

la,4) = %u P41, for9n<n+i> ,
1 3
0.y = <= (1D =111) f0r6’=ﬂ<n+4) .
E(@9)

InQ2)— —

0.5-

0.25

0 3n S 3n In 0
4 4 2 4

NS
NIX

A graphical representation of the entanglement entropy E as a function of the angle 6.
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Problem 4.14
Show that the Bell states can be transformed to each other by using Pauli matrices. As
an example, consider |c, +) = 01 ® l1|a, +) and |c, +) = —io, ® I1]a, —).

We start with

la,+) = %(|T1>®Ilz>+|l1)®|T2>),
71800, +) = 35 (311 18Tl L)+1] Lo 12)
=5 1081+ TSI ) = e+,
Also,
02 = 5 (1108l )= el 1),
i7200la,-) = 5 (2 10Tl ) =721 LT 1)
=5 (8l =118l 1) = b

Food for thought: For extra practice, the reader can show similar relations
expressing |a, +) in terms of |c, £).

Problem 4.15
Consider the Hamiltonian for the Ising model for a system of two spin 1/ particles,

H=-Ves? _geV o5

)

where the &i}y’? are the Pauli matrices for the two-particle systems. Also, J, B are

positive real constants.

a) Write the density operator p for the pure state of the ground state of H in the basis
set [ TT), 1 TLL LTI

b) Evaluate the entanglement entropy by using reduced density operators p;, p, for
the two subsystems.

¢) Check to see if p; ® p; is the same as p.

a) The Hamiltonian for the Ising model appears often in physics and, in this prob-
lem, we are asked to write the density operator for the pure ground state of H.
This implies that the eigenvalues and eigenfunctions must be found beforehand.
The problem also gives an opportunity to practice partial traces in the context of
entanglement entropy.
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b)

From the tensor product of the Pauli matrices, we obtain

00 0 1 1 0 0 0 B 0 0 -J
. 0010 0 -1 0 0 0 B -J 0
A==T101 00| Blo o 10| 0o =7 B o

1 000 0 0 0 1 -J 0 0 -B

The eigenvalues and corresponding eigenstates are found as

E\=B+J; E,=B-J, E3=-B+J; E4=-B-lJ,

1 1
lx1) = 60 Tl =111T2)); |X2>6(| Tl =111T2));
1 1
|x3) = @(l T2y —1il2)s Iy = @(l Tt +11id2).

In the preceding, we introduced the subscripts 1,2 to explicitly denote particles
1,2. Note that the eigenstates for this Hamiltonian are the four Bell states for
anticorrelated and correlated pairs of spins, as shown earlier.

The ground state energy is E4 = —B —J with the corresponding eigenstate | y4).

The density matrix for the case of the pure ground state then becomes

~ 1
P =lxa)xsl = 5 (I TiT2XTaT2 [+ Tt a2 [+ Lida)(TiT2 [+ Lida)X{Lida )
1 0 0 1
10000
2100 0 0
1 0 0 1

Continuing further, the entanglement entropy is given by E = —-Tr[p; In(p;)] and
E = -Tr[p2In(p,)] in terms of the reduced matrices. Notice that no matter which
reduced density matrix is going to be used in E, the result is going to be the same.

The partial density matrices are evaluated in the usual manner, and as expected
for a pure state,
pr=Tr(p)
s 1
=Ml T+ ol b)) = 5 (T IT T2 XTI T2 1T+ (T I T2l 1)

F T Lo XTIT2 [T AT Hd2) 2 [T+ T TiTeXTiT2 1)
+A T2 LD+ Thda)X M2 Lo+ TLdaXXdida 1))

10

0 1)
1/10
2 0 1)

~ ~ " " 1
p1=Trz(p) =(T2 ol T2) + 2 ol l2) = 3 AT I+ ) =

1 1
=5 (IT2XT2 [+ 112X ) = 3 (
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In the preceding, the subindices (1,2) for the up and down states are kept explicitly
for a more transparent calculation. Therefore, the entanglement entropy is

E:-Trballn(ﬁl)]:-rrB( - )m(;( - ))}
:—Tr[lng%) ( (1) (1) )] —In(2).

For the preceding relation, we have used the fact that, for a diagonal matrix,

a - 0 logy(ar) - 0
logy(A) =logy | : - 1 |= : - :
0 ceeay 0 logb(an)
c¢) Finally, for the last question, we check that
1 00O
sem (1 0Yg( L OY_L[O0 100 o
e =4\ o 1 o1)-2{0010]|""
0 0 01

Problem 4.16
Consider the Hamiltonian for the Ising model for a system of two spin 1/ particles,

i=-17"es? _B [a—ﬁ” 1@ +1 52|,

where the E'J(C}y’,zz) are the Pauli matrices for the two particle systems and 1(12) are the

corresponding identity operators. Also, J, B are positive real constants.

a) Write the density operator p for the pure state of the ground state of H in the basis
set [ TT),1 TV

b) Evaluate the entanglement entropies for the two subsystems.
c¢) Check to see if p; ® p, is the same as p.

a) The Hamiltonian for the Ising model appears often in physics and, in this prob-
lem, we are asked to write the density operator for the pure ground state of H.
This implies that the eigenvalues and eigenfunctions must be found beforehand.
The problem also gives an opportunity to practice partial traces in the context of
entanglement entropy.

From the tensor product of the Pauli matrices, we obtain

00 0 1 200 0 2.0 0 J
. 0010 000 O 0 0J 0
==V 1 00| Blooo o™ oo o
1 000 00 0 -2 J 0 0 -2B
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The eigenvalues and corresponding eigenstates are found as (with R = VJ2 +4B?)

Ey=-R, E,=-J;, Ez=+J; Es=-+R

1 1
=—|[(2B+R +J ; =— + ;
Y1) \/N_+[( Tt +J1 Ll Iy \/§(| Tl +11112))
1 1
lx3) = @(l Tl —10iT2);  Iyar = N [(2B-R)| 11 T2)+J1 L1l2)].

Here, we introduced the subscripts 1,2 to explicitly denote particles 1,2 and
N: =2R(R+2B).

The ground state energy is E| = —R, with the corresponding eigenstate | y1).

The density matrix for the case of the pure ground state then becomes

=yl
=N [2B+ R 1112 X112 | +J(2B+R)| 112Xl |
HI(2B+R)| LilaX T2 [+ 77 LidaX 2 |]
2B4R 0 0 J
1 0 00 0
T 2R 0 00 0
J 00 g

b) Continuing further, the entanglement entropy is given by E = —Tr[p; In(p;)] and
E = -Tr[pzIn(p,)] in terms of the reduced matrices. Notice that no matter which
reduced density matrix is going to be used in E, the result is going to be the same.

The partial density matrices are evaluated in the usual manner, and as expected
for a pure state,

J? 1 {2B+R O
=Tn(p)= [ZB+R)IT1><T1I+ZB+RIL1><l1I}=2R< 0 Jz>

A ) | J2 1 2B+R O
P =Tri(p) = " [(2B+R)I ToXT2 [+ ZB+R| )12 @ = 5R ( 0 s ) :

Therefore, using that the eigenvalues of those density matrices are A. = % + %, the
entanglement entropy is

e = (1) () (- D)u(3-1)

= 11 1_g 2Barctanh 28
) 4 R R R )’
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which is obtained by noting that for a diagonal matrix:
0 log, (a1) 0

i

an

ap

logy,(A) = logy, ( :

0 0 logb-(a/,) )
¢) Finally, for the last question, we check that

N <ZB+R 0 >®<2B+R 0 )
P1®P2 = 75 P 2
4R2 0 2B+R 0 2B+R
(2B+R)?> 0 0 0
1 0 J2 0 0 R
=R 0 0o 2 0 #P-
]4
0 0 0 (2B+R)?

Problem 4.17

Repeat the previous problem, but for the state with the highest energy for the XY

Hamiltonian, given as

+a!

A=-J (&SC“ 25" 25

where J, B are positive real constants.

) _BslVe

2

~
Ox ',

a) Here we repeat the same steps as in the previous problem,

starting with finding the

eigenvalues and eigenstates of the Hamiltonian in the | T172),| T1l2),1 L1T2),] L1l2)

basis.
00 00 1 0 0 0
. 0010 0 -1 0 0
H==271o 1 00 |™lo o -1 0|~
00 00 0 0 0 1

The eigenvalues and corresponding eigenstates are

E,=-B;, E,=B-2J;, E;=B+2J; Es=-B,
1 1

V2 V2
The highest energyE3 = B+ 2Jwith the corresponding state

) =11T112% lx2y = —=1 Tl +11i12)); x3) =

The density matrix is found as

-B 0 0 0
0 B -2 0
0 -2/ B 0
0 0 0 -B

(Tl =1112))s Ixay =1 11l2).

3y =5 (IT1l2) =11 1),

1
p=x3)xs3l = 3 (I TddMida =1 Tl T2 1= 1Lt Tida [+ 1 LT T2 )

0 0 0 0
1o 1 -10
210 -1 1 o0

0 0 0 0
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b) The partial densities are
p2=Tri(p) =Tt lpl 1)+ 1 ol L)
1
=3 (T I Ted2aXTid2 1T+ Tl Tl T2 1T+ T HhaTaXTd2 [T

(Tl Ta XU T2 [T+ T2 T2 L)+ T Tl T2 [
+ MM LD+ Tt 1)

(Tl TidaXTib2 [T+ T T T2 D)

D= N =

1/1 0
(ITz)(TzIJrllz)(lzl):Z(O 1),

N . "N " 1 1
p1=Tr(p) = (T2 lpl T2) + {12 ol l2>=§(| T+ |)=( (1) (1) ),

2
A_l I 0\ ..
Pl—z 0 1 =p2.

Therefore, the entanglement entropy is
E =1n(2).
c¢) Finally, for the last question, we check that

S s L1 0N (10 _1
Prep=4\ o 1 01) 2

Problem 4.18

Repeat the previous problem, but for the state with the highest energy for the XY
Hamiltonian, given as

A=-1(c\"e5l? +5{e5{”) - B[¢!" 61 + TV 057,

where J, B are positive real constants and B < J.

S O O
S O = O
S = O O
- o O O

a) Here we repeat the same steps as in the previous problem, starting with finding the
eigenvalues and eigenstates of the Hamiltonian in the | T17T2),] T1l2),| LiT2),1 Lil2)
basis.

00 00 200 0 B OO 0
. 0010 000 O 00 J 0
H==21 0100|8000 0o |20 o0 o

0000 00 0 -2 0 00 -B

The eigenvalues and corresponding eigenstates are

E1:—2B; E2:—2.]; E3:2./; E4ZZB7
1

oy =1T112) o) = —=(Tid2) +11112)); |X3>:\/§

1
% (1Tl =141T2))s yay =111l2).
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The highest energy E3=2J with the corresponding state | y3)= % (T2 =111T2)).
The density matrix is found as

~ 1
P =1x3)Xx3l = 3 (I Tl T2 =1 Teda)Xi T2 =1 LT Tida [+ 1T i T2 1)

0 0 0 0
1o 1 -10
210 -1 1 0

0 0 0 0

b) The partial densities are
p2=Tri(p) =(T1lpl Ty +<{L1 lol L)
1
= §(<T1 [ TiaXTid2 [T+ T [ Td2) T2 [ T+ T TaXTid2 [ T

FM U TaXUT2 [T+ Tl X Tl L)+ T TedaXX T2 LD
Tt L+ Tt diT2 1)

1
= §(<T1 [ T1L2XT1l2 [T +04+04+0+0+0+0+L1 [ LiTa)d1 | T201))

(61)

1 1/1 0
=2(IT2><T2I+Ilz><l2|)=2<0 1>7

N =

~ ~ ~ 1
p1=Tr(p) =(T2 oI T2) + 2 ol L2} = 3 ITXT I+ D) =

~ L1 0y
Pl—2 0 1 = p2-

Therefore, the entanglement entropy is
E =1In(2).

c¢) Finally, for the last question, we check that

S s L1 0N (101
Prepm=y4\ o 1 01) 2

Problem 4.19
Consider the Hamiltonian for a two-particle system,

SO O =
S O = O
S = O O
- o O O

A=-1(c\"al? +1Wes) -5 05,
where the oA',(C}fz) are the Pauli matrices for each particle and 10:2) are the corresponding
identity operators. Also, J, B are real positive constants.
a) Write the density operator pj in the basis set | TT),] T1),] 11),] L) when the
composite system is in the ground state of H. b) What is the entanglement entropy?
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a) Let’s begin by writing H explicitly in the given basis,
01 10 1 0 0 O -B -J -J 0
~ 1 0 0 1 0O -1 0 O -J B 0 -J
H==T1"1 001 |Bloo 10| v 0o B
01 10 0O 0 0 1 o -J -J -B

The eigenvalues and corresponding eigenstates are
E,=B; E,=-B; E3:—\/Bz+412; E4:\/B2—|—4-.]27

1 1
xiy= %(lTllz)—lllTﬁ); lx2) = $(IT1T2>—IL1L2));

Ixs) = [T+ L2y + (VIFaZ =) Ty + L))

Mm(m_a)
1
Vm(mﬂ)

ey = (11241l - (VI+aZ+a)( Tilay+1 Li1))]

where a = %. Clearly the ground state energy is E3 with the corresponding ground
state |y3).
The density operator for the pure ground state is then

1 1
1 1
Vi+a?-a Vi+a?-a
N 1 Vi+a?2-a Vi+a?-«a 1
pi2=3)l= — 5 5
4V1 +a? 1 Vi+e?l-a Vi+a?-a 1
1 1
1 1
v 1+a?—a vV 1+a?—a

b) The eigenvalues of this p are {0, 0,0, 1}; therefore, the von Neumann entropy is given
as

~(P12) Z/i In(A;) =

Then we conclude that |y3) is a pure state, since its purity property is
P (p12) = Tr(p1,) = Tr(Ix3)usla)xsl) = Tr(lxs)Xxsl) = Tr(pi2) = 1.

For the entanglement entropy, we need to find partial density operators
01 =Tr2(p12) = p2 = Tri(p12) and their eigenvalues,

B2 = Tri(Pra) = (M1 Pual )+ (ol Ly = — [ VIHa? ]
p2=1r1(p12) =1 1p12l 11 1P12 l—zm 1 T1a2 |’

— Tra(Pra) = (Ta Pral T+ (o Pral by = — 2 (VIS ]
p1=Tr(p12) =12 p12l T2 2lpralla) = S 1 1+a? |’

The somewhat lengthy algebra here is left for extra practice. The eigenvalues of the
partial density operators are then obtained as

1 1

Mom ko
2 VTt a2
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Finally, the entanglement entropy is

1 1 1 1 1 1 1 1
E=—(--— " JInlo0-—— |- [ 2+ — JIn[ =+ ———
(2 2\/1+a/2> <2 2\/1+a2> (2 2\/1—|—a2> (2 2\/1+a2)
1 1 th(V1 2
—n2)—~In(1- _ arcoth(Vl +a%)
2 1+C¥2 1+a/2

Problem 4.20

For a biparticle system, the Hamiltonian is written as H=H 1 ®ﬁ2, where the Hamilto-
nians of the individual particles 1,2 are H 1 with dimension n; and ﬁz with dimension
ny > ny, respectively. Show that any given quantum mechanical state |¥) associated
with H can always be represented using the Schmidt decomposition as a product of
orthonormal states Izp,(.l)> and Iz//l@),

)y =Y e yew),
i=1

nj
where g; are nonnegative numbers with ¥ |g;[> = 1.
i=1

We can easily identify what |¢/§”> and W,(Z)) are in the context of the density operator
for the pure state |¥), with p = [¥)(\P|.

Let’s find the partial traces over system 1 and system 2 and obtain the reduced density
matrices,

p1=Try([¥)X¥)

—Tr ( Y gigj|¢§”>|w§2)><w§-”|<w§-”|>

i,j=1

= ¥ aglutwl e (W) = ¥ gl sy

i,j=1 i,j=1

n
=¥ leiPwt ),
i=1

n
P2 =Tr (W)¥) = Tr, ( ) gig’;-|w§1)>|w§2>><w§2>|<w§'>|>

ij=1

1]
= ¥ aeiTri (W) )

i,j=1

nj ny

= ¥ agioul =Y el e
i,j=1 i=1

The preceding relations show that |l,[/§ : )) are the eigenstates corresponding to the partial

density matrix for system 1, while le@) are the eigenstates for the partial density matrix
for system 2. It is also clear that in both cases, |g;|* are the eigenvalues of both p; and
02. Note further that in both cases, the eigenvalues are the same.
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Problem 4.21
Consider a system for spin !/ particles whose pure state is given as

_
V2

Find its Schmidt decomposition.

1
) 1Tl T2+ 5 D012 =112)).

The pure state [¥) = %I TOI T2+ %I DI T2) - %I L) 12) can be written in a matrix form

using the equation |[¥) = Y @nmlan)lbm), where |a,),|b,) in our case are the up and
nm

down spinors for the two particles: | 71)] 12), | L)l T2l | 1)1 L2), ] L)l L). Specifically,
we can write

\% -3 [T2) 7] L«f -2
_ | : W=V
Y= (I11),111)) < I ) ( ) > ¥ ( 3 0 )’

where the matrix ¥ has matrix elements ¥, ,, for the given two-particle pure
state.

The Schmidt decomposition is basically the Singular Value Decomposition of a
general matrix (not necessarily square) A € C"™. This matrix can be represented as
A =U-X-W, where the rows of the U € C"™" are the left singular vectors of the orig-
inal matrix, the columns of W € C"™ are the right singular vectors, and X € R}
is a diagonal matrix containing the singular (nonnegative) values o, of the original
matrix. U and W are unitary matrices (U -U" =1 and W-W™* = 1). Singular Value
Decomposition (Johnston, 2021; Steeb and Hardy, 2018) is related but different from
the eigenvalue decomposition of a matrix. It can be applied to any nonsquare matri-
ces and, contrary to eigenvalues, the singular values are always nonnegative numbers.
The connection between the two types of decompositions is the following: the singu-
lar values of A are the (positive) square root of the nonzero eigenvalues of A-A* and
of AT - A, with eigenvectors given by the columns of U and W respectively. In addi-
tion to that, both decompositions coincide when A is a semidefinite positive square
matrix.

Thus, we find
—2-43 243
% -3\ _ Vot+sva  Vo-5v3 | | 2;‘5 0
L9 ) -1-V3 —14+v3 0 b
2 VIV9+5v3  V2V9-5v3 2
-1-3 1
VZV3+v3 V33
-1+vV3 1
V2V3-v3 3-v3

The Schmidt representation is then

1) = 4,1y @ Py + Sy @ ),
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where
(%) = (10,1 1)U
( e L PO e £ ¢>} R P b £ |¢>D
Votsv3 | V3/otsva Vo-sv3 | Va/o-s5va

( ) )W< I12) > {w«/r'm*«/_'“)}
i 12) e
2 2 { i/*—IT)+\/—Ilz>}

The reader can now verify by substitution that indeed the Schmidt decomposition
corresponds to the original form of [¥).

Problem 4.22
Consider a system for two particles whose pure state is given as

1
¥y = —
V3
where [012), [112), [212) are various ket states for the particles. Find its Schmidt
decomposition.

. 1 1
<|01,02)+l|01,22>+\/§|11, I2)— \/§|11’22>) .

This problem is similar to the previous one; however, here the basis for particle 1 has

two states |01),|11), while the basis for particle 2 contains three states |02),[12),]22).
This pure state |¥) can be written in a matrix form using the equation

) = ¥ Wamlan)lbm), where |a,),|b,,) in our case are {[01)]02),101)[12),[01)[22),111)102),

n,m

[11)[12),]11)]22)}. Specifically, we can write

1 i [02) :
= 0 = — 1 1 0 i
|¥11>=(|01>,|11>)-<V0f3 N f?)- I12) awzxf(() 1 _1>.
V6 e 122) 3 Vi V2
Because of the two-state and three-state eigenbasis for particle 1 and particle 2, respec-
tively, the matrix W is not square (as it was in the previous problem). We further
note that we could exchange the role of rows and columns here without affecting the

outcome of our problem.
From the Singular Value Decomposition of the matrix ¥ = U -£-W, we write

_ 3+V3 W V3+V3 0 0 % 3-V3 —3g\/§

Y= ¥6 V6 . \ —i  34+V3 =343
V3-V3 V3+V3 0 33 Voo 6
v ve v S R

The Schmidt representation is then
%) = 1y o () + sy o b5,
where

3+43
Qp=—F7=

)

B
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(™) = (100, 110)) U

([ \/?IOO \/TIM} [\/\/-T|01>+\/?I11>D

[ 5100+ 358115y + =353y

(1)

N)z ) 102) .

w2y | =w | 1y | =] [Fi00+ 5L+ 258y
5 2 .

") [22) [ 5102+ 112y + 512

The reader can now verify by substitution that indeed the Schmidt decomposition
corresponds to the original form of |¥).

Problem 4.23
Cross (or tensor) products between different states appear very often in the context of
density operators. For basic practice, let’s consider the state

1
= —[0)®]1)®[0)+|1)®[0)®|1
) \/5“ )®[1)®[0)+]1)®0)[1)],

wherelO)—(é)andH)—\}i( i )

a) Write explicitly the density operator in a matrix form corresponding to the pure
state |i).

b) Calculate the expectation value of (y|0"; ® 0, ® 71 W) and (Y|03 ® T ® 71 |¢), where
o are the Pauli matrices.

a) The density operator of the state p = [/){¥| can be given in the composite basis
corresponding to the three-particle system. Specifically,

1 1
0 =Wyl (\/i[lo 0)+110 >]> (\5[(0 0[+<10 I])
= %(|010><010|+|101><010|+|010><101|+|101><101|).

Writing this in a matrix form, one finds

000 0O0OO0TO0OO [111)
000 O0O0OO0TO0OO O [110)
001 0O0T1O0TO0 [101)
~ 000 O0O0OTUO0ODDO . . [100)
=1 60 0000 0 0 o |&venin the basis 011)
001 0O0T1O0O0 |010)
000 0O0OO0TO0OO |001)
000 O0O0OO0TO0OO O |000)
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b) Next, using |0) = <(1)> and [1) = % (i), we obtain that:

. A . 1 .
(0lo110) =0, (0I01I1>=<1|01|0>=f2, (lo|1) =1,
~ ~ ~ =i ~
0l02|0) =0, —(0lo|1) = (1|02]0) = —, (lloz|1) =0,
(0]02|0) (0lo2|1) = (1]0210) \/§<|2|>
1

016310y =1, (0lo3|1) =(1]63|0) = —, (1|o3]1) = 0.
(0lo73|0) (Olo3|1) = (1]o73|0) \5<|3|>

Finally,
(Ylo1®02 001 |y)
1
V2

1 PN ~ A~
:5[(0|®(1|®(O|(0'1®0’2®0’1)|0)®|1)®|0)+(O|®(1|®(0I(0'1®0'2®a'1)|1)®|0)®|1)

1 PN
:(ﬁ[(0|®<1|®(0|+<l|®(0|®(1”)(0’1®O’2®0‘1)< [|0>®|1>®|0>+|1)®|0>®|1>]>

+(leOle(1] (71 ®F ©d1)[0)®[1)®10) + (1| (0|e(1| (7 @72, ®7 ) 1) ®(0)@[1)]
Lo ~ ~ ~ ~ ~

=5 [(0l&"110)(11°2[1)¢0l&"1[0) + (Ol&™1 [1){1]5210)¢Ol&™1 1)
+(115110)(0lc2| 1){ 1|51 0) +(1]c1 [1){0l210)(1]c [1)]

1 i i
=~ |0+——=—-—=+4+0]|=0.
2 2v2 22

With a similar procedure, we also obtain (y |73 ® 2 ®7 | ¥) = 0.

Problem 4.24
Let M be a Hermitian m X m matrix operator and N a Hermitian n X n matrix operator.
The Hamiltonian of a given system can be given as

H=hoM®N.
Calculate the partition function Z = Tr(e™PH), where § is a real positive constant.

Since M and N are Hermitian, their eigenvalues are real. One can always write

A - 0
M = Uy MUy = .. |, where the diagonal matrix M is composed of the
0 - A,
g o 0
eigenvalues 4; of matrix M. Similarly, N = Uy NUy = : ..t |, where the
0 - i

diagonal matrix N is composed of the eigenvalues y; of matrix N. Then,
Z=Tr(e ) = Tr(ePMeV) = 7 (U 9 U (V) Uy Uy |
—Tr [ e—ﬁhw(Uﬁ@Uﬁ)M@ﬁ(UMquN)} —Tr [ e—ﬁhw(U,,}fVlUM)@(U;ﬁUN)}

—Tr { e—ﬂth@N] _ Z o Phodinj.

m n
i=1

J=1
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Problem 4.25

3 —ig
. . . ~ ae ~
Consider the density matrices p; = ( a:i‘f’ 1 ) and pp = <
4

O W
Bl= O

) . Calculate

the following properties:

a) Dys (51,p2) = | Tr [(ﬁl —ﬁz)z] (This is termed Hilbert—Schmidt distance.)

l 1

b) Dz (p1,p2) \/ 1-Tr(\/pip2p 12) ) (This is termed Bures distance.)

¢) D(p1,p:) = T ﬁ’f p5) (o1 —p )} (This is termed frace distance.)

Here we note that since p; is a density matrix the parameter a must satisfy the purity
condition & (py) < 1. Therefore, Tr (p3) = 3 +24> < 1,a < \f

a) For the Hilbert-Schmidt distance, we first evaluate

Tr([(p1-p2)*] =Tr l( a2¢ ae(;i¢ )2] :Tr[( %2 C?z )] =24%.

Therefore, Dys(p1,02) = \2a.

b) For the Bures distance, we must find p p first. However, since p; is not diagonal, we
41

0 A
the eigenvectors corresponding to the A; , eigenvalues. Also, S~! is the inverse of S.
We obtain

use the relation p; = SAS™!, where A = ( ) and the columns of S contain

—ae” —ae”

1 3 \/a2+(§_/ll)2 \/dz+(3—/12)2
_ _ =~ 2 . _ 4 4
11’2—2[11 1 4(16 a)], S= 3y 30

er(-n)' Ves(i-n)’

1
Using that p; = SA2S! and after some lengthy, but straightforward algebra (left
for the reader’s own practice),

. \/4—\/5—4\/1+3a2—\/5—|—4\/1—|—3a2
Dg(p1,p2) = 7 .

¢) For the trace distance, we first evaluate

. - 0 ae'® 0 aqe 172
Tr\/(pl ~P3) =) =T l(( ae™® 0 > . ( ae® 0 >)
e 0 1/2 ae'® 0
=Tr l( 0 a’e 2 > =Tr K 0 ae™ ﬂ

= 2acos(®).

Therefore, D(p1,p2) = acos(p).
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Food for thought: The distances we have considered here are used in quantum
information science as a measure of distinguishability of states. Their geomet-
rical meaning together with other types of distances are widely used for the
interpretation of practical experiments.

Problem 4.26
The Hamiltonian for a bosonic particle is given as H = fiwb™b, where b™ (b) are its

creation (annihilation) operators.

a) Calculate Z = Tr(e -pH ), where 3 is a nonzero positive constant

b) The density operator for this system is defined as p = W Calculate the
ensemble average of the Hamiltonian (H) = Tr(Hp). Calculate Tr(pb) and Tr(pb™).

¢) Check that Tr(p) = 1.

a) Starting from the definition of the partition function Z = Tr(e‘ﬁﬁ ),

Z="Tr(e) Z<n|e-ﬁH|n>—Z<n|Z ﬁh“’b (b b)Y,

(o) (o] )
g g k, = (nl(b b)Y In).
In the preceding, we use that b*bln) = n|n), thus

Z=Tr(e Z Z Bhw i i Bhwn

n=0k= n=0k=0
w
_ Z e—ﬂhwn _ eﬁ
o ) TP 17

This is the partition function for the Bose—Einstein distribution.
b) To calculate the mean energy, we use (H) = Tr(Hp):

R . -gH BH
(Hy=Tr(Hp)=Tr ( |n)(n|> =Tr <(n|H |n)>

—BH 7+
= Z(nlh bﬂ;Z Bhwb b) In)

)

Yy %< GO ;’gokzo pho)
eﬁh“’ fiw

O & (prwn)t e X ghon _ hw B
an k! _7726’16 _7(eﬁhw—l)2_eﬁh‘“—l'
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The mean number of bosons is

by =Tr(bp) =Tr (Ze_zﬁﬁ |n><n|> =Tr <<n|b A|n>> Z <n|b i
Z<lb2 ﬂh“’bb 2«/_<n+1|ZM|>
= Z w/_): (n+1/(b*b) ny.
However, since {n+ 1|n) = 0, then
(by = Z «/_Z )y = L iox/me-ﬁhwwwumo

The mean number of antibosons is

bHy=Tr(b*p)=Tr <B+

e‘ﬁﬁ ~. €
Z [n)(n| | =Tr | (nlb |n>

—Z<n|b+ - Z<lb*Z ﬁh“’b” Iny
—hbb
n=0 k=0 °

L =115y =0

¢) Finally, the trace of the density operator is

N e PH e PH ©  pH
Tr(p)Tr( Z |n><n|> =Tr <<n| ~ |n>> :;w ~

1 & ad hbb
= Loy SRR =2 ¥ 3 i b e

n)

n=0 k=0 n 0k=

13 & ( ,Bhw 1 & z
—— —phwn _ = _

ZZZ _Zze wn_Z_l'

n=0k=0 ! n=0

Problem 4.27
Consider the Bose—Einstein density operator,

5oy (Y
PENF1E N1 ’

where |n) = |0),]1),]2),... are the number states and N = eﬂh—i_l. Calculate Tr(p).
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By simple substitution, we find that

. 1 &/ N N \"
T :T f——
(p) r<N+1n0<N+1> In)n ') N+l Z<nl <N+1> In)
1 i N \" 1 1L _ 1 N+l
CN+1 5 \N+1 _N+11_%_N+1N+1—N_ '

In the preceding we have used that (N+1) |n) = |n) (N+1 )n

This is an expected result, since the density matrix corresponds to the thermal density
matrix for bosons. The result, Tr(p) = 1, is consistent with the fact that the density
matrix corresponds to the thermal density matrix of bosons.

Problem 4.28
The Hamiltonian for a fermionic particle is given as H = hw [T f.

a) Calculate the partition function Z = Tr <e‘ﬁﬁ ), where 8 is a nonzero positive
constant. R

b) The density operator for this system is defined as p = e}
average of the Hamiltonian (H) = Tr(Hp). Calculate Tr(5f) and Tr(pf ).

a) There are only two eigenstates for the given Hamiltonian due to the Pauli exclusion
principle. These are labeled as |0) (for spin “up”) and [1) (for spin “down”).
Then, we have f 110y = f]1) = |0), and the partition function is

Z = Tr(e ) = (0l P10y + (11ePH|1) = (Ol Pl ' F10) + (1 #mF " F1y,

N 0 [ T A\k
(Ole Pl 10y = (O Z MK»

k=0 k!
« (_ph T+ P\k-1 A
=00+ Y P Cpnof oy = o0y 0= 1.
k=1 :

Because fIO) =0,

oy s
(Ul Ty = <1|Z S (SR N C D ﬁ’@ AT P,

k=0
A HHY = <1|(f+f)" 1f+f|1> = (A0 = QI .
Using (1]1) = 1, we obtain <1|(f+f)k|1> = 1; for all integer k > O therefore:

SN o0 k
—BhwfT fi1y (=phw)" —Bhw
(lle =) — =™
k=0
Finally, the partition function for the Fermi-Dirac distribution is

Z = Tr(e ) = 0Pl T 10y 4 (e Pl Ty = 1 4 P,
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|n><n|> <<n|ﬁe

oPH oPH
= <0|H7IO>+<1|H7|1>

b)

(Hy=Tr(Hp) =Tr (

—pH
> |n>>

= —<0|He—ﬁH|0> + f(llHe_ﬁHll),

_ (-Bhwf* f)k
(OlHe#H10) = (Ol f* f Z Tm =0,

MHEPIY = (o FePANY = ho(L|FT Fe PR = hwe P,
Therefore, we obtain

Fiwe Phw hiw

H) = = .
(H) V4 ebho 41

Now we consider T r(fﬁ):

R R B -BH
()=Tr(fp)=Tr (fe |n><n|) =Tr <<n|fAeZ |n)>

ﬁH

e Bt
= <0|f—|0>+<1|f—|1>
= f<0|fe‘ﬁ”|0> + 7<1 e |1y,

ﬂhwf (=proftf)*

©O1fe 10y = (0If Z 0) =

where flO) = 0 is taken into account. Further taking into account that fA+|0> = |1),
fHI) =0,(0lf = (1], and (1|f =0,
(1fe )1y = (0le P11y,

P 0 Ak ([ k ~ o~
Ol Pl 1y =0 Y (BRI Y %@I(ﬁf)kll%

!
k=0 k! k=0

O AR = QI A 7 AL = I A 10y = 1P ARy

From (0]1) = 0, we obtain (0|(f* f)¥|1) = 0. Thus, (1|fe#H|1) = 0. We conclude
that

(FH=Tr(fp) =

Finally, we consider Tr(fp):

FY=Tr(FP) = JOIFe10) + J(1IFre 1) =0,
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Problem 4.29

One of the most popular ways to represent Bell’s theorem is the CHSH inequal-
ity, which shows that correlations between measurements of two particles cannot be
accounted for via a local hidden variables theory (Clauser et al., 1969). The CHSH
inequality is given as

ISag] = (c [XQE,,} +C [ZQE,,/} +C [Xalﬁb} _C [Xa,ﬁh/} <2,

where C [Xaﬁb} = (Xagb) is the correlator between measuring « in the system A and b

in system B. In the preceding, it is assumed that (A,)* < 1 for all measurements.

The CHSH inequality is fulfilled provided that (a) there are two measurements for
each subsystem freely chosen by the different experimentalists, (b) the results for a,a’
measurements are causally independent from the results for b,5” measurements (mean-
ing the theory is local), and (c) the obtained results are assumed to exist at any moment
in time (meaning the theory is real), not only upon the moment of measurement. If
Sap <2, the studied system can be described by a local real theory characterized by local
hidden variables. Otherwise, the system cannot be described by local hidden variables
theory.

Here we would like to examine the CHSH inequality for specific examples.

a) Consider the Bell state |[¥) = % (174, T8)+1 14, lB)). Measure the spin of particle A
inz and ¥ directions and the spin of particle B in % (z+Xx) and % (z-X) directions

and check that the CHSH inequality is not fulfilled; in particular, Syp = 2V2.
b) Consider the density operator:

1 0 0 ae

1| 0o 00 o0
PAEZ=51 0 00 o0
ae™@ 0 0 1

Measure the spin of particle A in 7 and X directions and the spin of particle B in
\% (z+%) and % (z—X) directions and examine the validity of the CHSH inequality
as a function of the parameter a.

c) Assume that the correlations of the measures in the two laboratories are given by
C[AuBy) = (AaBy) = [} Aa()By(A)p(2)dA, with p(2) = 0, (A2 < 1, and (B)* < 1,
where A plays the role of a hidden local variable. Prove that, in this case, the CHSH
inequality is fulfilled.

a) The two measurements for particle A correspond to measuring a = &, and @’ = 7,

while the two measurements for particle B correspond to measuring b = UZ\E"* and

b — Tl

R We write
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(o (22 (o (52 (52))

We further find that

N O, +0y N O, + 0y

o, ® =(¥|o,® ¥
(7o (257 ) = evme (257w

1 0.+ 0y
—2(<TA7TB|+<~LA;~LB|)[6'1®( \/;— )](lTA,TB>+|lA7lB>)

1 o~ z+ X Z+ X
:2<<TA|0'z|TA><TB| NG [ T8)+(a 1ozl TaXUs | NG | T8

~ Z+ X z+o—x 1
+(Talozl LaX(Ts | N I+ {laloel LaXlp |l——=— NG IlB)) N
where we have used that 0| 1) = | 1), 1) = = 1),0:| T) = | 1), and 0| |) = | 1).
Similarly,

(o ()~ (52))- (o0 (2)

e ()

Therefore, we obtain

1 1 1 1 4
Sap=—F©+—F©5+—F4+—7=—7=2V2.
TRV V2

b) We start again with the CHSH inequality for the same spin measurements for the
two particles, which can be written as

o= (52 () o () (oo (52
o (%) () 00 () o (2529) )

where

N——
I
5
S O = =
(e}
|
—
|
—
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The rest of the matrices entering in Syp are left as an exercise to the reader. The
final result is

1 0 0 1 1 0 0 ae
o -1 1 0|1 o 00 o

Sw=Tr\V2L 0 o 3l 0 00 o =V2(1+a).
10 o0 1 ac® 0 0 1

To fulfill the CHSH inequality, we must have
Sap=V2(1+a)<2—a<(V2-1).
c) We start with the CHSH inequality:
Sas = C[ABy) + C[A,By| + C[Ay By] - C[Ay By).

If we assume that the results of the measures in the two laboratories are local and
causally independent, it means that the measures can be written as

ClAuBy) = (ABy) = /A Ad()By(Dp(D)dA,

where A is a hidden local variable. Note that this description is real and local due
to the fact that A measures a independently of the measure of b from B. Then,
SAB is

Sap = (AaBy) + <X Byy)+ (A By) —(AyBy)

= [ Aa(DBH )+ Au) By (1) + Ag (DBH(A) = A (0B (D] p()d

In addition to that, using the assumptions p(1) > 0, (A,)? < 1, and (B,)* < 1, one
sees immediately that

Sua <1l = | 40 B0 + () + 40 2) (B0 + By ()] o010
S/AHAa(/I)H||Bb(/l)+Bb/(/l)||p(/l)d/l+/AHAaf(/I)H |1Bo(2) = B ()| p(A)d A

< /AHBhu>+Bhf<z>y|pu>dz+ /A 1B (2) ~ By ()] p()dA

where we have used several well-known inequalities for integrals and summations.
Now, without a loss of generality, we can assume that (B;) > (B;) > 0; therefore

SABS/A||Bb(/1)+3b/(/l)“/0(/l)d/l+/l\HBb(/l)—Bb/(/l)HP(/l)d/l

< [ Bupar+ [ By (pda+ [ ByDp)da- [ By(Rp(ad

<2/Bb A)dA<2.

This inequality is valid for real and local theories.


https://doi.org/10.1017/9781009355414.004

100

Contemporary Quantum Mechanics in Practice

Food for thought: As we have seen, for some particular states in quantum
mechanics, such as the Bell states, the inequality is not fulfilled. This brings us
to the conclusion that at least one of the initial hypotheses (freedom of choice
of the experiments, locality and reality) is not fulfilled in quantum mechanics.
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Identical Particles and Elements of Second

Quantization

Most problems we deal with in quantum mechanics involve systems that contain
several or an infinite number of particles behaving in a collective manner. In addi-
tion to the probabilistic nature of processes of such multiparticle systems, quantum
mechanical particles are truly indistinguishable when it comes to tracking their quan-
tum numbers. While this is not a problem in classical mechanics where everything is
tractable, two (or more) quantum particles that have the same charge, mass, or spin
cannot be distinguished by any experiment regardless of the situation. Nature has given
us two types of particles, fermions and bosons, such that the state function for fermions
changes sign, while the state function for bosons does not change sign when two parti-
cles are interchanged. This situation has important consequences not only for a small,
finite number of identical particles, but also for systems containing an extremely large
or infinite number of identical particles.

Here we review basic concepts of composite fermion and boson systems followed by
the exchange interaction and the different types of statistics each type of particle obeys.
The problems we have selected here involve understanding of more traditional topics,
such as addition of angular momenta and perturbation theory, for example. We give
some explicit examples of three or more (but finite in number) identical particles and
their composite states, which goes beyond the typical two-particle states found in most
quantum mechanical books. Other problems illustrate important topics from chem-
istry, such as building the electronic shell structure in atoms and explicitly showing the
application of Hund’s rules. We also offer several problems with second quantization,
which is needed when dealing with condensed matter systems, giving graphene as an
example. The gradual buildup of complexity, especially in this chapter, illustrates the
far-reaching consequences of the inherent statistics of quantum mechanical particles.

5.1 Wave Function for N Distinguishable Particles
e ——————————

CI)(X1,X2,...,XN) = ‘ﬁal (xl)l:l’az (xz)"’waN (xN)

The composite wave function is simply a product of the individual wave func-
tions where the indices g; collect all quantum numbers for a given state. For two
distinguishable particles with principal quantum numbers »; and spinors ys,, for

101
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example, @ (x1,x2) = @n, (X1) xs,¢n, (1) x's,- This representation is appropriate when
the particles can be considered as distinguishable, namely classical.

5.2 Wave Function for N Nondistinguishable Identical Bosons:

Slater Permanent
1% !
(p(xlvx%'--vxl\’): ] ZP ‘//al X1 'ﬁaz (xZ) waN (xN))
N &
lr//al al (x2) 'vbal (xN)
r:l ny! ’r/’az az (x2) s 'vl’az (xN)

x//akal) Yoy (52) or iy (5)

The composite wave function is totally symmetric upon the number of total num-
ber of permutations P of quantum numbers g; or positions x;. This composite function
captures the possibility that there can be many bosons with the same quantum mechan-

[ R
ical characteristics. Also, 4/ [] n,! takes into account the number of repetitions of the
r=1

same one-particle quantum state. Conveniently, this can be expressed with a Slater
permanent as shown above, and we will use ||A|| to represent the permanent of the
matrix A.

5.3 Wave Function for N Nondistinguishable Identical Fermions:

Slater Determinant
®(x1, 50, x % T ()" P (1) (52) - ()
wm (xl) lﬁm (xZ) lﬁal (xN)
. 1 lpaz (xl) lﬁaz (xZ) lﬁaz (xN)

Yay .(xl) Yay ‘(x2) . Yay ‘(xN)

The composite wave function is totally antisymmetric upon permutations (denoted
as P) of quantum numbers g; or positions x;. Conveniently, this can be expressed with a
Slater determinant as shown above. The antisymmetric wave function is a consequence
of the Pauli exclusion principle for fermions; that is, when there are two identical
fermions, the composite wave function is zero.
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5.4 Exchange Interaction for Two Particles
|

Exchange interaction for fermions with ® (x|, x,) = % (Ya, (1) ¥ay (x2) =Wa, (x2) g, (x1)):
2
(F1=P2) = %)y () =2 P, By 72|(F)yy | —2Re (), (@21 an)).

Exchange interaction for bosons with ® (x1,x;) = % (Way (X1)¥a, (02) +¥a, (x2) Ya, (x1)):

(@172, = (%), + () = 2P0 P =2 P+ 2R (72, ).

The fermionic nature acts as an effective repulsion by increasing the parti-
cle separation, while bosons effectively attract due to a decreased separation.

Here <?”>ai = (Yo, [F"|Wq,) and <?”>ala2 = (Yo, [F"| Vs )-

5.5 Fourier Analysis and Periodicity in Wave Functions
- ___________________________________________________________________________________|

Fourier series of an IV -dimensional periodic wave function (x| f) = f(x) = f(x+ L), with

N
K, —27TL and Vy = H L;, such that x e Qy = U [_TL',%] and ne 7N,

i=1 i=1

— —tk,,x
f(x)_<x|f> \/er na

nezN

ya — _ - ikp-x
f(kn)—<kn|f>—M/QNdxe ),

eik,,~x

VW

Fourier series of an N-dimensional periodic wave function over a Bravais lattice

(k| x) = 5 <kn|km>:6nm§<x|y>:6(x_y)'

{Rn} ez With R, = Zl n;a; defined in terms of the generating lattice vectors {a; }N 1
14

(Ru| f)=f(Ry) = f (Rn+ Rm).
By using the definition of the reciprocal Bravais lattice as the set {bi}ﬁvzl :
a;-b;= 27r6, ;» the volume of the Bravais zone as Vg = Hﬁ\’:l bi, and the Brillouin zone

as BZ = U [ 5 ,2} Thus, for ke BZand ne 7V,

_ _ —ik-Ry 7
f(Rn>—<Rn|f>—@/Bdee k),

- 1 .
k)= (k| f)= R f (Ry),
flk) =<k f) @”EZZ:NE f(Rn)
eik‘R,,
(k| Ry) = §<Rn|Rm>:6nm;<k|q>:6(k_q)-

VVaz
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Fourier transform of an /N-dimensional wave function (x|f) = f(x), with x € RV and

keRN.
_ 1 —ik-x F
flx)=<(x|f) e szdk f(k),
ra — f; ik-x
ﬂ““”>(hwﬂﬁﬂ F(x),
ik-x

<k|x>:ii;ﬁﬁ: k1) =(k=q): (x1y)=06(x-y).

Discrete Fourier transform of an N-dimensional periodic wave function defined over
the set {x,}2t M1 € RN with x,, = @;Ax;, then (x,|f) = f (x4) = fu = f (x4 + L), with the
condition L; = M;Ax;. The discrete momentum belongs to the set {k,}’ M1 ¢ RN with

kn; = 2 z; then, defining MW H M;:

v+M-1
f(xa) = fa=(xal [y = Z e~ kna f (k,
B B a+M-1 "
kn) = fn = (kn = 1
[ (kn) = fu=<knl ) T Z et f (xa) ,
ikp-xq
(kn | Xq) = W;U‘Tn | Km) = Onm:{Xa | Xp) = Ogp.

5.6 Field Quantization Operators
|

Change of Basis and Creation, Annihilation Operators:
N R N
=Y (@ilam)dn; ¢F =) d(ailan)’
m=1 i=1
The relations give the connection between the creation and annihilation opera-

tors corresponding to distinct discrete eigenbasis |a,,) and |a;) with |a,,) = ¢} |0) and

~ N
la;) = dl* |0) (m,i ={1,...,N}). The change of discrete basis |a,,) = ¥ |a;){a; | a;,) relies

i=1
N ~
on the identity Y |a;)(a;| = Iy operation and the wave functions (a;|@,,).
i=1

=
Change of Basis in Real Space and Field Operators:
ar) =Y (rinyap, ﬁ@zZWmm,

a, = /d3r<n [¥)E(r), = /d3 r){r|n).

The relation between the creation and annihilation operators corresponding to
the discrete eigenbasis |n) with creation (annihilation) operators @, (a,) and creation
(annihilation) operators in real space ¢ (r)(c(r)).
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Field Operators in Momentum Space:

/d3t(k|r>c /d3 et c(r),
3/2

3t 3 e —ik-r
d’r rlk / d’r ) ——-
K= [t ek = ") i
Using the Fourier transform relations, the operators in second quantization picture
in momentum space can also be obtained.

Problem 5.1

Two particles (each with equal mass m) are moving in a 1D simple harmonic
oscillator potential V(x) = %kfz and they also interact through an attractive force
F = —K|x| —x;|. Assuming that K < %k:

a) What are the energies of the lowest three states of this system of identical
distinguishable particles?

b) What are the energies of the lowest three states of this system of identical bosonic
particles?

c) What are the energies of the lowest three states of this system of identical
fermionic particles?

We are dealing with two particles interacting with a force, and the problem asks about
the states of distinguishable particles first.

Since this is a two-body problem in which the force only depends on the |x; —x;| (cen-
tral force), we can represent the Hamiltonian by two independent composite particles.
The Hamiltonian for this system is

pi 2

H= +ﬁ%+1k—+k ko)
“om  2m 2 TR TR

After changing variables X = \f (x1+%2); Y = % (x1 —x2), the momentum becomes

S a9 (Maﬁfzf?)__ih(l&gf’) L it p)
Px="15 T "\ ox 0% T ax om ) 205 V20x) 2 M2

and the Hamiltonian is found as

-~
Py

Mz
* 2 2m

- R 1 -
H="X S(k+2K)Y
- + 5 (k+2K)

This H represents two independent simple harmonic oscillators with frequencies

WX =1\ m>

k. y= \/ % (note that wy < wy <2wy as imposed by the condition K < %k)

Therefore, the solutions of the eigenproblem H W (X1,%2)) =Epm |Wnm (x1,x2) ) are

W (x1,%2)) = @ux (X)@my (¥Y) = @nx (’ﬁ_f) oy (x1\;§xz)
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with energy

1 1
E”lﬂn :hwx <}’l+ 2) +hwy (m—i— 2> 5

1 —mw,
where ¢,,(§) = \,21,,7 (":;;“)4Hn( %5) e 3¢ are the eigenfunctions of each

quantum oscillator with tabulated Hermite polynomials H,(«). The Hermite poly-
nomials are of alternating even and odd symmetry, as captured in the property

Hy(~u) = (~1"H, (u).

a) For identical distinguishable particles, the lowest three states and energies are the
three eigenstates of the Hamiltonian with lowest energy:
|\P0 (X] ,XZ)> = |l//0,0 (X1 ,XQ)> , with Ey = E070 = (a)x —|—a)y) ,

|‘P1 (xl,x2)> = |l//1,() (xl,x2)>, with E; :ELO = (30))( Jr(,c)y),

SN SN S

W5 (x1,%2)) = |Wo,1 (x1,%2) ), With Ey = Eg = 3 (wx +3wy).

b) For identical bosonic particles, the states must be symmetric under the exchange of

two bosons, |¥, (x1,x2)) = +|¥, (x2,x1)). In general, a bosonic solution will be
of the form
‘T(X],X2)> = % ("pn,m (x17x2)> + “;l’n,m ()C27)C1)>)
= (o (55 oo (2552 oo (2552 ) o (55°)
\/§ @n X \/§ Pmy \/z Pn X \/§ Pmy \/5
1
= —pax(X my (Y)+emy(=Y)).
;i X (X) (@my (Y) + @my(=Y))

Taking into account the symmetry of the Hermite polynomials, the lowest three
states and energies for two identical bosonic particles are as follows:

_ 0,0 (x1,22)) + |00 (x2,x1))
a V2

hi
Eo=Epo = 3 (wx +wy),

- |10 (x1,22) ) + w10 (x2,x1))
a V2

h
Ei=Eig= 3 (3a)x +wy),

Y20 (x1,%2)) + |20 (x2,x1))
V2

h
E,=E)og= 3 (Swx +wy).

Note that E» g < Ep» because wy < wy.

|‘P0 (xl,x2)> = \/z(poﬂx(X)tpoﬁy (Y), with

W) (x1,%2)) = V21 x(X)poy (Y), with

“P’z (x1,02)) = | = \/§¢27X(X)<p07y(Y), with
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c) For identical fermionic particles, the states must be antisymmetric under the
exchange of two fermionic particles, that is to say, |¥, (xl,x2)> = - }‘I‘n (xz,x1)>.
Therefore, the general fermionic state is of the following form:

[P (x1,x2)) = % (| (x1,5%2)) = [Wnm (x2,%1)))
1

b () () e (2 e ()

= 5 (nx (X (V) =X (1)
1

= $(pn7x (X) (‘Pm,Y (Y) _‘Pm,Y(_Y)) .

Taking into account the symmetry of the Hermite polynomials, we find

o (e x2)) = o (x2,x1))
a V2

h
Ey=Ey = 3 (a)x +3u)y),

_ W11 (x1,x2)) = [0 (x2,x1))
- V2

/]
E; =E1,1 = 5 (3a)x—|—3a)y),

B W21 (x1,22) ) = |21 (32,x1))
a V2

h
E,=Ey; = 3 (Swx +3wy).

"Po ()Cl,xz)> = \/E(poyx(X)gahy(Y), with

W1 (x1,7%2)) = V21 .x(X)@1y(Y), with

|5 (x1,x2)) = V22 x(X)1y (Y), with

Note that E> ;| < Ep 3 because wy < wy.

Problem 5.2
Consider the case of three identical fermionic particles with spin s = 1 / 2 whose

states can be represented by |T) = (é) and ||) = (?) Express the composite states

IS = %7m> as a linear combination of the states |n; mym3), where mj 23 are s, projec-
tions of the individual spins.

When adding angular moment for two particles, one typically uses the Clebsch—
Gordan coefficients table, which gives the coefficients connecting the basis of the
composite state and the states of the individual particles for two particles. In the case
of three particles, one cannot readily use this table. Here we illustrate how this can be
done for three s = % particles using a tensor product representation of their spin states
ielel:

1®1®1— 1®l ®1—(1®0)®1— 1®1 ® 0®1 —Eealeal
27272 \2°2) 72 2\ 72 2) 27272
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The preceding relation shows that we will have a representation of total spin S = %,
and a two-dimensional representation of spin S = %, one coming from the coupling
of the singlet of two fermions with the remaining fermion, and the other from the
coupling of the triplet of two fermions with the third fermion. In fact, the two § = %
representations cannot be distinguished a priori. Note that while the sign ® represents
the tensor product between different spin spaces, the sign @ represents the direct sum
of spin spaces

When S =3, thenm = {-3,-1,1 3} and when S = 1, then m = {1, 1}. Starting
at the top of the ladder for the case of S = %,

33
‘27 2> =111,

where s;|T) = 5 L1y and s, |0y = -4 |l) of each s = 1/2 partlcle

Applying the lowerlng operator J = 11 ® Uz ® [I3 + U1 ®J2 ® |]3 + |]1 ® I]2 ®J3 on both
sides by using Jo I, M)y = h\/J J+1)-MM=1)J,M+1), we find

133 S
- 575> — (Bt Do 55 ) 11D,
3/(3 3/3 31 1/1 1/1
h\/2(2+1>—2<2—1)‘2 2> h\/z(2+1>—2<2—1)(IlTT)+ITlT>+|TTL>)~,

’31

1
3 §> N LT+ +11TL).

In a similar successive application of the lowering ladder operator, we obtain

3 1

‘2 2> Vi LD+ 1T,
3 3
’27—2> =)

The cases shown here can easily be related to the appropriate combinations of the
triplet |1,m) and the third spin | T) or | |),

ITmem:  1Mel)
MO+ I (ITH -+ @I
Hhein:  Lhell),

3

which after normalization yield the results for |3,+3), [3,+1).

Note that all states of § = 2 are symmetric under the exchange of the spin of any two
particles.

Next, we consider the case of § = 5 w1th m= +§ Here, we need to combine the
singlet state of two spins with the third to obtain the states ’2,_—> Let us focus on
the 2 , 2> first. Three different states can be constructed combining the fermion singlet

|0,0) and the third spin [1):
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}‘P+,1>

‘$0+,2>

}‘P+,3> =

It is easy to verify that J? |¢. ) =
states are not linearly independent, as is evident from the |90+71> + |l,0+73> =
relation. To construct linearly independent states for the S =

3(3+1

(ITTl) D),

ﬂ\

(ITTl> L),

S \

(ITlT) =)

Sl

3@+ ). These

’$0+,2>
%, we ensure that

) |‘:0+~,ﬂ> and JAZ|‘P+’H> =

(@110 1) =0and (Y |yy1)=1,where |y 1) =a|os2)+B|p;3). Wefind that

‘l/’+,1> =

1
— -2 .
N3 (ML =21 +ITLD)

Now applying the J_ operator, one obtains

"P—71> = 7

W-1) = %

(LTL =1L,

(I =21TL +1LTD).

Summarizing the composite states for the three identical spin s = 1/2 particles are

33
272> =111,

31
2,2> T(ILTTHITLTHITN))

— +HUTD+
> NG (LI +NTD+ITLD),

> i,

7 (ITTy =111,
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Food for thought: Any orthonormal basis of the two-dimensional space formed
by states |p4 ) is a valid basis for the representation of spin 1/2 states. In
particular, Chakrabarti (1964) suggests the use of

1 1\Y 1 . .
‘ > = == (I + e 1un+e 1),

2’2 V3
1 1\® 1 . ,
‘2, 2> =7 (1110+e2 3101y + &2 11y),

because of the high symmetry properties of those states under permutations.

Problem 5.3

Consider the case of three identical bosonic particles with spin s = 1. Express the com-
posite states |S = 3,m) as a linear combination of the states |n; mom3), where my 5 3 are
s, projections of the individual spins.

This is another example of adding the angular momenta of more than two identical
particles, an operation that cannot be done with the help of the Clebsch—Gordan coef-
ficients table right away. Now we add three s = 1 identical particles in the 19 1® 1
representation with tensor product operations, highlighting again the general strategy
for such problems:

Ilel=(19)ol=20l00)l=0201)®(1e])®(0®1)
=Ba20l)o(20l00)0(l) =3020201a10180.

We have a representation of total spin J = 3, a two-dimensional representation of
spin J = 2, one coming from the coupling of the singlet of two bosons with the third
one, and the other one coming from the coupling of the triplet of two bosons with the
third one. Additionally, there is a three-dimensional representation of spin J = 1, and
a one-dimensional representation of spin J = 0. The tensor product sign ® and direct
spin space summation sign & have the same meaning as in the preceding problem.

When the total spin is J = 3, then m = {-3,-2,-1,0,+1,4+2,+3}, and we
build those states as combinations of § = 1 particles, with §Z|m) = m|m) where

1 0 0
m={-1,0,1}={-,0,+}and |[+)=| 0 | ,|0)= | 1 | ,|-)= | O |. Starting at the top
0 0 1
of the ladder
13,3)=1+++),

and applying the lowering operator J = JAl_ ®ﬁ2 ®i3 —&-ﬁl ®JA2_ ®ﬁ3 +i1 ®/ﬂ\2 ®JA3_ on both
sides with J.J,M) = h\/J(J+1) =M (M £ 1)[J,M = 1), we find

1
3

13,2) = 104+ +)+1+0+)++ +0)),

Sl
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1
3,1) = — (2/00 210 + 0) +2|+ 00) + | — - -
13,1) \/E(I H) 4210+ 0)+2[+00)+|— ++)+|+ —+)+ |+ +-),

1
3,0)=—— (|0 — -0 — +0)+2/000)+[0 + — 0- -0
13,0) \/E(| +)+ = 0+)+ = 4+0)+2[000)+|0 + =)+ |+ 0=)+|+ —0)),
3,-1) = —= (2100=) +20 = 0)+2/= 00) + |+ = =) +| = + =) +|- = +)),

ﬁ‘H
|9}

1
13,-2) = —3(|0— = +1=-0=)y+|--0)),
13,-3)=1---).

Note that all states of S = 3 are symmetric under the exchange of the spin of any two
particles.

Next, we obtain the composite states corresponding to S = 2. We start with [2,2)(!)
which is a combination of the triplet state of two spins |1, 1) combined with the third
one [+),

1
2,200 =1L, D@+ = —= (10 + +) =+ 0+)).
12,2) I, 1H®+) NG (I )= ))

The additional, linearly independent state with § = 2, m = 2 can be found by con-
structing [2,2)) = a]0 + +) + 8|+ 0+) +y| + +0), which must be normalized and
orthogonal to |2,2)(") and |3,2). This state also must fulfil J22,2)?) =2 (2+1)12,2)@
As a result,

1
2,200 = —
A

Applying the lowering operator J_ on both sides of [2,2)() and [2,2)® gives the
following composite states:

(104 +Y+1+0-+)—2|+ +0)).

|2,1><”:%(I—++>—I+—+>+|0+0>—|+00>),

2,00 = = (1= 04+ 21— +0)=[0 = +)+10 + =) 2|+ ~0) = |+ 0-)),

Vi2
|2,—1><”=%(|—00>—|0—0>+|—+—>—|+——>),
2_2(1):i —0=)=10 - —

2,-21 = 2 (1= 0-)-10--)),

2,1y = %q— +4H)+21004) =10 + 0)+ [+ = +) = |+ 00) = 2| + +-)),

2,00 = %(|—0+>+|0—+>—|0+—>—|+0—>),

2,1 = 7= (1= 00)+10 = 0)=|= + =)=+ =)+ 2]~ =+)~2000-)),
1
2,2 = = (2= -0-1-0-)-10- ).


https://doi.org/10.1017/9781009355414.005

112 Contemporary Quantum Mechanics in Practice

Now we focus on the S = 1 composite state with m = 1. We form the following
possible states by coupling the singlet of any two spins with the third one:

1
=— —y=|+ 00 -
1) \/§(|++ Y=+ 00)+[+ =+)),
1
=— (|- 1040 -
lp2) \/§(| ++) =10+ 0)+ |+ +-)),
1
lp3) = \/_(I—++> 00+)+|+—+)).

These are eigenstates of fl, since legok) = 1(141)|¢k), and JAZ|g0k> = 1|px). However,
(ul@y) = %+ 26,,, meaning that |¢;53) are not ortho-normal. Diagonalizing the
matrix representation of J2 in the basis fgo 172A3> yields

1
11,1 = 5 A2 =424+ =100 =10+ 0)~ |+ 00)),

11, 1H® = %(|o+0>_|00+>+|+ —H) =1+ +-),

11,1 Q@l=++H) =1+ =) =1+ +=)+2[+ 00)=[00+)~[0 + 0)).

1
VI

Again, after applying J_ on both sides of the above relations, we find

11,0y = W(|-o+>+|—+o>+|o +)=31000)+0 + =)+ [+ =0y +]+ 0-)),
1,-nM = %(2|+——>+2|—+—>+2|——+>—|—00>—|0—0>—|00—>),
|1,0><2>:%(—|—0+>+|—+0>+|+—0>—|+0—>),

[1,=D0) = 2(1= 4 =) == =+ +10 - 0)~100-)),

11,003 = f(|—0+>+|—+0> 200 = +) =210 + =)+ [+ =0)+ |+ 0-)),
|1,—1><3)=%(2I+——>—I—+—>—I——+>+2I—00>—|O—0>—|00—>).

Finally, there is only one state corresponding to |0,0) = aj|— 0+) + 2|0 — +)+
a3|+ —0) — a4l — +0) + asl0 + =) + ag| + 0—) + a7|000). Making sure that |0,0) is
normalized and orthogonal to |3,0), [2,0)1),12,0)®, 11,00V, 11,0)®, and |1,0)®
yields

1
0,0)= —(]—0+)—10 — —0)=|=+0)+1]0 + =)= |+ 0-)).
0,0) «/6“ +y=10—+)+|+-0)—|—+0)+10 + =)= |+ 0-))

We verify that J/QIO7 0) =0and JAZ =10,0) = 0, as expected.
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Food for thought: The main difficulty in the preceding hands-on procedure is
constructing a representative for each subgroup through which the application
of the lowering (or raising) operator can generate the complete subspace. For
example, after constructing [2,2)(1) and [2,2)® we can easily find the rest of the
states corresponding to this subspace by using the J_ operator.

Another starting point for each subspace can be obtained in a different (but
related) way. For the case of the three S=1 particles, let us consider all possible
combinations with §Z =0:

{I=40),1=0+),10+ =), 10 = +), [+ 0-), |4+ - 0),1000)}.

The matrix representation of 52 in the preceding basis is

4 22000 2
240200 2
204020 2

=2l 02 0 40 2 2
0020 422
00022 42
2222226

Its eigenvalues are {12,6,6,2,2,2,0}4%, which correspond to S(S + 1)A* with
S =1{3,2,1,0}. The eigenstates are

113,05,12,00V. 12,0, 1,00 11,00 11,003 10,0},

as given earlier. Now by applying §+ and S_ (whenever appropriate), one
can obtain all composite states forming an ortho-normalized basis, as already
found earlier. (Try it!)

Problem 5.4
a) Two identical noninteracting fermions with s = 1/2 are in a 1D infinite square well
. 0, O0<x< .
potential V(x) = A Suppose s, = 1/2 for one particle and s, = —1/2

oo, otherwise
for the other particle. Construct the ground, first, and second excited states.

b) Two identical noninteracting fermions with s = 1/2 are in a 1D infinite square well

0, O0<x< .
potential V (x) = r=a Suppose s, = 1/2 for one particle and s, = +1/2
oo, otherwise

for the other particle. Construct the ground, first, and second excited states.

¢) Suppose now that a third identical fermion with s = 1/2 and s, = +1/2 is added to
the two fermions from parts (a) and (b). Construct the ground states for these cases.
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This is a problem to practice basic rules for constructing composite states of identical
fermions.

We recall that the eigenstates and eigenenergies for the given Hamiltonian are
Uy = \/>szn("”x) E,= %

We also know that in all situations in this problem, the total wave function for the
identical particles must be antisymmetric since the particles are fermions.

a) The ground state for this case is the product of a symmetric radial part and the
antisymmetric singlet spin state for a pair of electrons

o (xpoxy) — | PG pa )1

‘/_ Yl ¢ ()l ) =¢1 ()¢ () xs:

:$[ITL>—IH>],
W22 W2
By=5-—— (12+1)_m72‘

The first excited state has two possibilities: the total wave function, ‘PY), is a prod-

uct of a symmetric radial part and the antisymmetric singlet spin state, or the total
wave function, ‘I’(IH), is a product of an antisymmetric radial part and the symmetric

triplet spin state. The energy is the same for both cases.

¥ = (G| il et b= et a5 )
%W,l (x1) 2 (x2) + 2 (x1) 1 (x2) s = z Exi @Eﬁi; s
e S5 SRR LS L)
L e o
X7 7m>+m>]
B~ e 1)~ 5

The second excited state has only one possibility of a symmetric radial part
multiplied by the antisymmetric singlet state:

o (x1) [Ty ()T |
‘PZ(xl7x2) \/— wz (x])|l> ¥ (x2)|l> =y (xl)lﬁZ(xz)X&
W2 4%

B = 2ma? (22+22) -

b) In this case, the two spins can only be in the triplet state y7 = |+ +), which is sym-
metric. Therefore, the total wave function must be a product of an antisymmetric

ma?
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radial part and the symmetric triplet state. This means that the radial functions for
the two particles must have different n-quantum numbers:

Lo i (x)I ) dn(2) 1) L | yi(x1) ¢i(x2) ‘
v, = _
0PR) =5 eI da )1 | T VB | () wa(m) |
B, 5y ShRR
EO_Zma2 (2 +1%) = 2ma?’
The first excited state is
Ly (eI wi(x) D 1| g (x1) n(x2) ‘
N _ _
) = @l ws )l |~ VB | ) s |11
K n? 5h%n2
Er= 2ma? (32+ 12) T Tma?
The second excited state is
L[ o (x)I 1) wa(x) T 1| ya(x1) ¢2(x) ‘
Wy - -
2012) = L LGl ws ()N | T VB | ws ) wslx) |
_mR oy 13K
Er= 2ma? <3 +2 ) T 2ma?

¢) When a third noninteracting s = 1/2 particle is added to the case of the two
fermions from part (a), we recognize that the composite state wave function must
be antisymmetric. Applying the Slater determinant for the ground state, we have

i) ()1 i (x3)I D
|‘P0)=@ i)l v ()l vi(x3)ll) |,
)T ()1 Y (x3)I )
Wn? 3K%n?
EO:W(12+12+22)27612

From here we find

[Wo) = %Wl (x2) (Y1 (x1) 92 (x3) = (x3) W2 (x1)) [ TLT) + o1 (x1) (2 (32) 1 (x3)
=2 (x3) W1 (02)) LI + o1 (x3) (2 (x1) Y1 (x2) =2 (x2) 1 (x1)) [ TTL1)].

From Problem 5.2, | Tl 1), |1l T 1), and | T T |) can be expressed in terms of the
2, S, eigenstates of the added angular momenta, such that

113 1 11 1\® 11 1\®
lT”>:\/§‘2’2>+\/6‘2’2> 2 2’2> ’
13 1\ v2|1 1\?
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Clearly, the composite wave function cannot be simply decomposed into sym-
metric/antisymmetric terms for the space and spin degrees of freedom, as it is the
case of two identical fermions from part (a).

When a third noninteracting s = 1/2 particle is added to the case of the two
fermions from part (b), the Slater determinant and corresponding ground state
energy for the three particles becomes

1 i) i (x2)I T v ()
I‘I’0>:@ Y (X)) 1) Y2 (x2)|T) Y2 (x3)I 1)
)T s ()T vs ()
HRA (x1) ¢i1(x2) ¥ (x3) 3 3
_76 Yo (x1) a(x2) Ya(x3) ‘2,2>7
Y3(x1) ¥3(x2) ¥s(x3)
W Thn?
E0_2 2(12+22+32)— ma2

where we have taken into account that | 71 1) = |3,3) from Problem 5.2. In this

case, the wave function is a product of an antisymmetric space-dependent term and
a symmetric angular momentum term.

Food for thought: For extra practice, construct the first excited states for
part (c).

Problem 5.5
a) Two identical noninteracting bosons with s = 1 are in a 1D infinite square well
. 0, 0<x<a .
potential V(x) = . Suppose s, = 0 for one particle and s, = 1 for

oo, otherwise
the other particle. Construct the ground, first, second, and third excited states.
b) Suppose that a third identical boson with s = 1 and s, = —1 is added to the two
bosons from (a). Construct the ground and first excited states.

This is a basic problem to practice the construction of composite states of noninteract-
ing identical bosons by following the established symmetrization procedure for their
wave function.

The eigenstates and eigenenergies for the given Hamiltonian for each particle are
Uy = \/gsin(%); E,= ”;;Z@z

We also note that in all situations in this problem, the total wave function for the
identical particles must be symmetric since the particles are bosons.
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a) Let’s remind ourselves of the composite spin states for the two s = 1 bosons as
read from the Clebsch—Gordan coefficients table using the notation of |S,m) for
the composite spin and |m) m;) for the spins of the individual particles. From the
Clebsch—Gordan coefficients table, we find the following possible states:

S=2,m=2)= |+ +),

1
2.1y = —[|+0)+0
2,1) ﬁ[l+ Y+10-+)],

1 2 1
2,0) = —|+ =)+ 1/ 2100y + —| -
2,0) \/6|+ >+\/;I >+\/3| +,

1
= $[IO—> +1-0)],

2,-2)=1--)

12,-1)

1
2

1
1,0)= —[|+-) - |-
[1,0) 2[I+> -],

I1,1) = —[I+0)-10+)],

Sl

1
1,-1)=—[l0=) =|-0
I1,-1) \/z[l ) =1=0)],

1
—[l+ =)y =100) +|-+)].

V3

For the case in this problem one particle has s, = 0, while the other has s, = +1.
Therefore, we have the following possibilities of the spin states:

10,0) =

1
2,1) = —=[I4 0) +10-+)],

V2
1
1,1) = —[|+ 0) —|0+)].
\5[ J
Note that |2,1) is symmetric under exchange of spins, while |1,1) is

antisymmetric.
Given that the total wave function is always symmetric, for the ground state of the
two identical bosons we find

Yo =y (x1) 1 (x2)12,1),
h27T2 2 2 hzﬂ'z

Ey = 1 1) = —
0 2ma? ( + )

For the first excited state we have two options,

ma®’

1
W) = = 0 (1) (12) 441 32) v (o) 2. o
1
¥ = NG 1 (x1) w2 (x2) =1 (2) g2 (e 1T, 1
B hn? 2112y _ stn®
El_Zma2 (2+19) = 2ma®’
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For the second excited state,

=2 (x1) Y2 (x2)12,1),

n*n? 4n*n?
— 2242 .
Ea= 2ma? 3 (24 = 2ma?
For the third excited state, we have two options again,
1
W = — [ ()3 (02) + 93 (2) 92 (x1)] 12, 1) or
V2
W = (o1 (x2) s (e2) 0 (e 11, 1),
V2
wr? 5 o 13K
Ez=——(2 = .
37 2ma? ( +3 ) 2ma?

b) Adding a third boson with s = 1, s, = —1 can be done using the symmetrized Slater
permanent. For the ground state,

Ll D) v ¥ (3)l+H)

[Po) = o Y1 (x1)10) Y1 (x2)10) ¥ (x3)]0)
3!

vix)l=) vi(x)l=y ()=

1
= %d’l (x1)¥1 (x2) @1 (x3) (14 0=) +1=40y +10—+) +[-0+) +|+—-0) +]10+-)).

~ o~

Using the results from Problem 5.3, the spinor states can be given in terms of
eigenstates to the total S2, S, operators.

3 2
|+0-) +1=+0) +10—+) +|=0+) +|+-0) +10+-) = \@3,0>+ \@1,0%‘)

In summary, the composite ground state and energy are

Wo) = v (1)1 (x2) ¥ (x5 (\[B 0>+\f|1 oy )

2.2
h’; (P+124+12) = Sl

En —
0 2ma?

Similarly, for the first excited state,

" Y () 14+ v ()4 yr () [4+) |
)Y = — (X1)|0> (Xz)l Y1 (x3)10)
e I e A
%( W2 (1)U (x2) v (x3) = +0) | — 0]

+ 1 (1) Y2 (x2) Y1 (x3) [I0=+) + 10+ =)]
+ 1 (x1) Y1 (x2) Y2 (x3) [|[+ 0=) +[+-0)]).

The preceding result can also be given in terms of the composite states for the
angular momenta, as derived in Problem 5.3:
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)@ = % ([l//z (1) ¢ (x2) @ (x3) o (x1) v (x2) U (x3) +yn (x1) ¥ (x2) 2 (3)]
X {ﬁm,ow%u,o%”-Jg|1,0><3>}

+ V312,000 ([wa (1 gt (x2) = w1 (51 2 (x2)] w1 (x3))
+12,002) ([ (1 ) (x2) + v ()2 (x2) 91 (x3) = 20 (50t (x2)wr2 (x3))
HIL,0)) (g1 (x1) [w2 (k21 (x3) =1 (x2) 2 (x3)))

V3 (x1) un (x2) 1 (x3)11,0)8 )

Two additional options for the first excited state are also possible, which we only
give with the Slater permanents:

| Y1 () ) v () 14+ v () 4)
|T1><”>:ﬁ (x1 )|0> Y2 (x2)10) w2 (x3)10) ||,
i)l v ()= v (x3) =)
1 '//2(x1)|+> Yo (x2)14Y w2 (x3) [4+)
|‘P1><”’>:@ ¥ <x1)|0> Y1 (x2)10) w1 (x3)10) ||,
i)l v ()= v (x3) =)
h2 3h2 2
E1:2m7;2 (17412422 = ma’;

Problem 5.6
Two noninteracting identical electrons are in a simple 1D harmonic oscillator potential

V(x) = %mw %2. The total energy for the composite state of the two electrons is found
to be E = 4hw and the electrons are in a singlet spin state.

What is the wave function of the two noninteracting identical electrons? Also,
calculate {(x} —)?2)2).

This problem requires basic knowledge of eigenenergies and eigenstates of the sim-
ple harmonic oscillator. It also probes our understanding of exchange interaction for
fermionic systems whose wave functions must always be antisymmetric.

The total energy of the composite electronic state is Ej,,, = hiw (n; +np + 1), where
ny,ny are integer numbers. The given E = 4fw can be obtained by two possibilities,

1 1 1 1

Eyp =E) =how (1+2> +hw <2+2> = hw <2+2> +how <1+2> =4how,
1 1 1 1

E30 = Ep3 = hw (3+2>+hw<0+2> zhw<0+2>+hw<3+2> = 4hw.

The electrons are in a singlet state; therefore, the spin state of the composite system
can only be the antisymmetric state ys = [0,0) = %[I T 1) =11 1)]. Therefore, the full
wave function only can be antisymmetric if the spatial part is symmetric, such that

W12) = —= [®1 (x1) P2 (x2) + P2 (x1) Py (x2)] x5,

Sil=
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1
where @,(x) = (22)* L_H,

/N
j
\_/
Si
IS
=
o
-
=
o
(L
()}
€}
=4
c
=]
o
=
o
=]
w2
o
=
-+
=
o
=
o
T

monic oscillator and Hn( "}i”x) are the Hermite polynomials (see, for example,
Wikipedia, n.d.).
Let us now calculate

(@1 =%)) = (VI3 +33 - 2515 |P),

using the total wave functions found earlier. For this purpose, we represent ®,, — |n)
and xjo =4/ 2/Zw (a1 2 +a; 2) where a; ,2751+, , are the raising and lowering operators
for both particles. Thus,

(P12 |77 W12) = [<1 214 2,1 (a1 + @) +aa +afar) [I1,2) +12,1).

22m

By using aln) = \nln— 1), a*|n) = Vn+1jn + 1), we easily find for the first wave
function
2h

(W12 [ ]912) = (12 02) = 22,

(P12 12613 Wi ) = 3 me
PR fi
(122613 Wi2) = —,
mws
(B1-%)% = (W12 |(F+5-205%) | Wi2)
2h

(@ -%)7) = (P12 || W12) + (P12 || P12) - <‘P1,2|)?1)?2|‘I’1,2>:%.

1,21+ 2,1)](@ +a;") (@ +a)[1,2) +12,1)],

By using the second wave function, we find in a similar way,

4h
(@1 =%)%) = (P30 | (R +7 - 201%) | Ws0) = —

Food for thought: Due to the fermionic statistics of the particles, the exchange
term coming from (¥ |2x;x;|¥) is negative. As a result, there is an effective
repulsion between the two particles.

Problem 5.7

a) What is the exchange splitting energy of the energy levels of a system of two iden-
tical electrons when the Coulomb interaction between them is considered as a
perturbation?

b) Calculate the effect of exchange splitting for two helium electrons in their ground
state.
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a) The wave function of the two noninteracting electrons can be written as

Ws = @5 (x1,%2) xs = % [Wa, (x1)Way (x2) + e, (x2) Y, (x1)] x5,

Wr = g1 (1,07 = % War (1) Yy (52) = Wiy (52) s (1))

where ygs, yr are the singlet and triplet states, separated from the composite quan-
tum numbers aj .

The perturbative Coulomb interaction between the electrons is of the form
U (|r1 — r2|). Within perturbation theory, the first-order correction to the energy of
the noninteracting particles Ej is:

SE) = (W, (x1,%2) [U (IF1 =7al) |y (x1,32))

= /dxldXZSOE (x1,%2) U (Ix1 = x2]) 5 (x1,Xx2) {xs | xs)

= [ dwaes [0, (k) (o) 05, (e2) 5, )]
X U (Ix1 = x21) [Wa, (X1) Y, (X2) + ¥, (X2) Y, (x1)]
=5 [ dxidxa g (x0) [ (22U b1 - 221
+ % / dxvdxayy, (x1)0 (x2)U (1x1 = X20) ey (42) Uy (1)
by [ dxidraty, (2, (60U =52 iy (31) i 2
45 [ dxid i, ] 0y () U 1 =221,
Using that U (Jx; — x2|) = U (Jx2 — x1), we get
oy = [ dxidz | (¥0) W (22) U (11 = 32
n / dx1dxay, (1), (x2) U (1%1 = %al) ay (%2) Wy (x1).
For the second type of wave function, we find
Sy = / dx1dxz |a, (x1)]* |Way (x2)|*U (1x1 - x2])
- [[dxida, (0, () U (1 =52l (52 (1)
The exchange interaction is represented by

J= /dxldx'zlﬂ;l (X1)lﬁ:;2 (xz)U(|xl —le)lﬂa. (X2) ¢’a2 (xl)a

thus, the perturbative exchange splitting is +J between the singlet and triplet spin
states.
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b) The composite wave function in this case is constructed from
Yo (x12) = /”%e‘z”l/“o, where ag is the Bohr radius for the He atom and
0

rn = /X% +y2 + 72 is the radial component of the position vector:
7= [ dxidxawy (1) (1)U (1= x2l) o (2) o (1)

, 64 4(’1“2)
- 2 2 e €
—/dxldleﬁo(rl)%(’” ) —— o] 7r2a0 /dxldx2| s

Let’s perform the integral over x; first by writing x| — xa| = /¥ + 73 —2riry cos (62),
which yields

4ry

/dxz\/z 2€_H

ri+r;—2rirycos(6>)

4rp

2m v 00 e
:/ d(pz/ d@zsin(Hz)/ drgr%
0 0 0 \/ 2

ri+ r% —2rirycos(6:)

4r2

:47r/ drame % [”2®(r1—r2)+®(r2—r1)}
0 r

1 Ty 4 00 4ry 3 2 _4ry
=4 {/ e r2dr2 + e rgdrz] ] {1 (1 + r1> e “ ] .
rJo r 8r ao

Next, we continue with the integration over the r; variable:

64¢’nay 2r\ i) _dn 8¢ 5af  5é?
=——2 [ |1-(14+==)e @ |e @ rsin(0))driddp; = —54n—2 = —.
8724 / [ < 0) } sin(6h)dridtrder =2 547108 = dao

Food for thought: Can you provide numerical estimates for the energy of the
two identical He electrons and their Coulomb perturbative interaction?

Problem 5.8

a) Consider two identical noninteracting spinless bosons with mass m as suggested
in Tamvakis (2019). The particles are moving in 1D and their wave functions are

| _atea )2 1 a(era?
N = ()1 e 5wl = (2) T
for the two particles? What is the expectatlon value of ((x] — ) »? Calculate the
expectation energy of the composite state of the two particles.
b) Consider the same problem, but now take the case of two identical spinless
fermions.
¢) When can the two identical particles be considered as classical particles?

a) The wave function for the identical noninteracting bosons is

W (x1,x2) = Cly (x1) Y2 (x2) + 42 (x1) Y1 (x2)] -
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The normalization constant C can be found from
400 400 2
1:<‘I’|‘P>:/ dxl/ dxy [P (x1,32)|

+o0 o0
=P { / N dxiy1 (x1) / . dxay3 (x2)

400 00
o Cansdn) [ devte)

—+o00 +oo
+2 i dxiy (x1) ¥ (x1) i dxayy (x2) Y2 (x2)
=|CP? [2+24%],

2 .
where A = e, Thus, the wave function becomes

W (1) = ﬁ W1 ()2 (2) 42 (1) (x2))

To find the expectation value of the square of the relative distance, we need to
calculate

+o0 +o0
<()?1_352)2>:/ dx1/ dxs (43 = 2x12) ¥ (1, 30) |

= é+2a2 [1 -+ tanh (aaz)] .

The expectation energy is E = [t dx; [T dx, <‘P (x1,x2) |H|W (xl,x2)>, where
~ =2 P~
H= 57'1 + 5731 Therefore,
h2
E =3 (1+aa’ [tanh (aa?) - 1])..
m

b) For the case of two identical noninteracting fermions, the wave function must

be taken as ‘¥ (xi,x) = ﬁ [t (x1) 2 (x2) =2 (x1) 1 (x2)]. Then, (%) —%2)%)
becomes

a2 tee teo 2, 0 2
((x1 - x2) ):/ dxl/ dx, (x1+x2—2x1x2) |‘P(x1,x2)|

1 1
= — +24° [1 +
a tan

o)

~ 2 =2
The energy of the composite fermion state for the H = %l + é% Hamiltonian is

ah? 5 1
E=2" (4 ——
2m ( +oa Lanh(aaz) })

¢) When the particles are classical, there is no overlap between the two wave functions.
In fact, as the particles move in space, their energy changes depending on the overlap
of the two wave functions, which is controlled by A% = ¢=2%¢° The limit of 2a? > 1
gives two particles with no overlap, meaning they can be considered as classical
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distinguishable particles. In this case, the wave function and corresponding energy

are
al?
¥lm) =vi(n)ge (), E=—,
m
since in the limit of @a®> — oo, tanh(aa?®) — 1.

To find the expectation value of the square of the relative distance, we calculate
—+o0 —+o00 1
<()?1 —552)2> = / dxl/ dx; (x%+x% —2x1x2) I‘P(xl,xz)|2 =5 +4a?.

Problem 5.9
Consider two identical s = 1/2 fermions in an infinite square well given as

0, 0O<x< . . .
Vix) = P59 The following perturbation is then introduced,
oo, otherwise

Vi (x1,%2,1) =B6 (X1 —%2) S z§226_t /7, where x;,x, are the positions for the two particles
and S Z,§2z are the z-projections of the spin operators for the two particles.

Within the first order of perturbation theory, find the probability for the identical
particles to transition from their ground state to their first and second excited states.

This problem combines identical particles and time-dependent perturbation the-
ory because the perturbation interaction is time-dependent. We remember that
the eigenstates and eigenenergies for a particle in this infinite square well are

on(x) = \/E sin ("22); E, = w27’ We also recall that the first-order time-dependent

a “a 2ma
transition probability is given by the first coefficient in the Dyson series, given in what

follows [Sakurai].
The total wave function for the identical s = 1/2 fermions must be antisymmetric.
Therefore, the ground state wave function and energy are

W) = @1 (x1) @1 (x2) xs: where ys — %n 11 =11,
o 7T2h2 2 2\ ﬂ'zhz
E0_2ma2 (1" +1 )_W'

The wave function and energy for the first excited state are

1
W) = B [o1 (x1) 2 (x2) + 2 (x1) @1 (x2)] x5
1
or |Yir)= N lo1 (x1) @2 (x2) =2 (x1) @1 (x2)] X7
[TT
where yr = %H TH+ILID] 3,
[LL)
2h2 7T27’l2 57r2h2

B= @) = T ) =
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The wave function and energy for the second excited state are
[¥2) = @2 (x1) 2 (x2) xs,

ﬂ.th
E, = a2 (22 —|—22) =

4r2i?
ma? -’

To find the time-dependent transition probability, we use the first term in the Dyson’s

: ; 77 5~ o Vi@dr o ptos o it
series for the evolution operator U (¢,t9) = Te 7’0 ,with V(1) = " 7 Vi (t)e™
the perturbation in the interaction picture (see, for example, Sakurai & Napolitano,
2017) since the potential is time-dependent,

~

. N 2
~ i t/\ —i t 5] Y Y
0(ta0) =11 vl(mdm(h) [an [ ao¥y )7+
fo

fo fo

(Po(1)) = U (1,10) [Wo (10))
= o) = [ o0 o )

—i

+ <h>2_/,0tdtl t:l dnyVi (1) Vi (12) o (1)) + ...,
(W1(0) 1'Po(1)) = (¥1(0) [T (1) Wo (1))
= (1 0) 1o(i0)) — & [ (91 0) |7 0] o () ) it

+ (;)2‘/;(”1 '/,: dty <T1 () ‘@(n)@(zz)‘tpo (,0)> T

Then, using that [¥,(¢)) = |¥,) in the interaction picture when H+ S (), the time-
dependent coefficients for ground-first excited state transitions are
(1) b o
Colys(t) = “n € T <‘P17s’V1 (Xl,X2,f1)“Po>dt1
iB [t E1-Ey
- e

a a 1
= =T/ T gy / dx / dxy) —
nJo Yo T 2\/§

X [ (x1) @3 (x2) + 5 (x1) ¢ (x2)] 6 (x1 —x2) 1 (x1) @1 (x2) <XS ’§11§21

)

and

(1) i (! Bk, ~
Coal,r(f):—£/0€ h 1<\P1,T‘V1(x17x27t1)‘lyo>dtl
_B
h

E|-Eg

! i t /7 “ ¢ 1
e w et / dx / dx)—
0 Yo T TPN2

X[t (1) ¢ (x2) =63 (x1) i (2)]8 (61 —x2) 1 (1) 1 (x2) (o S350

/\/S>-

Since <XS ‘Elzgzz‘ )(5> = ‘71 and <XT ’§1 Z§2z )(5> = 0, only the first integral survives,

giving the following result:

C(l) ([) _ lﬁ /t ei4E1;E07tle_t1/Td[1 /a dx]tp* (XI)SD* (XI)QDI (Xl)t,Ol (xl)
0—-1,8 2\/57’-! 0 o 1 2 )
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where

a . i 4 [a . /Tx 3. [(2nx
/ dx1] (x1) @5 (x1) @1 (x1) @1 (x1) = —2/ dx; [sm (—1 )} sin <1> =0.
0 a’ Jo a a

Thus, we conclude that the transition [¥p) — |¥;) is forbidden in the first order of
time-dependent perturbation theory.
For the second excited state [¥,), we have

. ot E E —E, a
C(()l_))z(l)z—é A é' e <"I"2‘V1 X1,X2,11 “Po>dl1 ——E'B 0 7’ Ot'e_t]/Tdtl/O dxy
a o~ o~
X/ dx23 (x1) 93 (x2) 8 (x1 = x2) 1 (x1) 1 (x2></\,/S‘S1zSZZ Xs>
1) —
4[; R t‘/rdfl/ dx1¢5 (x1) @3 (x1) @1 (x1) @1 (x1),
e a 4 ot orma\i2[. (2na\]? 1
/0dx1¢2(xl)¢z(x1)¢1(x1)<ﬁ1(X1>:a7/() dx; {SIH(T)} [sm(a)] :57
+1E0 E2)
(1) B 0 i/t iBrl-e (
C t h ledtj = — ———————.
0-2(1) = 4ah ¢ da h+it(Ey-Ey)

Therefore, the probability becomes

‘2 T 1+e™2/7—e7/7 cos (t@)

Pya(t ’C()—Q T 1642 "2 42 (E()-Ez)Z )
1 B Ez—E() - ﬂzh
T h ma?
2 T2’82T2 1_|_e—2t/‘r —e_t/TCOS (%)
Poo(t ‘C0—>2 )‘ = l6a2i2 T2 112

Food for thought: Can you work out the probability within second order per-
turbation theory for the transition from the ground state to the first excited
state?

Problem 5.10
Two identical spinless bosons are in their ground state. Each particle has the same
electric charge, and it interacts with a charged center, but the interaction between the
two bosons is neglected.

Calculate the expectation values of (a) electric dipole moment E, (b) the magnetic
dipole moment g, (c) and the electrical quadrupole moment Q- I

This problem requires the definitions of electric and magnetic dipoles, and electric
quadrupoles. Since the particles interact via the Coulomb interaction, it is convenient
to represent the eigenstates of each particle as hydrogenic orbitals. The geometrical
representation with characteristic distances is given schematically in Figure 5.1.
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Geometrical schematic of the two dipoles located in 01 and 0, with characteristic distances.

For bosons, the composite wave function is symmetric, thus for the ground state of
the two spinless particles, we have

[Po) = Y100 (X1)¥100 (¥2)),

where ,,;,,(x) are the eigenstates of the hydrogenic atom.

An important point here is the reference frame for evaluating all quantities. The
electric dipole moment operator is d = gp,,, where g is the charge and p,, is the distance
vector operator between the atoms represented as circular formations in Figure 5.1).
To find the expectation value of the electric dipole moment, then

(old|¥o) = g{yri00 (x1) Y100 (x2) [Pra| ¥100 (x1) Y100 (x2))
= q(¥100 (x1) Y100 (x2) [F1 =211 100 (%1) Y100 (%2)),

where the subscript 1 indicates that the reference frame for the calculations is one
associated with particle (1), as shown in Figure 5.1).
The relationship between the system of reference centered at particle 1 and the one
centered at the position of particle 2 is
/1;2|1 :ﬁ12+/r\2’2.
a) From here, we find

(Pold¥o) = g (W00 (x1) [F1 | @100 (x1))XW100 (x2) [ Y100 (x2))
— (100 (x2) [F2] | 1100 (x2) X100 (x1) | @100 (x1)))
=g (100 (x1) [F1]¥100 (x1)) = W00 (x2) [F2 11 100 (x2)))
=g (100 (x1) [F1 | @100 (x1)) = @100 (x2) [P12 +F2l2l¥r100 (x2)))
= (100 (x1) [F1lr100 (x1)) = 12100 (x2) 100 (x2))
= (W00 (x¥2) 2121100 (%2))) = g (0= p1p = 0) = gpy»,

where we have used that (109 (x1) [F1l100 (x1)) = 0 because of parity.
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b) The magnetic moment is g = —up (Z + geS') (where up is the Bohr magneton, and
g. the gyromagnetic ratio). Here, for each particle, we have L =0 and § = 0, but the
total angular moment and spin of the composite system has to be calculated more
carefully. In particular, using that L =Fxp = —ifir X V, we obtain

<'1’0|i|‘P0> = <¢’100 (x1) Y100 (x2) ‘ (il ®l +1; ®22) ‘ Y100 (X1) Y100 (x2)>

= W00 (x1) L1100 (x1))XW100 (x2) | Y100 (22)) + W00 (1) | 100 (1))
W00 (x2) L2100 (x2))
= —il{yr100 (x1) r1 X V1ltr100 (x1)) = ii{100 (x2) [F211 X V2 [ 100 (x2))
= —if(Yr100 (x1) [F1 X Vilgr100 (1)) = iiW100 (x2) (P12 + F2|5) X Valri00 (x2))
= —il{Yr100 (X1) [F1 X V11100 (%1)) = if{100 (x2) [012 X V2lh100 (¥2))
= ih{Yri00 (x2) P21 X V2 | Y100 (x2))
= W00 (x1) IL1 1100 (1)) + P12 X W00 (x2) P10 (x2))
+ (100 (x2) ILa 100 (x2))-
The above result indicates that the expectation value of the total angular momen-
tum is the sum of the angular momentum of each particle (in its own reference
frame) plus the “classical” contribution due to the particular geometry of the sys-
tem. Therefore, since the angular momentum is odd under parity transformation
while 00(x) is even, we have (¥100(x)|LI¥100(x)) = 0. Due to the same argument,
we have that (100(x)|pl100(x))=0 as well; therefore, we have
(PolL|%¥o) = 0.
The total spin of the system is obtained as
(PolSI®0) = W00 (x1) Y100 (x2)1(S1® T2 + 11 ®82) 100 (x1) Y100 (%2))
= W00 (x1) IS 11100 (¥1))W100 (x2) [ Y100 (%2))
+ W00 (x1) | ¥100 (¥1))XW100 (2) 1S2l 100 (2))
= (100 (x1) 1811100 (x1)) + W10 (x2) 1S2¥r100 (x2))-
From here using that the two particles have spln 0, (',0100 (x1) IS 1100 (x1)) =

W00 (x2) |SQ|W100 (x2)) = 0, we obtain that (‘PO|S|‘PO) =
Then, we conclude that

(Wolu|¥o) = 0.
¢) The quadruple moment is a tensor with components éi i=q (3?,@ -6 j?z) , where 7;

are the x,y,z components of ¥ =¥ — 7> ] =T (ﬁlz +7 ’2) =r-nr }2 — P12, Where
the subscript 2 indicates the reference frame for particle 2. From here, using that
the wave function normalizations and the parity arguments are as discussed above,
we find that

(Wo [7i7j | Po) = W00 (x1) Y100 (x2) | (71 = T2.i] , —P124) (P, — T2,], —P12.j) | 100 (X1) 100 (x2)

= (W00 (x1) [FLi71,j[¥100 (x1)) 4+ (100 (¥2) [P2.i] , 72,4, [¥100 (%2) )+ p12.0012,55
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where (100 (x1) 100 (x1)) = 1 and the parity property (W10 (x1) [71,iltr100 (x1)) =
(W00 (x2) |?27i|2‘ Y100 (x2)) = 0 are taken into account.

Using that {(100(x) ’?I?]f Yio0(x))y = aééi ; and the spherical symmetry of ¥100(x),
for all components i = {1,2, 3}, we further find

(WolriTj|¥o) = 2100 (x1) 71,71, jI¥ 100 (X1)) + p12,iP12,)
= 26;;(W100(X) [P 100 (X)) + p12.012,) = 26i;a% + 12,012,
Therefore,
(0 |0 o) = (Wo g (377~ 613 )| o) = g (3% [77] o) - 611 o || o)

=q(3[26ija5 +pr2,p12,;] —6ij [6a5 +p12]) = q (Bp12,012,5 = ijpTa) -

~2
7

Thus, we conclude that the quadrupole moment of two identical spinless bosons
in their ground state only depends on their relative distance.

Problem 5.11

The purpose of this problem is to illustrate the application of Hund’s rules in the con-
struction of the electronic shell structure of atoms from the periodic table. The atomic
shell structure is constructed by considering that the electrons are identical fermionic
particles placed in the Coulomb potential from the nucleus and the electron—electron
interactions are neglected.

Often in chemistry and physics, electronic shell configurations 1s;2s;2p;.. .. are con-
venient, in other times the following notation >*!L; is more suitable, where S is the
total spin, J is the grand total angular momentum, and L is the letter equivalent of the
orbital angular momentum.

First Hund’s rule — state with highest S has the lowest energy.

Second Hund’s rule — for a given S, the state with highest L has the lowest energy.

Third Hund’s rule — for a less than half-filled subshell (n,¢) one has J = |L-S|;
otherwise, J = L+ S.

Conveniently, these rules are put together in a working scheme (shown to the right in
Figure 5.2) according to Madelung (Levine, 2008; Szabo & Ostlund, 1989). Simply by
following the arrows starting with the first shell for £ = 0, it is quite easy to construct
the electronic shell configurations of all atoms in the periodic table. For practice,

a) Construct the electronic shell configuration for nitrogen and give the appropriate
25+11; notation;

b) Construct the electronic shell configuration for iron and give the appropriate >5*!L;
notation.

a) Nitrogen has seven identical electrons, thus using the above scheme the electron spin
distribution is given schematically as follows:

19)*| + ¥
OHEY
e’ 4 [t [t ]
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4
@@:

@%%E%

Schematic of the atomic shell structure.

In the above construction, we have used the following:

First Hund's rule — the unfilled p-shell will have to accommodate first the same-spin
orientation, so § = % and S, = i%.

Second Hund's rule — for this S = % the state with the highest angular momentum
is L = 0, because only in this case can the spatial wave function be antisymmetric.
We can check this by comparing the quantum numbers of these three p-electrons
(labeled as 1, 2, 3), as we have done in the following table below:

1 2 3
n 2 2 2
s 12 12 112
s; 12 12 112
1 1 1
m 1 0 -1

By the Pauli exclusion principle, we cannot have two electrons with the same
quantum numbers; therefore, the only possible quantum number m must be differ-
ent for the three electrons. As a consequence, the projection over the z-axis of the
composite angular momentum is always zero, and this fact limits the composite
angular momentum as zero as well, thus L = 0.

Third Hund’s rule — J = |L+ S| since the (2p) shell is half-filled, thus we take
J=IL+S|=|0+3|=3.

So, the electronic shell configuration is
(15)(25)*(2p)* and *S5 5.

Note that when the shells are half or completely filled, for example (3p)3, (3p)°,
(3d)°, (3d)'°, the second Hund’s rule always yields L = 0 because of the necessity
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to antisymmetrize the spatial part of the wave function since all electrons are up
(my = %)
b) Construct the electron shell structure and give the 5T!L; notation for iron.
Iron has 26 identical electrons; thus, using the preceding scheme, we write

(1s)°| + ¥

(25| 4 4

CONERIEN IR

3s)°| 4+ ¥

ONETIE RS

CONE R

CET IR

First Hund's rule — the unfilled d-shell will have to accommodate first the same-spin
orientation, so S =2 and §, = +2.

Second Hund’s rule — for this § = 2 the state with the highest angular momentum is
L =2. We can check this by comparing the quantum numbers of the four p-electrons
(labeled as 1,2, 3,4), remembering that all quantum numbers have to be different
because of the Pauli exclusion principle:

1 2 3 4

n 3 3 3 3
s 12 172 12 12
s; 12 12 172 112
;P 2 2 2 2
m 2 1 0 -1

Third Hund’s rule — as the (3d) shell is more than half-filled, we have J = L+ S = 4.
Following Hund’s rules as just shown, we get

(1s) 2(25) 2(2p) ©(3s5) 2(3p) ® (45) *(3d) ® and °Ds.

Problem 5.12
We have N identical noninteracting particles whose total Hamiltonian is a sum of the
single-particle Hamiltonians.

a) What is the energy for the ground state if the particles are spinless bosons?

b) What is the energy for the ground state if the particles are electrons?

¢) Write down explicitly the wave functions and energies for three identical spinless
bosons and three identical electrons.
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~ N
The Hamiltonian for the N particlesis H = Y, H, and the eigenstates and eigenenergies

n=1 l//](cn>> _ E;En> %(Cn)>.

a) If the particles are spinless bosons, then all particles are found in the same single-
particle ground state with energy

for each individual single-particle Hamiltonian H, are H,

E=Y E =NE,,

M=

where E is the single-particle ground energy.
b) If the particles are spin = 1/2 fermions, then we have to take into account Pauli’s
exclusion principle that two identical fermions cannot occupy the same state. This

means every energy level ‘zp,((")> can only host two electrons with spin up and down.

N
Thus, the total energy is E =2 Y E;,
i=1

M=N/2
E=2 Y E,
n=1
for an even number N = 2M of fermions, or
M=(N-1)/2
E=2 )  E,+Eus
n=1

for an odd number N = (2M + 1) of fermions. The prefactor 2 comes from the fact
that s = %
¢) For three spinless bosons, the wave function is W = y (x1) ¢ (x2) ¢ (x3) with
E = 3E|, as shown in Figure 5.3.
For3s= % fermions, the wave function is any linear combination of

1 Yir (x1)  Yir(x2)  Yir(x3)
[P (x1,x2,x3)) = NG Yap(x1) Y (x2) gy (x3)
o (x1) Yo (x2) Yo (x3)
and
L[ v (x2) gir(xs)
i Yay(x1) g (x2) gy (x3)
e (x1) Yoy (x2)  woy(x3)
with energy E = 2E| + E,, as shown in Figure 5.3.

| (x1,%2,x3)) =

S =0bosons S =1/2 fermions

E2 ; E2

Ground-state atomic-level populations for spinless bosons and s = % fermions.
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Problem 5.13
A porphyrin ring is a type of a biological molecule, which can be represented as having
18 electrons constrained in a one-dimensional circular path of a constant radius.

a) What are the one-particle eigenfunctions of the systems when the mutual electron—
electron interaction is neglected?
b) What is the distribution of electrons for the ground state of this molecule?

a) To continue with this problem, we recognize that the circular periodic bound-
ary conditions must be imposed on the Schrodinger equation, which yields the
eigenenergies and eigenfunctions for the identical s = % fermions.

The Schrédinger equation can be written in 2D polar coordinates, but since
r=const, the problem is dependent on the angular variable 8 only. Thus, we have

- o d?
Hy(6) = _Wﬁﬂ@) =Ey(0),
eik@ h2k2
Y(0) = E; Ey = pyl

From the periodic boundary conditions y(0) = y(0 + 2n), we find that

k=1{0,+1,+2....}. Which makes the energy F; quantized. In summary, we have
eikﬁ h2k2

0) = —=: Ex5—3:

vil0) 21 K omr2

b) The electronic distribution is such that £y can accommodate two electrons with

spin up and down, while every other E; will accommodate four electrons since

k={%1, £2,...}, as see Figure 5.4.

k=0,£1,+2,...

k=—2 k=+2
Es
k=Y2 k=42
k=-1 k=+1
Ey
k=—-1 k=+1
k=0
Ey
k20

Ground-state atomic-level populations for electrons in the porphyrin ring.
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The ground state of these 18 electrons is then:
(k=0)2(k=1)*(k=2)*(k=3)*(k=4)".

Problem 5.14
Consider N noninteracting spinless (aka ignoring the spin degree of freedom) fermions
of mass m placed in a one-dimensional harmonic oscillator V (x) = %mwzx2

a) Obtain the normalized wave functions for the composite state with the correspond-

ing energies. Indicate the degeneracies for the first three levels and calculate their
energies explicitly.

N
b) Calculate < Yy )?12> for the first three levels of the composite state.
i=1

a) The Hamiltonian for the system is a sum of all the individual Hamiltonians for each
particle,

H= Z<+ ma)x2>

The wave function for the composite fermionic state can be found from the Slater
determinant,

¢n1 (xl) 'l’nl (x2) ¢’n1 (xN)
1 Yny (x1) Yn, (x1) - Yn, (xn)

Wi nyns-ny (x1,%2, ..., XN) = W . . :
Uny (xl) Yny (x2) Yy (xN)

\/— Z ';bn] (xl)lpnz (XZ) ‘//VLN (xN)] 5

where n; labels the single-particle states and P denotes the permutation operation
with (=1)f = %1 for even (odd) permutations. The energy for this composite state

) b= () <t (§ B,

For the ground state,

o) =Wo,12,..,n-1 = LZ(—l) PPlyo (x1) w1 (x2) -+ vt (xw)]
N5
N= - w
s ) R e

For the first excited state,
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“P%_1>E‘I’012 N-2.N

FXPZ 1,00 X1)¢/1 (JCQ) “UN-2 (XN—I)wN (XN)],
N2 hw
Eo,, NzN—hw< Z +N> 2 (V*+2).

Let us note here that the first excited state can equivalently be represented
using the creation, annihilation fermionic operators c?l-*, a;(i=1,...N), such that
“PN 1> = aN ay_ %o).

The second excited state is doubly degenerated; we have

1
V) = o, . N2 v :W;(_l) PPlwo (x1) w1 (x2) -+ ¥nv—a (xn—1) Y1 (xn)]
and
[PN2) =01, . N3 N-1 N = \/—Z 1) PP wo (x1) -+ Yv-3 (xn—2)¥n-1 (xn-1 J¥n (xn)]
with

N N2 hw 5
Eoq,...N2,Nv1 =Eo1,. N3 N-1,N=hw ) Zk—F (N+1) > (N*+4).

Equivalently, [¥N:1) =@y, ay_, [¥o) and |PN2) = ajay_, o). It is now easy
to see that the nth excited state has degeneracy n. Can you explain why?

N
b) To calculate < )y )?iz>, we can use the virial theorem for the harmonic oscillator
i=1

E
Ty=w) =7

where the averaging is done with respect to the corresponding state with energy
E. Basic derivations and properties of the virial theorem can be found in Grif-

fiths (2004), for example. From the Hamiltonian H = Z ( + mw2x2) we obtain

N
2\ _ E
thus <i)::1x,-> =i

(Vy= < Y (émw2x2)> 2ma) <):x >

E
i=1 2’
Therefore, for the ground state, <):§V 1 X A,2> hoN2,

2mw

w

For the first excited state, <va:1 5c\12> =S (N?+2).

For the second excited state, < Yy, )?12> = ;1 (N?+4).

Problem 5.15
/\+ nk
A many-particle state can be written as |nyny---ng---) = [ I1 (a\’;’%} |0), where El\]j_ are
k=1 :

the creation operators for the kth particle with occupation n; and |0) is the vacuum. In
the case of fermions, ny is either 0 or 1 according to Pauli’s exclusion principle, while
in the case of bosons, n; can be any positive integer number.


https://doi.org/10.1017/9781009355414.005

136 Contemporary Quantum Mechanics in Practice

Prove that for fermions, we have {ﬁm, a, } = 6,4, While for bosons we have
Gy, @ | =6, For this purpose, you can assume that {a}, a/ } =0={a,,, a,} for
fermions and [a,;, @, | =0= |a,,, a,] for bosons.

We begin with the case ¢ £ m by considering the different possibilities for action of the
anticommutator {am, a, }, as determined by the many-particle state occupations,

{Eim, &\Z}Inl, ces =0, ...,n,=0, ..., ng)
:(/l\m(/l\;—h’l], coey Oy oo Og...,l’lR)+(/1\;L/l\m|n1, veey Oppy ooty Ogee oy mg)
-1
N Y om
=ay (1) |ng, ..oy Oy ooy 1pe, ng)+0=0,

{Zl\m,ﬁzr}m],...,nm: 1,....,np=0, ..., ng)

=a,a, i, ..., Ly, ..., 00...,ng)+a @ylni, ..., 1y ..., 0., ng)
/-1 m—1
an/\ ):”k/\+

= (=)=t @ lng, .o Ly oo 1y oo ng) + (1)1 @) |ng, ..., Oy o0, Op.y mg)
(-1 m—1
Y o Y g

= (=1 = (=1)*=" |ny, ..., Op, vy 1y, o mg)

mil | fil
ny 14 ng
+ (== (=1) &= ng, o, Oy ey Loy oo, BR)

(-1 (-1

Y om Y
= (=1)f=n=1 |y, ..o, Oy ooy Loy ooy gy = (=)=t " |ny, ooy Oy ooy 1gy oo gy = 0.

Note that, in the second term, we have applied one less exchange because we have
already destroyed the particle |1,,).

{a,.af Y, ....,nw=0,...,np=1,...,ng)

:ama;ml,...,om,..., lg...,nR)4—21}2*2Im|nl,...,O,,,,...,14,...,nR):0—1—O:07
{ﬁm,&\;}ln17...7nm:1,...,ng=1,...,nR)

Z(/I\m(/l\;|n],..., lm,...,lg...,nR>+aZram|n1,...,lm,...,lg,...,nR>

m—1

Y n
=043, (=1)2 g, .y Oy ooy 1y, .oy ng) =0.

Then, if £ # m, we have {a,,,a, }In1, ..., ng) =0.

Now we consider the different cases for m = /, as dictated by the many-particle state
occupations:
{ﬁe,ﬁzr}ml, cer,g=0,...,ng)

-1
~ ot PN ~ Y m
=a,a,)n,...,0...,np)+a;a, lni,...,00...,ng) =G (1)~ |ny,..., 1¢,...,ng)+0
2[)_:1711(

:(—1) =Uong, o, 0y oo ngy =10y, ..., Oy .oy BR),

{ﬁe,ﬁ;}ml,...,ng: 1,...,ng)

-1
PN PN . L nk
=a,a/Ini,....e....,ng)+aja, ln, ..., 1. ,ngy =0+a (1) |ny,...,0p,...,ng)
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21):1”/(
=(=1) & ng, ..., lg...,ngy =|ny, ..., 1p..., ng).

Then, if ¢ = m, we have {a,a, }|n,....,ng) = |n,...,ng). In summary,
~ o~

{am, a, } = Oy
The commutation relation for bosons [am, a, ] = §,,¢ 18 left as an exercise.

Problem 5.16
Consider the number operator n, = ¢, ¢,, for the case of fermionic particles. Show that

[ 735] = 0.

{na,nﬂ} =Cqy CQC,B C,B_C,B CBC C = nanﬂ—cﬂ ((5“'3—Ca Cﬂ) Cy

0 Bca cﬁ—cjcacﬁ cﬁ—éaﬁcﬁ c
= Tty — Tyl + 0,45 (C(, Cp—Cp ca) =6, (c Cy 5(,+5a) =0.

Problem 5.17
The Hamiltonian of a chain of even N particles separated by a distance a can be given as

o A I
H=3 Y [p,ﬁr (Gu—Gu1) } ,
pu=-N/2
where p, and g, are the momentum and position operators for each particle
u=1{1,2,3,...,N}. The operators are Hermitian and satisfy the commutation relations
(G, @] = [pﬂ, pv] = 0; [y, Pv] = i6,y. There are also periodic boundary conditions,
such that g,4n = gy.
Let us define new operators via the relations:

| NP2
~ Oy e ke, 5 k
L
n=-N/2 n——N/2
2 N _N N
where k, = 22 n={-5 -5 +1,..., 5

a) Find similar expressions for the an and P, operators.
b) Evaluate the commutator [an, ﬁkm}
c) Express the Hamiltonian in the new operators an and P, .

d) Obtain the infinite chain limit N — co with the interatomic separation kept constant
a = const.
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e) Obtain the continuous limit of this Hamiltonian by taking the limit a — 0 by keeping
the length of the chain constant Na = L.

a) To find an expression for the an operator, both sides of the definition of g, are
multiplied accordingly by ¢*#¢ and summed for all u:

| N2

= N Z an e_iknlm7
n=-N/2
N/2 ) N/2 1 N/2 N ) )
Z é\#elkmlla — Z N Z an e_lknlla e_lkmﬂa
u=-N/2 u=-N/2 n=-N/2
N/2 N/2

Z an Z e i(kn—km

nf—N/Z p=-N/2

N/2

Using that N Z ¢ i(kn—km)ua _ Onm, We obtain
pu=-N/2
N/2 . N2 R
Y Gue =Y OkOwn= 0O,
p=-N/2 n=-N/2

In a similar way, we find

NJ2

Z l/)\ﬂe*ikm/la .

p=-N/2

b) Next, we evaluate the commutator {an, ngm] using the definitions of the operators

directly and the relation [gy, p,| = i,

R N/2 ) N/2 ) N/2 N2 )
{kapkm} — L Z Z]\Iuezkn;za7 Z ﬁve—lkmva] — Z Z elkn;me—lkmva [Z]\yaﬁv]

=-N/2 v=-N/2 pu=-N/2v=-N/2
N/2  N)2 N2
- Y efmagtinais =i Y eknie — N,
pu=-N/2y=-N/2 p=-N/2
N/2
¢) To reexpress the Hamiltonian H= 3 Z {ﬁi + (é\# - Z]\ﬂ_l)z} , we substitute each
—-N/2
operator by the given definitions g, alrlld ﬁ::
N/2 NJ2 N/2 oM
Z 1/7\121 — Z Z P etk,l;mN Z Pkn etkm;m
u=-N/2 y:—N/Z n=-N/2 m=-N/2
N/2  N)2 N/2
Z Z Pk Pk,,, Z ei(k,1+k,,,);m
n=-N/2m=-N/2 u=-N/2
| N2ooNp N/2

= N Z Z P;Cnl/);(mén( Z Pk Pk_
n=-N/2m=-N/2 n——N/2
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For the second term in the Hamiltonian,

NJ2 N/2  N)2

Y @)=y LY 0O, (1t ey o)
u=-N/2 n*—N/Zm*—N/Z
N/2 ot
X — eVt
p——ZN/Z

| N2ONp

- Z Z an ka (1 _eikma _eikna _|_ei(kn+km)u) 6(—n)m

N n=-N/2m=-N/2
RPN . L
= N Z an Qk_,, (1 —e’k‘”“ _ezk,,a _~_el(k,,+k_,,)a>.
n=-N/2
Note that all remaining exponentials are p-independent. Using now that
kop = 2”15,;") = —k,, we can further simplify this result to
N/2 N/2 ' _ ‘
Y (@u-qu1) =5 X Ok, Ok, ( ~iknat _ pikna +e’(k"_k">“)
u=-N/2 nf—N/2
Nz
=~ L 040, (2-2cos (k).
n=-N/2

Then, the Hamiltonian becomes

o N2
H=75 ) [PknP—kn + Ok, O, (2—2cos (k,,a))} )
2]vn:—N/Z

d) To obtain the infinite chain limit, we start with the Hamiltonian

N 2
dmA=3 ¥ [+ @-an)’].

Applying the N — oo limit in k,, = 2”” for all previous results, it is further found

N/2 N
lim g, 1 gy = lim Z Or,e” i¥iha = Jim 1 dnQy, e~ Vi
N— = N—oo S N—ooo N NJ2 n
= lim —7/ de o ikua _ i/a dkéke_[kﬂaa
N—oco N o _g
N/2 o '
llm Qk = hm O = 11m Y G oikra _ Y Jilma
:—N/Z p=—c0
Similarly, we obtain
A}lm Pu= /a kB,

lim Pk = hm P, = Z Due ~ikua

N—oo o
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.~ la (i
A}E&H_Eﬂ/ dk{PkPkJerQ (2-2cos (ka))] ,

l GusDv| =16
NE)EO [CI/MPV} Ouy,
Jim 04,8, ] = [008] = o (k).
Note that the integrals in reciprocal space are carried out over the first Brillouin

Zone, and Vpz = 2”
e) Finally, to find the continuous limit of the preceding H, using Na = L and x = ua,

we note that k,, = %\’,T(’; = zLﬂ Thus, the operators can be written as
R | N2
Jim A= fim > Y |7 (ua) + (q(ua) ~qlua—a))?]
Na=L Na=L ~ n=-N/2

N/2

1 a? 2
“im 3 [ {1/7\2(#0)+ (ax)— [cmm) ~ad(ua) + % 02 (ua) D }

02 2
|52 (0) + (aaxau) - 05 () + . ) }

If we apply the N — oo limit by keeping Na = L to all the results obtained earlier
(with k,, = %), we find that the operators tend to singular operators that depend
explicitly on the infinitesimal separation of particles a, as we demonstrate in the

following:
N/2 1 N/2 ~ - 21tn
1\}520(]” = hm q(x ua) h—rgoﬁ 72 Qk eI N —A}E};N N/zan(kn)e_’Tx
Na=L Nt Na=L'' n=-N/2
1L fa =~
= lim —— [ dkQ(k = lim — [ dkQ(k)e ™,
i 53 | @™ = fim, e [t
~ ~ N2 N/2 21
li = lim Q(k,) = li e Vaka = i dpg(ua)e EHe
Jim Oy, = lim O (k,) = lim ). glua)e g g (ua)e
Na=L Na=L Na=Lp=-N/2 Na=L
1 L2 .
= dxg(x)e™.
-L/2

To avoid this problem, we redefine the conjugate position as @(k) = aQ(k); then
we obtain

~ L/2 .
Q(k) = lim aQ( )= / 2de]\(x)e’kx,

Nt L/
o © dk A,
Jim Gx = pa) = | - Q(k)e™

Na=L
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Similarly, the momentum operators are obtained as

R _ L2 .
P (k) = lim aP(k) = / dxp(x)e™,

Nt L2
" dk ~ ;

Na=L
o 1 Y dk s S L A A s
%%Hz/_m[%)@( K+ O(R)Q(-#) (ka)?],
Jim (3o, ] = Jim [3(x), P()] = is(x—),
Na=L Na=L
~ ~ ~ ~ L o(k—
Jlim [ann,aPkm] = {Q(k)ﬂ)(u)} —iLsinc(z(k—u)> _, Sk

L—oo 2w
Na=L

Note that this rescaling transformation is valid because all observables are kept
invariant. We could also have used this transformation to symmetrize all the
operators obtained in this exercise. Try it!

Food for thought: The atoms of a crystal can be thought of as d-dimensional
chains of particles separated by a small periodic given distance. Thus, the
dynamics of the perturbation from the equilibrium of those chains (called
phonons in this context) is given by the d-dimensional generalization of the
Hamiltonian we have derived here.

Problem 5.18 N
Consider the many-body density operator in real space given as n(x) = ¥, 6 (¥; —x),
i=1

where 7; is the position operator for an ith particle and x is a spatial vector.
Give its second quantized picture in (a) position x and (b) momentum k spaces.

We first consider the second quantized form in coordinate space, x. For this
purpose, it is useful to remember that if an operator A consists of many sin-
gle operators, then the Fock space can be built from the eigenstates of these
single operators. Specifically, for the operator A= ny:lg,', in the first quantiza-
tion picture, we have a basis where Xilamz...ai...a;v) = Ajla1az . ..qa;...ay), thus
A\i|a1a2...ai....aN):Z?’lelﬂa]az...a,-...a;\/).

This, on the other hand, can be written in terms of the occupation number
operator as

R

R R
Alny...nj...ng)y = ZniA,-|n1...ni...nR): Zni/li|n1 M. NRY = Z/liE;La‘VH LR R,
i=1 i=1 i=1
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where we have used that €+Elln1 LNRY =Miing .. ..NRY =ning .. ..ng). Fur-
ther, using a unitary change of elgenbas1s |la;) w1th correspondmg creatlon and
annihilation operators d , d;, we can write

mm:memm

i=1

Since |a;,) = ¢,510) and |a;) = dAfIO), the creation and annihilation operators of |a;,)
states can thus be written as

d[+<ai|am>* )

:ﬁ
I
™M=

(ailam)dy.

)
Il
M=

m=1

One can further represent the operator A in Fock space built from the single-particle
states |@ja; ... ;. ..ay) according to

N N N _ N R
= Z /li Z/l Z d+<amla i) Z <a1|an n Z Z Z (amlapAiailay)d,.
i=1 — m=1n=1 i=1

We recognize that Al ): la;)A;{a;| is an operator composed from the sum of one-

i=1

particle operators A;in spectral representation. Thus, in general,

A= Z Zd+<am|A ln)dy = Z demn

m=1n= m=1n=

a) Based on the preceding, the general expression for the many-body density operator
N N
Alx) = L[ (x) = _zla@-—m is
i= i=
) =Y ai (aln™M (x)B)ap,
aB

where nA(ll) (x) =6 (r; — x) is the density operator of the ith particle.

Using the change of basis in real space, we have

=Z@wm, c(x) =Y (xla)a,
a = / d®x¢ " (x)(x|a), e / d®x{alx)c(x),
Aﬂ=Z@MWW@W%ZZ/fmﬁ@MmMWWW@W/memﬂn)
B B

:/ﬁm/fmZﬁamnmwﬁwwWWmﬂm)
ap

=/fm/fmﬁ@Mqumw+w@%ZWw+mﬂm)
a 3
:/d3x1/d3x2€+(x1)(x1|ﬁ(1)(x)|x2>?(x2).
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In the preceding, we have used the identity operator =Y |laXal. Also, from
(07

the definition a'!)(x) = 6(F; — x), the action f(¥)|x) = f(x)lx), and the identity
(x1|x2) = 6(x1 —x2), we find

Cer | (x)xe2) = (1 16(F = x)lx2) = (x11x2)8(x2 — x) = 6(x1 — x2)5(x2 — x).

Then,
n(x) = /d3x1 /d3x23+(x1)(5(x1 —x2)6(x2 = x)c(xy) = /d3x1?+(x1)6(x1 —x)c(x)
=c(x)e(x).
Summarizing,

N
nx) =Y Al (x) = Y 6(r;— x) — First quantized coordinate picture.

Il
Il
—_

n(x) = ¢t (x)c(x) - Second quantized coordinate picture.

b) In momentum space, the one-particle density operator of the ith particle is its
Fourier transform

) 5 A(l 3 zkx eik-?
k) z/d x(klx)n /d 732 6(F-x) = (27)3/2°

Thus, we have

= ~ (1 ~
ii(k) = Z a;(l’ﬂn( >(k)|172>ap27

PP

@i R)p) = @il [ / d3x1|x1>(x1|} ) [ / d3x2|x2)(x2|} v
:/d3x1/d3xz<171|x1><x1Iﬁ(l)(kﬂxz)(lePz)
zPl x| e’k'? e_ip2-x2

3 zpl -X| ethz e—ip2~x2
~ [a xl/d % 3/2<x1|x2>( ST (BT

eiPr¥1 eix2(k=py)
_ [ 3
/d xl/d X)—=75 3/2 xz)W
eiP1x2 pix2-(k=py) eix2:(p1+k=ps) _
_/ x2 e /d . _O(pi+k-py)
)32 (2n)p3 (2n)°/2 (2n)3/2
Then,
k) =Y a <P1|n K)lpy)ap, = /d P1/d D20, <P1|” ( )p2)ap,

P1:P2

0P +k—py) . &py
3 ar 1 2 1 ata
/ Pl/d Prap, )32  ran 9 = /(271_)3/2 p 91 +k-
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Summarizing,
(k) = Zﬁi (k) = Z 2 — First quantized momentum picture.
i=1

=)

i=1

=)

d3
(k) = /( )13,/2 ;ap+k Second quantized momentum picture.

Problem 5.19

a)

b)

Consider the momentum operator p = —iiiV, and give its second quantized
momentum k space picture using corresponding single-particle Fock space oper-
ators. Give the real space x picture using corresponding single-particle Fock space
operators.

. N
Consider the Hamiltonian H = _Z“ |:2m +V(r 1)} and give its second quantization
j=
picture in momentum space, using corresponding single-particle Fock space opera-
tors. Alternatively, give the same Hamiltonian in real space using the single-particle

Fock space operators for this Hamiltonian.

We consider the Fock space built from eigenstates of the position operator ¥, such

that ¥jlxy, ..., xy) = xjlx1, ..., xy) and (x|x2) = 6(x; — x2).
The Fock space built from the eigenstates of the operator p are such that
pj|pla apN> p]lplv . apN> USlng that <k|x> d/25 we find that <pl|p2> -

1 |[[ dxixe)xll|py) = [ dx(pilx)xlpy) = [dx i "} (;;’;2 = g J dxePim)
=6(py—p2)-
Next, we want to evaluate the matrix elements

x1pW ) = (x1| - i V3 |x2) = —ihV g, (x1]x2) = =iV 1,6 (x1 —x2),
K lp V) = (k| [ / dx1|x1><x1|} R [ / dxz|xz><x2|] lk2)
- /dxl / dxea ey e Yo [0 ) (e )

lkl X —iky-x
- /de/dxz )2 [-ihV 5,6 (x1 — x2)] (2n)2

(kl -x1—kyp-x3)
= —lh/dxl/de Vx26 )] (Zﬂ)d

ellkix1—kyxz)
lh/dxlfdxzé X]— x2 (sz (27‘[) )
elk1x1—kyx3)
zh/dxlfdxzé ) (( ihy) 201 )

i eilkrx1—ka-x)
=h 2/dX1/dJC26 (27_[)

eiltki—ka)-x,
thz/d.qu th25(k1 —kz).
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We further write, the momentum operator in the second quantization picture as
p= /dx1 /deEJr (x1)(x1] = ihV y, |x2)¢ (x2),
where the quantized (field) operators are defined as

—zkx .
Z(xlk)C / k3 €.

—ik-x

) = £C (k) ekn) = / a’k@*(k)(eﬂw,

lkx
/dx(klx)c /dx d/2

A e—lkx
/dxc (xl ) /dxc W7

with the commutation relations

[C(ki),C* (k2)] = 6 (ki —k2) for bosons,
{f(kl), ct (k2)} = 6 (ki —k2) for fermions.

Then, the second quantization picture of the momentum operator in position 7
space is:

ﬁ:/ﬂlxl/dxfF (x1) (21 p 1x2)E (x2)
— /dxl /dx2€+ (x1) [=ih6 (x1 —x2)] [V, €(x2)]
= /dxlfr (x1) [-ihV x, € (x1)].

The second quantization picture of the momentum operator in momentum k&
space is:

ﬁ:/dxlfdx26+ (k) et ) hea)C (k)
Z/dkl/dkz(j”r (ky) hka (ki — k) C (k2)
_ / dkrC (ko) s C ()
b) For the Hamiltonian in momentum space, we realize that
(1P’ lka) = et (=inV ) lheo) = (Bke2) 8 (1 = K2
Ralv @y = [ di [ stk lV (7o) ool

1k1 X1 e—ikzvxz
= /dXI/dxz d/Z 2)6(x1 —xg)] W
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PUCTR IR

= /dxl'/deV(xz)(S(xl —x2) - (@2nd

g ellki—k2)x1 (k1 —ky)
:./ V) =T =

From here, the second quantization picture of the Hamiltonian in momentum
space is
7 /dkl/dk26+ (ko) (ki || Ko ) € (ko)

~2

— [aky [ diaC* (ki) chal | 24V )| 1o2)C (k)

_ ﬁ/dkl/dszJr (k1) (k1 7% ) € (k)
+ / dkr [ akoC* (o) (RalV @l € (k)
/dkl/dk2C+ ) (k)26 (k1 — k2 C (k)

+ /dk1 /de6+ (ki) ((;);/kf)@(kz)

V (ki —k>)

e | (k)

—/dkl/dk2C+ k) [ k25(k1 k) +

Therefore, the second quantized form of the Hamiltonian in momentum k space

becomes
. /dkc+ ) R ) +/dk /dkc+ k)Mé(k)
1 1 2m 1 1 2 1 (27)12 2
Problem 5.20 N
Consider a two-particle interaction potential given in real space V = % Y VO @ -F,),
l£m

where N denotes the number of particles in the system.

a) Write this potential in the second quantization picture in real space and in momentum
space when the spatial coordinates are x; € [-%, £].

b) Write this potential in the second quantization picture in real space and in momentum
space when the spatial coordinates are x; € (—oo, ).

. NN .
For a two-body operator A = ¥, ¥ A®) (r;,r;) , we remember that the second quan-
i=1 j#i
tized picture in an arbitrary basis can be given as

~ 1 bt ()
A= Ea;(;aJraﬁ Aaﬁwaya(s,
y
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where Aéﬁ?)ﬁ = < B ‘A r,,rj) vi6 > The states |@;) and |y;) correspond to the ith
particle, while the states ’ﬁ J> and ’6 > correspond to the jth particle.

Using the change of basis applied in Problem 5.18 and 5.19, for example, the @
operators can be replaced by the field operators ¢(r) in real space,

1 ' ' o~
— 5/dxl./ dxz./ dx3/dx43+ (x1)ct (x2) <x1x2 ’V(z) (ri—rj)‘x3x4> ¢(x3)C(x4),
1
i/dxl /dx2/dx3/dx4£‘\+ (x1) et (x2)V®) (33— x4) (x102 | x3x4) T (x3) E(x4) .

We further use that x; and x3 correspond to the ith particle, while x, and x4
correspond to the jth particle

<)

<)
Il

(x1x2 | X3%4) = —x3)6(x2—x4),

3)
V=3 /dxl/dxz/dx3/dx4c x1)T" (x2) V(x5 - x4) 8 (x1 = x3)
X6 (xp—x4)C(x3)C(xq)
Z%(/d.!q‘/dxz?F (xl)ﬁ(xz)v(z) (x1=x2)T(x1)C(x2).

a) In momentum space, for a system inka finite volume Vj, we use the relation
x) =Y s r-ak. Thus, ¢ (x) = ¥a@, <5~ and

~ 1 PN
v:5 dx,/ dxa@t (1) ¢ (x2)V® (x) —x2)E(x1) 8 (x2)
k1 X lkz xz lk; X e—ik4~x2
dxl/ dxy ) a ) a, a
Z k) \/— Z kz \/— Z kZ; \/V() 4
1 PUIPNI / / i1 —ks)x11(2) i(ko—ks)-x
= — a, a, ag.ay dxy | dxpe RIS (x) — xp) VTR
2V02 kl;k§‘3,k4 fale TR Vo Vo
On the other hand,

VO (x) —xy) = % Y V0 (k)e 1),
k

Therefore,
~ 1 . 1
T G et a ar / dxy [ dxyeitiho)x
2‘/02 klyk§f3sk4 R Yo Vo Wo
x Z(/(z) (ko) o~ tko-(x1-x2) yi(ka—ky)-x,
ko

I v o o~ 5
i Z akla,ﬁa;rﬁak4 ko / dxle ik ~ks—ko)-x / dx)é i(ka—ks-+ko)x;
2V() Kok ko k3 kg

1
5 aaf ara,V V@ (ko) VoSks ke, ko VoOks k- ko
2V5"T ko ey ey e s
1

GV (k) as e G
N Y afal V' (ko) ar, koG, o
k() ki, ko
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b) In position space, for the momentum we use the relation ¢(x) = Z(x|k)€(k)

—ik-x

J ki Sek). Thus, &* (x) = Le(k)(klx) = [ dke™ (k )W From here
k

~ 1
V=3 [an [dnst @) (@2)VE (n-x)en)txn)
1 d —~ lk| X1 elk2 X2 (2)
:E/dxl/dxz/dklc (kl d/2 /dkzc kz)( )d/ZV (xl—JCz)
—ik3-x zk4 xz
/dk3 e k) /dk4 e k)
2d /dkl/dkg/dk3 /dk4c k1 k2) (k3)2‘\(k4)

x /dxl/dx%’l kiks)xry (2 )(xl —xz)e’(kz"‘4)'x2

On the other hand,
e—ik-(xl—xz)

V(z) (x1 —x2) = /de(Z) (k)W

Therefore,

- W/dkl '/dkz/dk3/dk43+ (k1)€+(k2)3(k3)5(k4)/dx1

. g B e*ik()'(xlfxz) .
> /dxzez(k|fk3)-x1 /dkOV(Z) (ko) We,(kz,k‘t).m’

ST Y P R
% /dxle’ ky—k3—ko)-x /dxze’ ko—ky+kg)-xp
/dko/dkl/dkz/qu/dkw ()& (ko) 2 (s) 2 (k) T (ko)
2(2n) 5a’/2
(2”)d5(k1 — k3 — ko) (27)95 (ky — ks + ko) ,

2(2n) d/z /dko/dkl/dkzc (k1) Tt (k2) V® (ko) T (k1 ~ ko) (ka + ko).

<>

Consider the two-particle interaction written as V = % [dxy [dxaV® (x)—x3)
p(x1)p(x2). After substituting the density operators and using the appropriate
commutation relations, you should get

V= %/dxl /dxza+ (x1) " (x2) VP (x) —x2) (x1) E(x2)
= [an [awv® - x)p(npie) - 5 [auv@O @em),

where p(x;) = ¢t (x1)c(x1). The last term is the (infinite) self-energy of the
interacting system.
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Problem 5.21

Consider the ground state of a gas composed of N identical noninteracting particles
contained in some finite volume V. In the case of fermions, this is a Fermi gas; in the
case of bosons, this is a Bose gas. Calculate the mean particle number density for each
type of gas (Taylor & Heinonen, 2002).

~ N
The Hamiltonian of a noninteracting quantum many-body system is H = Y. h,,
n=1

where ﬁn is the one-particle Hamiltonian. In the case of noninteracting particles,
hn =K (p,) +V (¥,), with kinetic and potential energies, respectively,
~2

~ y4
K@) =2,

~ 0, O0<x;<L;
V(xl):{ x[ I.

oo, otherwise

The eigenstates of such a Hamiltonian are denoted as |a;...ay), Wwhere
hyla,) = E,lay,). To find the mean particle number density, we have to evaluate

=,

where (N) is the expectation value of the density operator. In Problem 5.16, we
showed that the density operator for one particle in the first quantization picture is
N N
nx)=Y nA<,,1)(x) = Y &(¥,—x). Therefore, taking the |a; ...ay) eigenbasis,
n=1 n=1

Ny 1oy
(@:%:V./‘/dx@l...a/vlﬁ(x) lay ...ay)

1/ - N N
B V'/‘/dx_/‘/l;ldxa/‘/gdy[g(aluﬂzv|x1...xN)

o

v
< Lot

N

v Lo

n=1

N N
/H /H dygai...ay|xy...xN)
=1 . —1

..yN> <y1 ...lea] ...QN>

Lo XN Y ) 01y lar - aw)
N
:V/dx/dea<a1...aN|x1...xN)26(xn—x)(x1...xN|a1...aN)

1 N
V/dx2<an|x><x|an>1‘[<aa|aa>— Z/dxwa,, —y L=y

a#£n
For deriving (n) in the second quantization picture, we use that 7(x) = ¢ (x)c(x)
and the cigenstates of the Hamiltonian are labeled as |n; (x;)...ng (xg)), where R is
the number of different one-particle states. For N fermions, R = N due to the Pauli
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exclusion principle; for N bosons, R < N two or more particles can occupy the same
state. Then we write

@—@ /dx n...ng [ ()e(x) 1 . .ng)
/dx my (x1)..ng (xg) | € (x)E(0) | m1 (x1) .. g ()
—/dx n1 (x1) g (xg) JA(X)ls (x1) g ()
/dxn (1 (x1)..ng (xg) | m1 (x1).. (XR)>:é./‘;dxn(x)——

where we have used N = [|, drn(r). These results are valid for both bosonic and
fermionic noninteracting particles confined in a finite volume V.

Problem 5.22
In physics problems we often have to deal with multiparticle systems at nonzero tem-
perature T. In such cases, one may need to deal with correlation properties taken into
account via Green’s functions (Mahan, 2000).

Consider the case of free electrons whose Hamiltonian can be written as
H= Y Eqa; a,, where a;f and a, are the creation and annihilation operators for the

(07
particle with properties labeled by a. The Green’s function is defined as

1 ~ ~
(ga’y ([7t0) = ﬁTr (ﬁgt {aa(t) a)—/‘r (to)}) ’
where 7, is the time ordering meta-operator,

ao(t)a, (o), t>1o
ot ; ¢
T {art a, l())} { 61621\;_ (IO)aa(t)a 1<to °

In the preceding, a phase factor ¢” acquired upon changing the order of the creation
and annihilation operators is also included in the definition. Note that, for bosons § =0
while, for fermions, 6 = 7.

Based on the preceding definitions:

,ﬁ[f]
Z b

e

a) Obtain (d,(1)a; (1)) for the canonical ensemble and 1 < 7o; then p = pc =
Z=Tr(pc) = eP”,and B = 1/kgT with F being the Helmholtz free energy.

b) Obtain an expression for the Green’s function from the definition working in real
time.

a) Starting from the definition, and assuming first that ¢ < fy, in the canonical ensemble
we have

Gy (1,10) = = (T @03 (0)}) = T (e, (@03 (10)})

e PH .
— ,iTr <Ze’9A+ (t0) @, (t)) = ilhelg (@ (10)aa(t)) -

1<ty ih
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Here we remember that the t-dependent operators in the Heisenberg picture are
related to the z-independent operators in the Schrodinger picture as

~ iLH~ _ilH _itE, ~
ay(t) = e e it = ¢inkag,,
~ L~ LA LE, ~
al (1) =éwflgrentl = ¢nlegh.

Thus, by using the property Tr(ABC) = Tr(CAB), we obtain

A oA s
(@ (10)aa(t)) = STr (eiﬁHe’WOHcAﬁe*’?He’%HZiaef’lﬁH>

We evaluate e #7a,"eP" and e G, by using the relation ABeh =Y, %,
with 60 = §, and 6n+1 = {X, fn} and the commutation relations for fermionic
creation and annihilation operators, obtaining

. o (L E)
—BH~+ BH _ ( BEy) . _gE,
e ayeﬁ 726711! a, =e"7a,,
n—

A,\ N (o] E nA N
e_BHaaeﬁH = Z ('B a) g = eBE"aa.
= n!

Substituting these results and using the property Tr(ABC) = Tr(CAB), we obtain

@ (10)an(t)) = e Lrr (8 TG, T HG ) — PP, (1 - 10)a; (0)
y \10)la 1<ty 7 17 y a 0)dy .
Then, we have the following relations for 7 < fy:

@/ (t0)an(t)y = (@ (0)ay (t—to)y = e P5(a, (t—to) @, (0)).
Y 1<ty 7 Y
. o~ _imE o~ /\+/\ _BE o~ A+ ..
Further using a, (t —fp) =e™ & “a,, we find (@) ao) = e (aza, ). In addition,
because of the (anti)commutation relation [a,,a; |
have that Goa;" = €“a; do + 6oy -
Therefore

g = Gady — e ;raa = Say, we also

A Gy = (o)) = ("0, Go + Oay) = €@, Ga) +6ar (1),
where

Sary Sary

(@ do) = BEa g0 = g, _7 [Of bosons (6=0),

Oay Oay

(@, o) = a0 — ofFu 4] for fermions (6 = x).
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Finally,

-(t=19) -(t=19) 0
~F /\+ _ (r P _ E{y ay
(ay (t0)aa(t )>t5< (0)ae(t—10)y =™ 7 " (a, an) = e A BEa _ i’

b) From the definition of the Green’s function, we have

Goy (1, 10) = <97, {Ga(t) to)}>

1 PN 1 0~ ~
—O(r —10)(@a (1), (o)) + %G(to —1)e’(@; (10)aa (1))

ih
1 i1 _;lo ~ o~ 1 ~
= %(B(t—to)e’hE“e 'hEV(aaa;)—F ﬁ(@(m— )e'leiiFa g™ ’hEV(a+ o)
By using the (anti)commutation relation [d,,a, ], = 6ay and
DN 5
<a;_a(y> = naéay = ﬁa

1 (r 10) . .
YGoy(t,10) = lhe i Ea (@(t —1p) (1 +e’9nw) +690 (fo—1) n[,) Oay-

Problem 5.23

In quantum thermal statistical physics, it is useful to work in imaginary time (¢ = —it)
instead in real time. This is the so-called Matsubara formalism (Mahan, 2000). Green’s
functions are defined similarly as for real time, but new properties become evident. For
example, the Green’s function can be expanded in a Fourier series at imaginary time

(t=1ir),
- ng .
Gy (iwn) = / dte ™4, (it,0),

Yoy (iT,0) = — Z _""”T(gw(lwn)
hlB nez
where iw, are imaginary (Matsubara) frequencies. The preceding formalism requires
that we know how to treat the Green’s functions from the previous problem in
imaginary time. Let us then consider the following problems:

a) How are the Green’s function and the time-ordering meta-operator modified in the
imaginary time domain? To answer this question, apply the change ¢ = it to the
Schrédinger equation for the two-point Green’s function, check how the Heisen-
berg picture of the creation and annihilation operators change, and write the Green
function for imaginary time.

b) Obtain a similar expression for the Green’s function, but in the imaginary y (Matsub-
ara) formalism by finding (a, (it) ; (ito)) for T < 7o where @, (itg) = e wH aye .,

¢) Show that the Green’s function is perlodlc in imaginary tlme.

d) By imposing the periodicity of the Green’s function %y, (it + ifB,0) = €4, (it,0),
find explicit expressions for %, (it) and 9,,(iw,) in the case of bosonic and
fermionic particles.

e) How does this Green’s function change in the limit 7 — 0?
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a) To work in the imaginary time domain, we make the substitution ¢ = it (to avoid
subsequent nonconvergent solutions) in the Schrodinger equation for the two-point
Green’s function, and we obtain

(—h&, —Ea (x)) Yoy (X,iT; X0, iT)) = 80,0 (1 —70) 6 (X — x0),

where we have used 6(r —s) = (it — itg) = W = 6(t — 19) and
ihd; f(t) = —hd- f(it). The retarded Green’s function is now
. — -1
Yoy (iT,iT0) = —(EZT {aa it)a (ZTO)}) = fTr (pcgw{aa iT) (lTo)})
ay(it) = e%ﬁ&\aef%ﬁ = ¢ ibeg,
a, (itg) = e A),*e_%oﬁ = eTTOE%?;L

Here, @, (ito) is no longer the Hermitian conjugate of ay (ito). The time-ordering
meta-operator now orders time in the imaginary axis

glr {aa/ lT (n—o)} {afl(i‘r) A;(l'TO) T> 10 .

eaz (itg) ay(it), 7<10

Therefore, the Green’s function becomes

-1
Yoy (it,iT0) = (37[7{%(17) 5 (iTo)h)

l

?G)(T 7o) (o (iT) a. (lTo))—%ew@(To T)(a (ito)dy (iT)).

b) Here we rely on the result from part a). We also use the expressions for a,(it),

El\‘; (iT0)> and ﬁC = eiz
.. 1 i N~
Yoy (it,i10) T<:TO —£e’9®(1'0 - T)(ay (ito)dy (iT))

-1 41 _ g g~ I
:?e’efTr( ﬁH ;“ et e hH).

Using the cyclic property of the trace Tr(ABC) = Tr(CAB), and the fact that &
commutes with itself, we further write

—1 41 § _th DA+ A 1A
Gy (iT,iTg) = —e’ngr(e_'BHe_ﬁHeWHﬁJ’e_?HeﬁHﬁ)
wy( s O)T<TO 7 7 y «
1] w0, ol
_ —BH , A~ — O
= ZTr e ay,eFTag

= (ay, (ito —i1)aa(0)) = Yoy (0, it —i1).

The result for T > 1 is

-1 -1
&’éay(i‘r,i‘ro)T;O?@(T 7o) {au(iT) @ 5 (it0)) = —(aa(rr—l‘ro) L (0))y= Yoy (iT—170,0).
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c¢) To check the periodicity of the Green’s function, let’s consider that for Ar=1—-19 <0,
while one has A+ 78 > 0. Thus,

-1 ~ . PN
Gy (iAT+113,0) AT+?ﬁ>0 7 (Tirlay (iAT + ihB) a, O)h
AT+;[3>O h <a“ (iaz -+ i) ay (0)),

(Go(int +inp) a; (0)) = Tr (pcaq (idT +inB)a (0))

—BH  (At+1p) (AT+1B) = 0 5 05
e o 07 . _0
= Tr( e h Haae h HehHa;e nt

Z
~ At~ AT ~ ~
= lTr (e_ﬁHeﬁHe{Hﬁae_ﬁTHe_ﬁ Zi"‘)
7 Y
1 . B ~— 1 “BH A (o~ (s
= ZTr (aa(lA‘r)e ﬁHay (O)) = ZTr (e ﬁHay (O)a(,(lAT)) .
Substituting back into the Green’s function,

oy liAT+i0B.0) = ﬁn ( Hhg- (O)a},(iAT)) .

Rewriting this using the time-ordering operator and realizing that -8 < At <0 < /i3,

Tie {a(i67) G (0)} = "Gy (0)aa i),

G (iAT + i, )mmo?ZT’( ﬁf’a;(oma(im))

s P S
o 7T (71T {anian)a; 0)))
= e G, (iAT,0).

The preceding relation demonstrates the periodicity of the Green’s function for
At + 1B > 0. The case of Ar—#B < 0 is left as an exercise.
d) To obtain explicit expressions of the Green’s function %, (it), we start with

Yoy (iT,iT0) <?7” {aa iT)a (170)}>
1 |
- 7@(1’—70) <aa(1‘r) (rro)> - £e’0® (to—7) < (lTo)aa<lT)>
and use that (@, (it) a, (ito)) =e ~iEa g Ey (@q a+> and <aaay+> %Tr( _ﬁHaaay )
= ¢BEa <a da).
On the other hand, from the commutation relations [ﬁw,ﬁ;’ ] g = Oays then
do@, = €"a Gy + 64y for fermions (6 = 7r) and bosons (6 = 0), we find that

Pra (@t y) = (ot y = (") @0+ 0ury) = €@, @) + Oy,

I B
(@) du) =

= BEa — oi0 = Naglay,


https://doi.org/10.1017/9781009355414.005

155 5 ldentical Particles and Elements of Second Quantization

where n, is the occupation number derived earlier. Then, the Matsubara Green’s
function becomes

-1 1
Gy (it,i10) = a —0O(r-19)e” iEagnE 7{ag a+)—ﬁe’9®(‘ro T)e” FEag i E 7(a ay)

-1 . 1 . L T
= O(r-t)e iteeh Er (e 19n05ay+5a7)_ﬁ€’9®(7'0—T)e_ﬁE"eﬁnEV”a(sw

-1 ) .
= ?67 7 Lo [O(7=10)(1+e"ng) + PO (10 — 7)1 | Sy

Now, to obtain explicit expressions of the Green’s function %, (iw,), we start
with the Fourier series relations

= 1M .
Gy (iwy) = 5 s dte' ™4, (it,0),
Yoy (i1,0) = Ze iwnteg 5 (iwy).
neZ

Imposing the periodicity in imaginary times 9, (it +ihg,0) = €4, (i,0) onto
the Fourier expansion,

hﬁ Z e—uun (t+np) (ga (la)n _ Z e—twnng lw,,),

nez neZ
1 . o o

_ (e—zwn(T+hﬁ) _ezﬁe—lwn‘r)(g la)n - Z lwnhﬁ lwnT(gay<iwn)-
hﬁ nez neZ

Thus, for every n we derive the Matsubara frequencies

plontB _ o _ ilet2mn) _ 2 +0
n hﬁ I
meaning that for bosons (0=0), w,= 7 Z.(2n), while for fermions (6=mn),
Wy = %(2n + 1) for n € Z. Continuing for the Green’s function:

4, ay(iwy) / dTe”“”T‘gay(rr 0)= / dre e E"(l —|—e’9na)6w

-1 ) ng . .
= ?(1 + 1) 8y drelion="3)T
0
: Eq . Eq
-1 . elin=5 )8 _ p(iwn=5)0
= —(14€n,)s
7 (1+¢€“ng) ay oy — %

; 1 —efePEa

= (1 e’gn Ogy—————.
(1+¢"na) day ilwy — Eq

Finally, using n, = m, the last expression can be simplified further into

o s
Aoy l0n) = 0 T Ey
n @
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e) In the limit 7 — 0, we have to take the limit 8 = k,%r — oo in the appropriate expres-

sions. The Matsubara frequencies w, = 2’%’; 9 now fill the entire imaginary axis,

becoming continuous for all w € (0, ).

* dw

. . L —iwnT _ —tw‘r T 0
/311_{1;10(5(,},(17',0) = 11_)r101o hﬁ,,gf Gy (iwy) = L 2R° Y, (iw),
B -
hm ‘%y(la)n) —ﬁh_)m A dre™n 4, (it,0) = / dte™ G, (it,0) = ‘Q(fyzo(iw),

thus recovering the Green’s function at 7’ = 0, which is ‘g({f (iw) = lhf)‘”/Ea

Note that we can safely rotate back all expressions to real time (and real
frequencies), obtaining
dw
27T

GT(w) = /0 A1 G o (1,0) =

G170(1,0) = gl ),
Oay

hw—-E,’

Food for thought: The limit of ﬁ}im Yoy (it,0) is a direct application of the Abel-

Plana formula, a result derived from the Argument Principle,

Y f(An) / dnf(An) —|—21/ eziy [F(iAy) = f(=iAy)).

nez -1

The possibility of applying the Argument Principle to Matsubara sums is
one of the best advantages of using this formalism in equilibrium quantum
thermodynamics (Coleman, 2015; Bordag et al., 2009).

Problem 5.24
The retarded Green’s function is defined as

1 1 ~
Gy (x,1350,10) = = Ot =10) ([, (x.0). (x0.10)] ) = =0 =10)T7 (B[, (x.0).3 (x0,10)] ) -
Show that, for the linear Hamiltonian H = JdxYat (x)ﬁa(x)c?a(x), the retarded
(04
Green’s function satisfies the following (Schrodinger) equation:

(i10) — ey (X)) Gy (%,13 %0, 10) = Gyt — 10)5(x = xX0).

We begin with the temporal derivative of the retarded Green’s function:

iy Gy (x,1:X0,10) = iha,_l®(t—t0)< (G0 (x,1), 8 (x0,10)] 9>
= (20~ 10)){ [ x,1),a (x0,10)],, ) + O ~10){ [3au(x,1), 3 (x0,10)],, )
+0O(r—1 < Go(x,1) 8,(1 (x0,%0) 9>

= 8(=10)( [da(x.0),3 (x0.10)],, ) + Ot ~10){ [ (x,1). (x0.10)] ).
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since 9,0(t —19) = 6(t —19), and d,a, (xo,t0) = 0. We focus on the second term first, for
which we write

Ay (x,t) = ezﬁf% [a}(x),ﬁ} e—;ﬁz’
[aa(x),ﬁ} = / dx ;ﬁn(xl) ({e”a, (x1)ay(x) + 6ond(x — x1) } @n(x1)

=} (x1){€"a (x)ay (x1)})

= ./d.?q Z}l\n(xl)éané(x_xl)a\n(xl) = ho(x)ae(x),

1 ~ i 5ol ~ i
Nl (x,1) = el — - [Eia(x) H} e A = e o (x)a (x)e T = Ty (x)d (x,1).
l

([0, (x0,1)], ) =Tr (,3 [e;'ﬁtaa(x)e—%;ﬁf7 Shi A+(x0)e—hmo]0>

= 77 (B (@ (x)eh TG} (x0)e 100 = G (x0)eh A0, (x)e 7 H0-0) )
ﬁﬂ(x):?*(xo)—e’ga*(xo)a,,( )))
=77 (p[@0(x),@ (x0)],) = byl —x0),

where p is the density operator for which Tr(p) = 1. After putting everything together,
we obtain the desired relation,

I
~
~

~
)
—

(ihat _}l\a(x)) Lgay (x,1:x0,10) = 6&75(t —19) 6 (x—x0).

We have used here implicitly the so-called Zubarev formalism, a method
to obtain the equation of motion of Green functions for general problems
(Zubarev, 1960).

Problem 5.25

Superconductivity in layered YBCO perovskite is often modeled to be carried
by its CuO, monolayer whose properties are characterized by the electronic states of
the Cu positioned in the vertices of a square lattice, while the role of the O atoms lay-
ing in the middle of the edges is neglected. Assume that the Cu atoms are specified by
R, », = (n1a; +naay), where a; = ax and a = ay are unit vectors and a is the distance
between Cu—Cu atoms (see Figure 5.5). For such a covalently bonded material, the
real-space Hamiltonian involving only nearest-neighbor coupling can be written as

B =Y (10, 8p, 4, *+ 1, G, 0~ K g, + Hoc)
n
where ¢ is the effective oxygen-mediated hopping parameter between Cu atoms, and
ﬁ;{n (@ r,) are the creation (annihilation) operators for electrons on Cu atoms placed at
the position R,,.
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Cu==Q == Cu== Q == Cu== QO ==Cu== QO = Cu
| | | | |
(0} (0} (o) o (0]
| | | | |
Cu=— 0O —Cu=— 0 —Cu=— O —Cu=— 0 —Cu
| | | | |
(0} (0} (o) (0} (0]
| | | | |
Cue= 0 —mCue— 0 —mCue O —Cuce— 0O —Cu
| | | | |
(0} (0} o o (0]
| | | | |
Cu== QO —Cu==Q —Cu=— O —Cu== 0 —Cu
| | | | |
(0} (0} (o) (0} (0]
| | | | |
Cue— 0 —Cue=— 0 —Cue— O —Cuc— O —Cu

Schematic representation of the Cu0 lattice.

a)

b)
c)

Obtain the basis vectors of the reciprocal lattice and determine the first Brillouin
zone.

Write the preceding Hamiltonian in its second quantized form in reciprocal space.
Examine the Hamiltonian in the continuous limit k — 0.

The unit cell of this square lattice consists of one atom, effectively bonded to
its immediate neighbors. For the Hamiltonian given in the problem, the distance
between the nearest neighbor atoms is needed. For the atom in the origin, this can
be found immediately as

1 ~
ai :Rn1+l,n2_Rn1,n2:a( 0 =ax,

0 P
a2:Rn1,n2+1_Rn1,n2:a( 1 ):ay

The basis vectors of the reciprocal lattice are found by using the relation a;-b; =
2n6;;; therefore, we obtain

2n (1 2r (0
=t (o) == 2(0)

Therefore, the first Brillouin zone consists of all points of the reciprocal space that
fulfil

keBZ = k=kib+ kb,
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with ky,k; € (%1 *7) The given Hamiltonian can then be rewritten as
_ A~
= Z(aR R, +a, —|—aR AR, ar +aR aR,—a +aR ag, az) —,uZaR ap
n

b) To transform this Hamiltonian to the reciprocal space, we use the relations

~ dk ~ _.,. ~
ag, :/ ——Age tk-Ry S A= Ze’kR"
BZ VVpz VVez 5
A; _ dk lk R,,A+ k _ ZQR —ik-R,
b
" VBZ VVBZ "

where Vpy is the 2-volume of the Brillouin zone, and & is the wave vector in reciprocal
space. After substitution, the Hamiltonian transforms to

dki ik R, dky ~ iR
H / ek A+/ A iko( ,,+a1)+
Z( K fps ky€

2
Vpz

oK1 Ra g+
Vaz

Vaz
></ dk; A\kze—ikz-(Rn—al)+/ dk, e_ikl.R,,ng/ dk;
BZ

dk dk : dk
+ / 2 lkl ‘R, A]jl / 1 Aer_lkZ'(Rn+a2> +/ ki 8
BZ VBZ BZ BZ

Vaz

1 e—ik2‘(Rn—a2)>
Vpz k1 bz \Vaz ko
_#Z/ dkl lkl R,, / dk2 A+ iky- R,,
BZ VBZ A, Vpz ko
—~ 1 ~ o~
H:—/ dky | dkoA;fA
Vez JBZ BZ 1

i |:l (e—ikz-al +e—ik2'a2 +eik2-a1 +eik2-a2) _lu:I
X Y etk

n
Using that ¥ ¢/t k2)Rn — Vez6(k1 — k) leads to further simplifications
n
H— dk / dkzgljgk [t (e—ik2~a1 + e thra | Jikya +eikz~a2) _ } (k1 — k)
BZ BZ 2

= / dk]z:\\,jlgkl {t(e"‘k”’1 +ethrar g pikrar y oikiaz) —,u}

BdeA*A [2¢(cos(k-ay) +cos(k-ay)) —u] -

¢) In the k — 0 limit (using cos(x) = 1 — %), we obtain in the continuous limit:

i = [ dkA* () 14 = (k- = (k-2)?) -] A(K)

—/ KA (K) [(41 — 1) — a2t (K2 + K2)] AK).
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Food for thought: Take the preceding Hamiltonian and transform it back into
position space. We obtain

H= /dx [a®t( 82—1—82) + (41 - )] /dxa
This equation immediately identifies the Hamiltonian of the Schrodinger equation,
P
2 *
where the effective mass of the particles is found as m* = 7 = -, while the effective
potential is V (¥) = (4¢ — ). This result is quite interesting, as it shows that the

collective behavior of the Cu electrons is equivalent to quasi-particles with an
effective mass m* under an effective potential V (¥).

=a* (9} +0])+ (4t —p)=2—+V(F )

\ J

Problem 5.26
Graphene is a 2D carbon layer with a honeycomb lattice, in which the location
of each atom can be specified by R = (nja; + naay), where a; = a( i ) and

am=a (%? - @f) are unit vectors and a = 1.42 A is the distance between first neighbors

(see Figure 5.6). For such a covalently bonded material, the real-space Hamiltonian
involving only nearest-neighbor coupling can be written as

f]:—tZ(ﬁR +aR bR +ay —|—a+ bR +a2—|—Hc)
n

where 7 is a parameter and @ (E;g), agr(br) are the creation and annihilation operators
for electrons on atoms A(B) in the unit cell labelled by R

a) Obtain the basis vectors of the reciprocal lattice and determine the first Brillouin
zone.

b) Write the preceding Hamiltonian in its second quantized form in reciprocal space.

¢) Find its eigenvalues and eigenstates.

d) Examine the Hamiltonian and its eigenenergies and eigenstates in the vicinity of

the special points, K. = (1, \+fl) such that k = K. + ¢ in the limit of ¢ — 0.

a) The unit cell of this honeycomb lattice consists of two inequivalent atoms, shown in
dark and clear gray colors in Figure 5.6. For the Hamiltonian given in the problem,
the distance between the nearest neighbor atoms is needed. For the atom in the
origin, these distances can be found from geometry considerations,

o263 L)oo

The basis vectors of the reciprocal lattice are found by using the relation a;-b; =
276, j; therefore, we obtain
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@I Lattice structure of 2D graphene with its unit lattice vector @, » and nearest-neighbor vector & 2 3.

The given Hamiltonian can then be rewritten as
7 _ ~ 7 ~7 ~7 2+~ L+~ L+~
H=-r}) (“R,.bk,,+61 taR, bRy 15y TR, Ry 183 T PRy 15, OR, T Ry 18, R, T bR,.+63"R,,> :
n

b) To transform this Hamiltonian to the reciprocal space, we use the relations

~ dk ~

Ry = Ake—ik‘Rn A= ZeikRnaR,”
BZ VBZ VVBZ n
- dk ~ . . 1 o
R, = Bke ik-R, o Bk — Zelk Rann’
BZ \VVBz VVBz 5
~ dk  4p = -~ 1 ik
ap = 22 ik R"B,j ©Bf=—=Yaje kR
" BZ \\VBz VVez 5 "
~ dk 4 p ~ ~ 1 ~ .
b :/ KRB o B — bt o-ikRa
Bu " [z Vs k k \/@Zn: R ’

where Vpz is the 2-volume of the Brillouin zone, and k is the wave vector in
reciprocal space. After substitution, the Hamiltonian transforms to

g_t2</ dk, eikl-R,,A‘l-‘i-/ dky B, el (Rutd)
w \/BZ VVpz ' JezBZ **

+/ dkl eikanA\-‘r/ dk2 E e—ik2~(Rn+62)
BZ VBZ ky BZ VBZ ka

N / dky_ ki Ry 3+ / dky g iy (Rut53)
872 Va7 ki [z WV, *2

+/ dk eik]-(R,,+al)§k+/ dky A, e iR
BZ \\VBz ' JBz VVpz ™

+/ dk, eik1-(Rn+6z)§I:r/ dks gk o~k Ra
BZ \\VBz ' JBz V7 ™2

+/ dk; eikl»(R,,+63)§lj/ dk; A\k eik2~R,,)
BZ \\VBz ' Jpz V7 ™
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-1 s (e o i
AL [ o [ o [AgB, (0w et o)

+B{ A, (eikl-él 1 k18 +eik1»63)} Zei(kl—kz)-R,,.
n

Using Zei(kl_kZ)‘R" = Vpz6 (k1 — ky) further simplifies the preceding expression:
n

~ —t ~ ~ ik o ik
H:@/Bzdkl/gzdkz [AI:BkQ (e kod) | kS |, k263)
B Ay, (040 g k0 Vi (ky ~ ko)

. —t/Bde1 70, Ad By i Bl A |

3 .
where yx = Y e *0n,
n=1

¢) To find the eigenvalues and eigenstates, we give H in a matrix form,
. ~ = 0 A PPN A
H=—t/ dk (AZ,BZ) ( A ) Yy =—t/ dk (AktB,j) hky | 2k,
BZ v O By Bz By
from which it is easy to obtain

(o
E+:it 5 - —= Yk B
+ lvels x1 AR
lyil = \/3+2cos(k- (61 —62)) +2cos(k- (81 —63)) +2cos(k- (6, —63))

3ak 3ak,
- 3—|—4cos( azx>cos<‘/_2a ~ +2cos? (‘/gaky)>.

The energy dispersion is schematically given here (Figure 5.7), and we see that
2n +1

the energy bands touch at the special K. = ££ <1 , T@) points.

3a
d) In the vicinity of those special points, we expand the wave vector k = K, + ¢ and
consider the limit ¢ — 0, for which we find

m The graphene lowest energy bands with characteristic K, K” points in the Brillouin zone.
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3t Y 3t v
7ae_’5 (gx £ igy) = Tae"gq(cos(e) +isin(6))

_ 3taqe—i%eii9 _ 3’“‘161'(—%19)

'}’Ki+q =

)

~ 3t 0 % (ge—i
hi(q) = = ( oE ( ¢ (6]x lqy) ) )

2 %c+iq)’) 0
~ - 3ta 0 e’ (qx+igy)
05 (ot 0" )

+if

The phase (e ) can be ignored since it only reflects a global £ rotation of g,

and ¢,. Thus, the low-energy Hamiltonian and its eigenvalues and eigenvectors at
K, are

= —Q0 " y
2\ gxtigy 0 1

n _ 3ta ( 0 gx —iqy > _ 3ta
T2 2

E_+3ta' 1 ‘“_Tiqy _1<ei9)
i_—zq’ Xi_\/z il _\/z il I

where o = (01,07) are two Pauli matrices. Similarly, the low-energy Hamiltonian
and its eigenvalues and eigenvectors at K_ are

~ 3ta 0 qx +iqy 3ta
h_(q) = — Y=o
e R g

3ta e 1 [ e
E, =+— ; e q e ,
+ 3 q; X+ 2 41 \/i( 41 )

where o = (071,-07).

Food for thought: The Hamiltonian for small wave vector around the special
K-point is often written as 4 = hivpo - ¢, which has exactly the same form as the
Dirac Hamiltonian (considered in the next chapter). The fact that the energy
dispersion in the special K-point is linear is one of the main reasons for the
unique properties of graphene, which is often referred to as a Dirac 2D system
(Castro Neto et al., 2009).
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Relativistic Effects in Quantum Mechanics:

The Dirac Equation

In quantum chemistry, relativistic effects are usually considered as small corrections to
dominating nonrelativistic quantum mechanics as described by the Schrodinger equa-
tion. Typically, one applies perturbation theory to explain properties of heavy elements
in the periodic table. The relativistic correction to the electron kinetic energy in atoms,
spin—orbit coupling, and Zeeman splitting are some examples, which can be found in
many textbooks. Taking into account concepts from special theory of relativity, how-
ever, has led to the development of relativistic quantum mechanics, which has been
successful in areas beyond atoms and chemical elements. For example, the prediction
of antiparticles, dynamics of charged particles in electromagnetic fields, and spin tex-
tures of fermions among others are unattainable without fully relativistic description.
Much of the current research in topologically nontrivial materials has also shown that
relativistic quantum mechanics is needed to understand such physics.

In available textbooks, relativistic quantum mechanics is left as the last chapter with
a few examples worked out in detail and a handful of problems left for practice. One
has to make a big jump by filling out a big gap of needed technical skills. The Klein—
Gordon and Dirac equations are Lorentz-invariant relations, which set the foundation
of relativistic quantum mechanics. In this chapter we primarily focus on the Dirac
equation, which is linear in spatial and time derivatives whose wave function can still
be interpreted as a probability density. The Dirac equation gives an accurate descrip-
tion of the hydrogen spectrum and predicts unusual effects, such as the Klein paradox,
for example. Some of the problems we offer are similar to those in previous chapters,
while others are adopted from the research literature.

6.1 The Klein—Gordon Equation

164

The Klein—-Gordon equation is defined as
_hzatzw(xvt) = I:I\Zlﬁ(x,t),
H? = Pppi+m*c* +V(F) = [PV +mPct +V (x)].

where i = 1,2,3 and the Einstein summation is implied.
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6.2 The Dirac Equation

The Dirac equation is defined as
iha o (x,1) = Hy(x,1),
H = ca-p+mc*a* +a°V(F) = ca'p; + mc*a* +a°V (x).

o0 alo o 0|cf ot a | 0
VLol ) N lo ) Lo =)

Note that {a*,e"} = 26"a”, [@’,@”] = 0 for y,v = 1,...,4 and o* are the Pauli
matrices:

10 0 1 0 —i 10
0 __ R 2 L3
#Lo 1) (V)= (0 0) (0 5 )

The Hamiltonian is given in the Dirac representation, but using o* instead of 3.

where

6.3 Symmetry Operations for Dirac Particles
- ___________________________________________________________________________________|

Time-Reversal Operator: 0 =na'’K
Parity Operator: 1 =na*n

Particle-Hole Symmetry Operator: C = naza“l?

In the preceding definitions:  — arbitrary phase, K - complex conjugation,

arn~! = —F — parity operation for the position operator 7.
Problem 6.1

The Dirac Hamiltonian for a massless particle is H=co -p+V(¥)o,, where c is the
speed of light, o = (07, 07y,07;) are the Pauli matrices, p is the momentum operator,
and V(¥) is an arbitrary potential (Berry & Mondragon, 1987).

a) Obtain the eigenspinor |y(x)) and eigenenergy for this massless particle constrained
to move in 2D for the case of V (¥) = 0.

b) Consider also the local electric current j(x) = ((x)|V ,Hly(x)) and give its explicit
representation.

a) We begin with the eigenvalue equation for the given Hamiltonian,

Hly(x)) = Ely(x)), coply(x)) = —ihco -V |y(x))

a0 0a () ()
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The energy for this massless particle is taken as E = fick with k = (kx,ky) being the
2D wave vector. Writing the preceding equation in a matrix as a linear system, we
obtain

—i (dx—idy) Y2 (x) = kyry (x)
- (8x+18 )l//l(x) = l//z(x)
After applying the conjugate operator to each equation, +i (dx +idy) to the first
equation, and —i (8,( - ic9y) to the second, we obtain
[i (9x+i0))] [=i (9= i9y) | ¢n(x) = (97 +97) ¥u(x) = Aru(x) = K> (x)
for n = {1,2}. Therefore, each spinor is a harmonic function in the x = (x,y) plane
Yn(x) = J’n (k)elk'x-

Let us take ¢ (x) =
easy to see that

=i( *ﬂa )z,b 1(x), from the second equation, for example. It is

=~

x +iky k),

)A(kﬁ;1>>
(:

k

1 1 .

et )i =a( b )
dk+lk

= = ¢k in polar coordinates. The spinor must also be

%1

where k% = k2 + k2

dk dk ..

normalized:
L= G = [ Gndt W0 =247 [ S5 k)

= 2/AP (1 (k) (K)) .

Since (¢ (k)1 (k)) = 1, we obtain |A> = 1, and A = ﬁ with @ being an arbitrary
phase. Thus, the eigenspinor for the massless 2D Dirac Hamiltonian in free space

is
(x)) = ( Z;g; > _ f/;( P >e,-k.x.

b) Next, let us consider the current j(x) = (w(x)|Vpﬁ lyr(x)). Since VI,I-AI = co, we find

Jj(x) = W(x)lealy(x)) = @ (x)| (0% + ) [ (x))

_ Eefik.x(Le—i‘pk) ( (1) (1) ) ( e’%ﬁk )eikx:f
C _ik _j 0 —i 1 ik-x~
Fae L w)( i 0 >< eléH >el N

c » AN _ ek N\ .
=§<176 """)( | )x—zz(Le ""’k)( . )y:c(cos(gok),sm(gok)).
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Problem 6.2

The Hamiltonian for a relativistic particle constrained to move in 2D is
H = co-p+V(F)o.. Here, o = (0x,0,07) are the Pauli matrices, p is the momentum
operator, and V (¥) is an arbitrary real potential (Berry & Mondragon, 1987).

a) When is H invariant under time reversal?

b) Consider the antiunitary operator A = o,R,K, where R, represents the reflection
Ry(x, y)A: (x,—y) and K is the complex conjugation operator. When is H invariant
under A?

c) Consider the antiunitary operator C = io-yﬁzﬂfi, where the rotation by 2x is

Rox(r,¢) = (r,¢+27). When is H invariant under C?

a) The time-reversal operator for a spin !/ particle is 0= ne'2"/2K = nic»,K, where n
is an arbitrary phase (see Problems 1.24 and 1.25). Transforming the Hamiltonian
gives

Ho = OHO™ = jic»K (co-p+V(@F o) K o3ti !

_ 77!'0'21?( V(r) ¢ (P —Aiﬁy) > Rlog'ity!

c(px+ipy) -V(¥)
— n(io V(r) C(ﬁ;"‘iﬁf) RR1 (o) !
i) (e P )RR

(0 -1 VF)  c(pr+ipy) 0 1\ _,
“T1 o c(pr-ipy) V@ -1 0 )"
_V(’r\) c (ﬁx - iﬁy) ) -~
= ~ i~ o~ +H.
< c(px+ipy) V@)
The preceding result, obtained by using p; = —p;, shows that the given Hamil-

tonian is not invariant under time reversal. We realize that the Hamiltonian is
invariant under time inversion only when V (¥) = 0.

b) Transforming the Hamiltonian under A= ozﬁyl? operation gives

~ ~ ] ~ A 7 Dy —iDy PPN
Ay —AGA™ = a-ZRyK< AV(r).A c(px iP;) )K—l !
C(px+lp)>) _V(V)

ok, P (P +ipy) ) ®EDR !

<

pi-ipy) V(&)
Y ( V(E-5)  c(pr-ip}) )
“\e(pr+ip;) -V(E-Y)
V(E-y)  —c(pi-ipy) )

_ ( VE-D)  c(pe-ipy) ) |
—(pi+ip})  ~VE-

a ( c(px+ipy)  -V(E-D)
The Hamiltonian is invariant under the A operation only if IQyV(?)ﬁy‘l =V,
while in general ﬁA +H.
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c) For the operator C = ia'yﬁzﬂl?, the rotation matrix operator is
~ i , 0 -1 0 .
Rz = 230 = om0z — ( eO ir ) = ( 0 ] ) The transformed Hamilto-

: e _

nian then becomes

- - S ~ = V(;’\) C(ﬁx—iﬁy) S lp—17- -1
He =CHC —(zO'y)Rz,,K< C(Putin) -V K™ 'Ry, (iory)

(5 o) OG5 s ()
_ ( -V(r) —c (j;j;:iﬁ;) ) _ ( -V(r) c(px—ipy) )

—c(pr+ip}) V(¥ c(Px+ipy) V(¥)

In the preceding Hamiltonian, we have used that Ry,V (F)R;) = V(7,¢ + 271) =
V(¥). While in general Hc # H, in the case of V(¥) = -V (¥) (meaning V (¥) = 0) the
given Hamiltonian is invariant under the C operation.

Problem 6.3

The Klein-Gordon equation —hzg—;zp(x,t) = (=1?c?V? 4+ m*c*)y(x,t) incorporates
relativistic effects in the quantum mechanical framework. This is a second-order dif-
ferential equation with respect to time and it is consistent with the special theory of
relativity since the equation is invariant under inertial frame transformations. Is the
Klein—-Gordon equation consistent with the meaning of probability density as given

by standard quantum mechanics?

In quantum mechanics, the probability density must be real non-negative, and the
norm of the wave function must be time independent.

Note that the solution to the Klein—-Gordon equation with no potential, given in the

%, where the energy E = %1/ (hck)? + (mc?)* can

problem, is satisfied by y(x,t) =
be either positive or negative.
Let us remind ourselves that the probability density p and the probability current
density j must satisfy the continuity equation, such that
dp

iv.j=0
dt+ J )

where

p(x) =i [y (x,0)9%(x,1) = 9" (x, 1)y (x,1)] ,
J () = i[y" (x,2) 0"y (x,1) = Y™ (e, 1)y (x, 1))

eIEI—Ak-X .

in p(x), we find p(x) = % Given that E can be either

Substituting y(x,1) = NG
positive or negative, this quantity p(x) cannot be interpreted as a probability density
in the quantum mechanical sense which must always be non-negative.
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Problem 6.4

The Dirac equation for a free particle can be written in the familiar form
ina® Sy (x,t) = Hy(x,t) = [cap+mc?a*] y(x,t). Is this equation consistent with the
meaning of probability density defined as p(x,1) = (y(x,1) [(x,1))?

We must check to see if the norm of the wave function satisfying the Dirac equation
ihao%w(x,t) = Hy(x,1) is conserved in time. Thus,

i (e nlen) =i [ dxut (e

= /d3x [(ihaoizﬁ+(x,t)> w(x,t) +yt(x,1) (ihaojtw(xvf)ﬂ
_ / P [w(x,t) (Au(x.n) - (ﬁw(x,t))+w(x,t)] ~0.

Given that (y(x,t)y(x,r)) > O¥xand ¢, (¢(x,7)l¥(x,1)) can be considered a probabil-
ity density in quantum mechanical sense.

Problem 6.5
Consider the Dirac equation for a free particle ihao%(p(x,t):Hw(x,t) =
[ca-p+mc?a*] y(x,t), where the @ matrices were defined at the beginning of

the chapter. Show that the eigenenergies are E = ++/p?c2+m?c* with corre-
sponding eigenspinors expressed in the eigenbasis of the o -p operator with

[ — i
Y4 = ( Sicno(s g()ze)”’ ), Y- = ( Slcr(l)gz(%) B ) in spherical coordinates of the momen-

tum p = p(sin(6) cos(¢),sin(6),sin(¢),cos(H)).

We begin by taking the ansatz y/(x,t) = u(p) e with the spinor u(p) = ( Zl ((ﬁg )
2

and substituting it in the given equation Hy(x,t) = Ey(x,1),

< mc’oy  cop ) ( ui (p) ) —E( u1 (p) ) 5 {ca’-pug(p) = (E-mc*)u; (p)
co-p  —mc*oy u2(p) u2(p) co -puy(p) = (E +mc?)uy(p)

Then, it is easy to find

ur(p) = m ui (p),
ui(p) = chmlzz u(p).

Inserting the first equation into the second, and using (o7-a) (o--b) =a-b+ o - (axb),
we further obtain

u(p) = P TPy (p) = L”zm

E —mc? E +mc? “ — (mc?)
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from where positive and negative eigenenergies are obtained,
E. = +v/2p? +m3ct.

Similarly, inserting the second equation into the first leads to the same result for E.
Therefore, the eigenenergies are double degenerate.

The preceding solutions for positive and negative eigenenergies imply that the
eigenspinors of the Dirac equation are

1
ui(p) =Ny cop ;
Ej+mc?

co-p
u_(p) =N_ ( E,—lmc ) .
1

Finally, we take the solution to (o - p)y = Ay (where y = m( Z )) as a
a

representative basis for u. (p). From

P3 p1—ip2 cos(6)
a - = . = . .
P ( pi+ipy  —p3 ) b < sin(6) e

one finds the eigenvalues 1, = +p and they are associated with the following eigenvec-
tors:

sin(f)e™**
—cos(6) > ’

= (i ) - (8T

Since </\/#| )(v> = ,,y, the four eigenvectors of the Dirac equation are

Uy y(p) =Ny w)g,n =Ny
E++m02X’7

X
nep )
Ey TmAn

cap nep
e [ 0 o (20
Xn Xn

where 7 = +. After imposing the normalization conditions 1 = (u. ,(p)lu. ,(p)) and

using that {x,|x,) = 1, we obtain

N — E; +mc? N — E_—mc?
T 2E, T T 2E.

The results for the four orthonormalized eigenspinors are expressed as

. 1 E. +mc?y, B
werle) =z | e ) )=
with E; = /m%c* +¢2p?, and
1 2Ly _
u-+(p) = V2E < e ) » u-(p)=

with E_ = —/m?c* + 2 p2.

1 [ VE Tmay
\/2E+ VE4 +mc? X-

1 A
= ()
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Food for thought: How would the eigenenergies and eigenspinors change in
the limit of m — 0? Show that, in the zeroth mass limit, the helicity operator
=5 p= %l&-a,, is conserved and that the Dirac equation can be split into
two independent parts, corresponding to the two possible helicities of the Dirac
fermion.

Problem 6.6

a) Is the angular momentum L= ¥xp conserved in the Dirac equation

H = ca-p+mc*a* +aV(r)?
N o 0

b) Is the total angular momentum defined as J = L + %2, where 3 = ( 0 o )
conserved in the Dirac equation? (Here o = (o', 02,07%)).

¢) The parity operator for the Dirac equation is defined as IT = na*7, where 7rn ! = -7
is the parity operator for the Schrodinger equation, as discussed in Chapter 1, and
n is an arbitrary phase. Is the operator IT conserved in the Dirac equation?

a) Let us consider the commutator of the Dirac Hamiltonian with the ith component
of the angular momentum operator (L; = &7/ p*) and utilize the property

35.6] =4 [5.¢] + [1.] &
{H\,Zi] = [(ca-p+mcta* +a'V(F), g7/ p*]
= cebim [@ P T p*| + mPey [of FIPY] + ey [V (7), 7 pF]
= cepdm(Fla’ [p", p*]+77 [@', p"] p" + o' [P 7] p* + [ 7] P DY)
+mc?e (77 [a*, pF] + [@*, 7] PF) + ejua® (7 [V (@), p*| + [V(#), 77] p*).
Taking into account that all commutators with @ matrices are zero together with
the relations of conjugate variables [/, p™| = ih/™ and [p™, p*| = [P",7*] =0, we
find (see Problem 3.19)
AV (¥)
ort
= —ihicego)a’ p* + iha er! OV (7) = —ihej (ca’/ p* - 710V (7)) £ 0.

|A,L| = coipdum(~a"ins p*) + oeyir; 2 ins™

The angular momentum is not a conserved quantity for the Dirac equation.
b) For the total angular momentum, we have to evaluate the commutator of the Dirac
Hamiltonian with the components of the spin operator,

[I/-if,’} = [(ca~ﬁ+mc2a4+aoV(?)) ,El}

= O (a/ [1’5’",@} + {c/il} ]7") +mc? [a“,f‘} + [aOV@),f’} .
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The only nonzero contribution comes from the second term in the preceding
equation, for which it is easy to find that

o 0 of a0

0 5i|

=)=[00 %) (5 5]
(0 o o 0\ (o 0 0 of
"ol 0 0 o 0 o ol 0

i 0 1 ; 0 1 ; 0 o .

N P _ nlik _ nlik k _ s lik
—[0',a']®(1 0)—28 0'k®(1 0)—28 <O'k 0 )—218 a.

Combining with the results for the angular momentum, we obtain
A7) = BT+ 257 = ine* (ca,fe- o700V () + 2aice ™oy
[H,J']= |H, —|—§ = ihe (cajpk—a 70k (r))—l—glcs ape

= iha 70,V () £ 0.
It appears that the total angular momentum is conserved for a Dirac equation
whose potential is a constant. In general, however, J is not conserved.

¢) Let’s consider how the Dirac Hamiltonian transforms under parity (IT = na*7),

Hp =THI " =TI (ca-p+mc*a® +e°V (7)) ™!
=o' piIl" + TimcPo* I + eV (7!
PN NSGUE N _ S -1\

=cn(aai (@)™ (7pim 1) '+ mct(atat () +p@Ev(E)ETh) (a4a/0 (a4) ) .

Using 7irn~! = =7, ipn~! = —p, [@*,°] = 0 and {a*, '} = 0, we obtain

Hy = c(=a') (=pi) + mc? (o) + (@) V(=7) = ca'pi + mca* + "V (7).

The Dirac Hamiltonian is invariant under parity transformations only if

A

VE) =V (7).

Problem 6.7
Consider the Dirac equation in 1D with no interacting potential, & = vg pyoy +m(X)o,
. m_, x<0
where the “mass” of the medium is m(x) = . Here m. > 0.
—-my, X > 0

Find the bound solution and its energy and eigenstate.

Using p; = —ihd;, the Hamiltonian is written in a matrix form,

7 m(x)  vepe \ _ m(x)  —ihvpoy
S\ vepe -m(x) )\ —ihved,  -m(x) )’
Due to the form of the mass term, we can solve the problem independently in each
region and impose an appropriate boundary condition at the boundary x = 0. As we
u(x)

uz(x)

are looking for a bound state, the solution ¢/(x) = ( ) must vanish at x = +oo.
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Therefore, we propose the following ansatz for each region: ( Zl (x) ) =u et =

- +
( 1 ) e~*forx <0and < 1 (x) ) =ute = ( o ) e *+* for x > 0 with k.. > 0,
7 up (x) uy

that automatically fulfils the boundary conditions at x — +co. The eigenvalue problem

for the two regions becomes

Fmy +ihvpk, uy _z uy
+ihv gk, +my us ) u )

The constant k.. can be determined from the eigenvalue equations,

Fmie—E  xihveks | o \/mi—E?
iihVFki +tmy -F a = hVF '
-myFE
The eigenvectors can also be found as u* = C.. ’”{ k= ). At the boundary x =0, the

wave function must be continuous lir(I)l Y(x) = 1im+ ¥(x), which imposes that
x—0~ x—0

. _+E __ . my—-E
lC_});lnka_ _lc+hvt:k+ R m_+FE _ m+—E.
C_= C+ hVFk_ hVFk+

After substituting k.. and some algebra, we obtain
2E (m+ +m_) = O

Given that m, > 0, the preceding relation can only be satisfied when E = 0, which
further shows that 7iv pk. = m.. Thus, the orthonormalized eigenstates reduce to

all)

The full solution of the wave function is further written as
Y(x) =N [u_ek—x®(—x) + u*e_k”@(x)} ,

where the normalization constant N can be found from (y(x) [y/(x)) = 1. The complete
solution to this eigenvalue problem is finally written as

1 - [ X —kix
E=0; y(x)=n M”ﬁ”’m_( i )[ek_ O(=1) + e+0(x)]

1 mym_ i )
=ny|—— er”,
wpmy+m_ \ 1
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Food for thought: We note that the solution exists even if m, — oo, in which
case ¥(x) — 0 when x > 0, but it is finite at the boundary. This problem was first
considered by Jackiw and Rebbi (1976) in the context of solitons with spin 1.
It is also considered as the mathematical basis for the existence of topological
excitations in 1D systems and their edge states at an interface (Shen, 2012).

Problem 6.8
Consider the 1D Dirac equation with velocity v (instead of the speed of light ¢) but
with an added quadratic correction

71\ = VDxOx + (mv2 - Bﬁ)zc) 0z

where B > 0 is a real constant. We assume that this type of equation applies to the
region x > 0 and the eigenenergy is £ = 0.
Find the corresponding eigenstate for this equation at the surface x = 0.

We need to solve the 1D eigenvalue problem
[Vﬁxa-x + (mVZ _Bﬁ)zc) O—Z} ¥(px) =0,

where the two-component spinor ¥(x) must vanish at x < 0. Let us multiply the
preceding equation on the left by o, and use the property o o, = —icy:

[vproz + (mv* = Bp3) 0x0; | ¥ (px) = 0 = [vprog — (mv = Bpy ) iory| ¥ (px) = 0.

This suggests using oy, = 17y, Whose eigenspinor is y, = % ( rl] > with its eigen-

values = *1. The spinor is represented as ¥(px) = x,¥ (px). From here, we find the
following equation for  (py),

[vDx—i (mv* = Bpg) 0] xyws (px) = 0.
Multiplying on the left by n and using explicitly p, = —ifid,, we further find
BR?92y(x) 4+ niv @y (x) + mv?y(x) = 0.

Here we assume that ¢(x) ~ e™**, with k > 0 , which ensures that the wave function
vanishes at x — co. This yields a quadratic equation for k, whose roots can be found
easily from

BRI — phvk +mv? = 0,

ke = —11\/@}.

55 |

Further imposing that the wave function vanishes at x = 0 yields

V2 \ i
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where the normalization constant can be found as

=1 [ [\C@ (n,—i)u* (x)} [% ( ! ) w(x)} dr=1CP [ wiPds

< - 1 1 4
— |C|2/ ( kix _ k. X) dx = |C|2 ( ki Z +k )
- +

\/_«/kJrk (ks +k-) \/‘

ki —k-|

1- 4Bm

Food for thought: Tt is interesting to graphically analyze [¥(x)* versus x. We
note that the wave function probability is mainly localized around the edge x =0
and the spread of this probability distribution is dictated by the parameters in
k, and k_. Can you plot [¥(x)|?> versus x for some parameter choices to illustrate

this point?

Problem 6.9
Consider the Dirac equation from the previous problem, but in 2D with velocity v
(instead of ¢) with quadratic corrections to the mass term B (ﬁ?c + ﬁg) = Bﬁz, (B> 0).
We assume that this type of equation applies to the semi-infinite region x > 0 and the
eigenenergy is E = vhk,, where k, is the wave vector in the y-direction.

Find the corresponding eigenstate for this equation at the surface x = 0.

The Dirac Hamiltonian is now two-dimensional, and it is written as
~ ~ ~ 2 ~2 ~
H = vp,0+vpyoy+ (mv* = Bp; - Bp;) 0.

As the problem is invariant under displacements in the y-direction, we realize that
Py = hiky is a good quantum number. Also note that, for k, = 0, the problem is very
similar to the 1D problem already solved earlier. Then, we use again the solution of

the eigenproblem oy, = 17y, whose eigenspinor is y, = % ( 7 ), with eigenvalues

n = =1, and represent ¥(x) = y,¥(x), such that

ﬁ)(,,gl/(x) = thyXﬂ¢<x)7

[VPxo s+ vPyory + (mv? = Bps — Bpy) 07| xye ™ e™ = vhkyyye et

Note that it was assumed that ¢(x) ~ e **¢®?, which ensures that the wave function
vanishes at x — co and that 7k, is a good quantum number (pye’® = fik,e™™Y). After
left-multiplying both sides of the preceding equation by o, and using that oo, = —ioy,

(VP = in (mv* ~ Bp; _Bﬁi)]xﬂe_kxeik"y = v (Itky = pyn) Taxpe e,
[vpix —in (mv? = Bp; — Bh?ky ) | e ™Y =0,
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which is very similar to the 1D Dirac equation from the previous problem. Going back
to the position space by using p, = —ifd,, we obtain that (x) must fulfil
[v (=ihdy) - in (mv2 —B(=ind,)? —thkg)} yoekiehy =0
[v(ihk) — in (mv* + BR*k* - BI°k; )| =0,
BR*K* —nvik + (mv* - Bh*k;) = 0.

The roots to this quadratic equation are

v 2Bhk, \ >
ke =np— |-1+4/1-4B Y
== B \/ m+( y >

In order to ensure that the wave function vanishes at x — co, 7 = 1 must be imposed,
which is also consistent with the equation for the energy. Therefore, the eigenstates cor-
responding to the 2D Dirac Hamiltonian defined in the boundary of the semi-infinite
space x > 0 are

C 1 )
E = thy7 \P(x7y) = — < ) > (e—k+x _e—k_x) ezkyy’

V2 \ i
c_ V2 /ksk_ (ki +k_)
lky —k_|

Food for thought: Suppose we are looking for the eigenstates corresponding
to the preceding Hamiltonian and boundary condition but with eigenenergy
E = —viiky. What changes in this case and how is the solution modified?

These two eigenstates with E = +vfik, energies correspond to the so-called heli-
cal edge state whose characteristic length A is found to be dependent on «,
(Zhou et al., 2008).

Problem 6.10
In two dimensions for a Hamiltonian of the form H = d(p) - o, where p = (px, py), one

d-(3ppdxdp,d
can define the Chern number C = —ﬁ J dpw. For Chern numbers C # 0, the
system for which this Hamiltonian applies is topologically nontrivial.
The Hamiltonian from the previous problem is precisely of this type,

H=vpoy+ vpyory + (mv2 - Bp? —Bﬁg) o,

where n = 1 and B,m can be positive or negative. Under what conditions is the system
topologically nontrivial?
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From the definition of the Chern number, using d = (vp.,nvpy, (mv* —Bpi —Bp3)), we
obtain

-1 n? (mv2 + Bp? +Bp§)
c=4 [.d
4r JR

3.

(vzp)% +v2p} 4 (mv? - Bp? —Bpf,)z) ’

Due to the rotational symmetry around the origin, the integral is written in polar
coordinates p = (px, py) = p(cos(8),sin(0)),

—nv 2” mv? + Bp?
/ / Tpdp

3
v2p + (mv2 — Bp))2

- mv2+Bq
=4 Jy sdq,

(vzq + (my? —Bq)z) :

where g *2 p?. The integral over ¢ can be carried out by applying the change of variables
q = u+ 555 (2Bm—1), which leads to

B —771)2 oo Bu+2mv* — é;B
C = 2 3 du
4 o5z (1-2Bm) (4B4u2+v4(4Bm—l)) 2
32

B -p? 1 /oo Bu + <2mv 35
4 (432)% (1-2Bm) 4(4Bm—1)
T 4BF

2

Using that

1 -1 u u
- R
(U2 4+A)2 uz+A (U2 +A)2 AVu? +A
it is easy to obtain
C= zn(szgn( m) + sign(B)).

Thus, it appears that the system is topologically nontrivial when the parameters B,m
have the same sign, in which case C = +1. However, when B,m have different signs,
C = 0 and the system is topologically trivial.

Food for thought: The fact that topologically nontrivial solutions exist when
mB > 0 reflects the bulk-edge correspondence consistent with the quantum Hall
effect (Hatsugai, 1993; Shen, 2012).

Problem 6.11
Let’s now consider the Dirac Hamiltonian in the 3D half-space located above the plane
x=0,

H= VDxOx 1Y (ﬁyo'y +ﬁza'z) + (mvz _Bﬁz) Oz,
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where 172 =pi+ ﬁg + ﬁ?. The Hamiltonian vanishes at x = 0 and the eigenenergies in

this case are £ = +v, / p% + p2. Find the corresponding edge eigenstates.

As the problem is invariant under displacements in the y and z directions, we realize
that p, = fik, and p, = fik; are good quantum numbers. Therefore, the eigenspinor is
¥(x,y,z) ~ ehvelks,

We further note that this problem is quite similar to the 1D and 2D edge problems
we solved earlier, thus we use a similar strategy by seeking a solution in terms of the
solution of v (pycry + pZO'z) X+ = teys, whose eigenvalues e. and eigenspinors are

p:xe

— 4o — + 2_|_ 2 — 1
€x = €=V /Dy pZ’Xi_\/m ipy )
E Dy

Thus, the spinor for the given Dirac Hamiltonian is ¥(x) = Ce *ewelkiiy, = where
¢7& with k > 0 ensures that the solution vanishes at x — co. After substitution in the
equation H¥(x) = E¥(x), we obtain

—kxelkyyetkzz — ( e—kxezkyyetkzz.

[Vﬁx(rx + (mv2 - Bp? —Bﬁ§ —Bﬁf) O'Z] Xne E —ne)xy

Therefore, imposing E =ne = +v, / p% + p2, we have that the boundary state must fulfil
[vPxox + (mv? = Bp: — Bp; — Bp?) 07| xye e "= = 0,

which is very similar to the 1D Dirac equation as in the previous problems. Taking into

account that p; = —ihd;, we further obtain a secular equation for the constant k,
(mv* + BR*k* — BR*k2 — Bh*k?) ihvk 0
ihvk — (mv? + BR*k? — Bh*k? - Bi*k2) '

We find two roots for which k£ > 0,

y 28R\ 2

Therefore, the eigenstates corresponding to the 3D Dirac Hamiltonian at the
boundary of the semi-infinite space x > 0 with energy £ = +v,/ p% + p? are

¢ p-te ) —k —k ikyy ik
Y, (x,y) = z e — e MY ettt
) @m< iy ) )

o | 2iko(ky ko)
k|

where C is the normalization constant, and we have ensured that W, (x,y) vanishes at
x =0, as required by the problem.
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Problem 6.12
Consider the following effective Dirac Hamiltonian,

H= (C-Dy (ps +ﬁ)2) -D3p7)d” +v(e-p)+ (M-Bip;) ot
where Dy 3, B;, M, v are constants.

Show if this Hamiltonian is invariant under the operations of (a) time reversal, (b)
parity, and (c) particle-hole symmetry.

a) For spinors, the anti- Hermitian time-reversal operator is 0= na 13K, where nisan
arbitrary phase and K is complex conjugation. Therefore,

Ho=©HO' =@ [(C-Di (p?+p2) -D3p?) @’ +va'p; + (M - B} p?) a*] ©!
=7 [I? (C—D1 (ﬁi—&—ﬁ}z) —D3ﬁ§) K (ala3ao( 103)_1)
+r(a' (@) (o'e®) ) (RpiK ™) + K (M- B2p2) K (@' (0*) (a'a) ™) | 07!,

To further reduce the preceding expression, we use that I?ﬁl/(\ ~1 =p* = —p. Also, the
facts that all @ matrices are real except (az)* = —a? further give

Ao = (C-(-17D1 (324 72) - (-17D352) o + (a0’ (oa?) ) (1)
(010302( 1a3)_1)(—ﬁ2)+1}< 0/1013&3( 1a3)_1>(—ﬁ3)

(M (- )232 ) (ala3a4< 10[3)*1)
( Dy (P +py) —D3p3) @ +v(=a') (=p1) + v(=a?) (-p2)
+v(=a?) (-p3) + (M -B;p;) @

= (C-D, (px—|—py)—D3pz)a +va'pi+ (M-Bp}) o =H.
Therefore, the given Dirac Hamilt(lnian is invariant under time-reversal.
b) For spinors, the parity operator is TI = na*7, where 7rn~! = —#. Therefore,
Hn=THO'=11 [(C-Dy (ﬁ?c —&-ﬁf) —D3ﬁ§) o +valp; + (M—B-ZAZ) 4] !
n[7(C-Di (Fi+77) -D3p2) @ (a*a®(@") ™) +v (aa’(a) ™) (xpim )
+7T(M szl)/\—l( 4a4<a4)—1)] 77_1-
Since ipn~! = —p and {a*, '} = 0, we obtain
Hi = (C=Di(=1)* (P2 + Py) — (-1)*D3p2) @+ v(=a') (=pi) + (M- (=1)*B} p; ) @
= (C=Dy (P} +p3) - D3p2) @ +va'p; + (M- B} p}) o* = H.
The given Hamiltonian is also invariant under parity.A R
¢) For spinors, the particle-hole symmetry operator is C = na’a*K. By taking into

account that (e#)~! = a#, pf = —p;, and that the constants C, Dy, D3, M, v, and
B; are real numbers, the transformed Hamiltonian is
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~

He = CHC™' = na*a*K
<K (o) (@) !
=7 [(C—D1 (ﬁf _H/;ykz) —D3ﬁ§2) (020400*0402)

(@0t a*a?) i + (M- B5) (Paa™a'a?)] .

[(C-Dy (p;+p;) —D3pz) o +va'p;+ (M -B; p;) o
1

Since KpK~! =p* = —p, [@%,a"] =0, {a#,a"} = 26" for p=1,2,3,4, and all @
matrices are real except (a?)* = —a?, after a little algebra we get
He=CHC ' = [(C—Dl (ﬁ,zc Jrﬁg) —Dgﬁg) o —valp; - (M—Blzﬁlz) (1/4]
=2(C-Di (P2 +p2) -D3p2) o - H.
The Hamiltonian is invariant under the particle-hole symmetry operation when

He=CHC'=-H (see Problem 6.19), therefore, the given Hamiltonian is invariant
under the particle-hole symmetry operation only if C = D; = D3 = 0.

Problem 6.13
Let us consider the Dirac Hamiltonian at z > 0 when p, = p, = 0. In this situation, an
effective surface Dirac Hamiltonian can be written as

H = (C+D320) o~ ivha o, + (M + Byi*9?) o*.

Given that the energy is E, find the eigenstates corresponding to D3 < B3, assuming a
Dirichlet boundary condition at z = 0. This condition ensures the existence of a topo-
logically nontrivial surface state associated with the topological insulator phase, obtain
this state.

Let us write the preceding Hamiltonian in an explicit matrix form using p, = —ifid;,

C+M+ (D3 +B3)129? 0 —ivha, 0
g 0 C+M+ (D3 +B3)129? 0 ivha,
—ivho, 0 C—M+ (D3 - B3)h?9? 0
0 ivho. 0 C-M+(D3—B3) 1?92

We observe right away that the eigenspinors of this H can be decoupled in the
following way:

aj 0
0 ar
¥ = S, = 5,
1 by e, 2 o |¢
0 b>

This ansatz gives two independent eigenvalue equations:
C+M + (D3 + B3) 22 —ivhé a
—ivhe C—M + (D3 — B3) h*&? by

C+M + (D3 + B3) h*&? ivhé a
ivhé C—M + (D3 — B3) h2&* by

Il
&

ai

b /)’
a
by |’

I
t
A~


https://doi.org/10.1017/9781009355414.006

181 6 Relativistic Effects in Quantum Mechanics: The Dirac Equation

From here, we obtain the following secular equations for the eigenvalues,

(C+M)+ (D3 +B3) PE*—E —ivhé 0
—ivhé (C—M)+ (D3 —B3) P& —E |
(C+M)+ (D3 +B;3) P&* —E ivhé —0
ivhé (C—M)+ (D3 -B3)WP&—E | 7

which lead to the same two roots for the parameter &,

+ 4((E-C)2-M2)i? (B2 - D?
£ +V li\/l—i- (( ) 2) (3 3)’
\2h\/B} - D} v

where V2 = 12v2 — 2k [(E — C)D3 + MB3).
We further note that W ,(z) must vanish at z = 0 and z — oco. Therefore, the
meaningful solutions are

-V 4((E-C)2-M?)W? (B2 -D?
by = ————— 1i\/1—|— (« ) 2) (3 3)7
\2hy /B3 - D} v

aT ajy 0 0

0 0 at a,
— vz _ £z _ 2 Erz 2 £z
¥ (z) bt e al b et Wh(z) o ¢ 2N I

0 0 by b

Imposing the Dirichlet Boundary Condition at the surface z = 0, we have

lim ¥ »(z) = 0, from which we have a ) _ o[ U ) and a1\ _ o ®
mo R b ) T\ by by )\ by )
Rewriting the reduced spinors further gives

o () (1)
’ bi, N \ A

Ai _ (—l)nihvfi . Ni _
(M—C)+ (D3 —B3)iP&2+E "

n

1 1 1 1
The condition ( > = alg_( _ > implies that @;» = 1 and
N1+,2 Atz Ny, Aj,

A{, = A}, are consistent with Dirichlet boundary conditions.
The relation ATQ = A], gives a transcendental equation to find the energy E, which
can be obtained numerically. The numerical solution is left for the reader.

Problem 6.14
An effective surface Dirac Hamiltonian, when a constant magnetic field B = Bu, is
applied along the z direction with unit vector u,, can be written as

H=v(px0)- i, + Ao,

where A is a positive constant. What are the eigenstates and eigenenergies of H?
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After expressing the given Hamiltonian in the form H=d (k) - o, calculate its Hall
dkxdk d(k)- (O d (k)X d(k))
51 T

conductivity, oy, =

The Hamiltonian can be written as

-~

H=v (ﬁxcry —ﬁy(rx) + Ao

Thus, using p; = hik;, one writes the eigenvalue equation Hy. = Ey. explicitly,

A —hv (ky + iky) _
( —tw (ky — ik, ) N )X*EX*'

From here, the eigenenergies are calculated as E, = +\/h?v2k2 + A2, where k? = k2 + k2.
The corresponding eigenstates can also be found,

B 1 ( A+e )
X 28(8 + A) hy (ikx - ky) ’

where £ = /E*2k2 + A2,
To calculate the Hall conductivity, we use that d(k) = (—hvky, hvk,,A); then we
have

/dk Wdky  RVA & /Zﬂ " / 1w vk
7o o 2 (21 A2)3 20 (2n)? h2v2k2+A2)%

n(A) = Eﬂgn (4),

€
T 0w h/|52_47rh|A| Rl

where we have used that o = ;—C is the fine structure constant.

7~

Food for thought: Making a connection with Chapter 2 and previous problems,
we see that there is an intimate connection between the topology of the surface
Dirac Hamiltonian and its Hall conductivity,

/dk dky d - (O, d X Oy, d)
= on |d|3

8d8
/dk kxxky) ac

FE T

2
where we have used the Chern number definition and @ = rT

Problem 6.15
Here we would like to consider the surface states described by a Dirac Hamiltonian
when a strong magnetic field B = (0,0, B) is applied. Working in the Landau gauge with
the vector potential 4 = (—By,0,0), the effective Dirac Hamiltonian given in position
space is

= v [ (ks — eBy) oy + ihdyo] + Ao
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Obtain the eigenenergies and eigenstates. For the calculations, define the dimen-
. _ A . . . . .
sionless parameter M = T and rewrite the effective Hamiltonian in terms

of harmonic oscillator auxiliary annihilation and creation operators, such that
T_ . /o B i SRR b
A=iy/ 5= (0 +E (y— Lk«)) for which [A,A*} =1.

Let’s express the Hamiltonian as suggested in the problem,

H=v [(hky — eBy) oy + ihdyoy| + Ao,

_ < A v[=py—i(px—eBy)] )
v[-py+i(px—eBy)] —A
A7 =
=VvV2eBh | "VZBh A —waesr | M A,
At - At —M
vV2eBh

Thus, we arrive at the following eigenvalue equation:

M A v\ I
v\’2eBh<A\Jr _M>(¢’2>—E<l!/2>.

The operators A and A* are effective annihilation and creation operators, as implied
by their property {Xﬁq = 1. Thus, they can be treated as the ladder operators of
harmonic oscillator levels |n) already seen in other chapters, and then

Alny =Van—1y, ATlny=Vn+ ljn+1).

From the eigenvalue equation, we obtain
My + Ay, = N%lﬁl
Aty =My, = N%lllz

This implies that if ; o |n), then ¢ o [n— 1). By defining E,, = vV2eBhe,, we propose
the following ansatz for the orthonormalized solution

W ( 7z ): ( anln—1) )
) Bualn)
for which the normalization condition of the wave function is a2 + 82 = 1. Inserting
the ansatz into the eigenvalue problem, we obtain the following set of relations:

Mayln—1) +\nBuln—1) = gyayln—1) . May, +\nB, = eqp
\/ﬁanm) - Mﬂnl”) = 8nﬁn|n> \/ﬁan —MpB, = &,
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This leads to &,+ = +&, = £VM? +n. From the normalization condition aﬁ +ﬂ% =1
and the preceding system of equations, we also find solutions for the @ .,Bn
corresponding to &, ..

In summary,

-1
E,+ =+ve,V2eBh, ¥,,= apiln—1) 7
/ ’ ﬁn,i|n>

e FM

Food for thought: For practice, demonstrate explicitly the following com-
mutation relations: {X,Xﬂ =1, [X,X] = [X*,X*} = 0. These commutators

ensure that the A , At operators are effective ladder operators for the quantum
mechanical oscillator states.

These E, . are the Landau energy levels of a Dirac particle. Note that from here
we can obtain the Landau levels for a massless Dirac particle by taking M =0,
found as E, = +vV2ehBn. It appears that this behavior is different when the
particle is nonrelativistic, for which the Landau levels are equally separated by
the cyclotron frequency E, = hw, (n+ %).

Problem 6.16

Here we would like to examine a relativistic electron with velocity v moving in 1D. The
0, x<0
V, x>0
as proposed in Thomson and McKellar (1991). Determine the transmission and
reflection coefficients of the relativistic electron for the following cases:

electron with energy E, is scattered from a step-function potential V (x) = {

a) E, >V +mv?;
b) (V-m?) <E.<(V4+m?);
c) mv* < E, <V —mv>.

For this problem we need to solve the equation
HY =E,¥

for regions x < 0 and x > 0, where H= vpxox +mv2o, + Vo is the Dirac equation in
1D. Since this is an elastic scattering problem with a given energy E,, the wave function

a Ty - . .
¥, (x) ~ ( b > ¢™** is considered in momentum space. Here we take advantage of the

fact that p, = hik is a good quantum number for the momentum operator p, = —ifid,.
The index n = {+1, —1} = {e, h} is taken to denote scattering of a relativistic electron or
a hole particle, respectively.
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The general eigenvalue problem becomes

V + mv? hvk, a a
2 = ET] 9
hivk, V—my b b

which yields E,; =V + 11/ (hvkny)2 +m?2v*. Considering only traveling solutions, we
find

(Ey—V)* —m2v*
k’]7i = ikl],V =+ hv ,
1 . ,
(C+Tn,+€lk”"vx +C_‘P,,7_e_’k'1-V") ,

¥y = ———
|IC+I*+IC-]

W, = ! (mv2+E,7—v>_ 1 ( 1 )
nE = — ,
\/ (Avkyy )2 + (m2 +E, = V) thvkyy Nyv \ £Aqv

. _ hvkyy _ 2
Wlth AU,V = m and NU~V = 1 =+ |A77V| .

This compact solution can now be used to obtain the reflection and transmission
coefficient for the electron and hole particles. The group velocity for the relativistic

electron is
d (V—H]vv m2v2+h2k2) 22k

ok CE,-V’

ve = ViE, =

Assuming the particle moves from left to right, v, is parallel to the wave vector k in
the x < 0 region and antiparallel to k in the x > 0 region.

This general solution for the eigenstates now enables us to consider the specific cases
as specified in the problem.
Case a) In the case of an electron with energy E, > V 4+ mV? (see the diagram in
Figure 6.1), the wave function is

( ) \Pe,L(x) = l}le7+eike_ox + r\Pe,,e_ikvax’ x<0
X) = ) )
‘ W r(x) = ¥, eer?, x>0

From the boundary conditions of continuity of the wave function
111})1 Y(x)= 1im+ Yr(x), we find
x—0~ x—0

14+r _
Ne,O Ne,V
Ae.,() - rAe,O _ tAe,V
Ne,O Ne,V
Using that ivk,y =1/ (E, — V)% = m2y* and the expressions for A,y and N, v, we obtain

ke (mv2 +E, —V) —key (mv2 +Ee)
B ke,O (mV2 +E,— V) +ke,V (mv2 +Ee> ’
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m A schematic representation of the incident (1), reflected (R), and transmitted (77) electron and hole wave function

is given. The potential V (x) is represented as a thick line, the electronic part of the spectrum as light gray, the hole
part of the spectrum as a dark gray and the forbidden energies at white. The arrows show the direction of the group
velocity.

(M2 4+ E, =V )2+ (hvk,y ) 2ke (mv? +E,)
(M2 + Ep)* + (vkeo)?  keo (mv2+Ee=V) +key (mv +E,)’

Case b) In the case of an electron with energy (V —mv*) < E, < (V +my?), there is no
possibility of transmission of a traveling wave, since such energy does not belong to
the given spectrum (see the diagram in Figure 6.1). However, there is a generation of
an evanescent wave for x > 0. In principle, we have

Y, 1 (x) =P, k0¥ £ PP, e keo¥  x <0
W)= g o= e | ,
Wr(x) =t¥, e V", x>0

where —mv? < (E,—V) < mv?. Therefore, the associated momentum of the evanescent
wave is

\/(E,,—V)Z—mzv“ .\/mzv‘*—(E,,—V)z
v ! v

ko =ty = = ik

where ;v is a positive real quantity. Therefore, we have ¥, | =y, eV, with

vy = 1 <mv2+Ee—V>_ 1 ( 1 >
mt = . = . )
\/(mv2 +E-V)+ (i’zwq,y)2 ovikv Ny \ i|Any|

hvk, 4 2
Apy=i—2L Ny =1/1+]|A .
v =13 TE -V’ v =\ 1+ | n»V|
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From the boundary conditions of continuity of the wave function
lim ¥, (x) = 1irn+ Yr(x), we find
x—0

x—0~
1+r ¢
Ne,O Nr],V
Ae70 — rAe,o _ Z‘A,]’V
Ne70 Nn,V

Thus,

Ao Nyy koo (mv2 +E,— V) — ik (mv2 +Ee)
Ao+ Ay keo(m2+E.~V) +ikyy (m?+E,)’
Nov _ 28e0

Ne,O Ae,O + Ar],V

(mv:+E, - V)2 + (hVKn7V)2 2ke 0 (mv2 —|—Ee)
(mv2 +Ee)2 + (hvke_’())z ke,O (mV2 +Ee - V) + iKI],V (mV2 +Ee) .

Case c) For the incident energy m»* < E, < V —mv?* (see the diagram in Figure 6.1),
the transmitted particle is a relativistic hole, as its energy will be E;, = E,, such that
E,—V < —my? < 0, whose group velocity is positive. The solution can be written as

Y, (x)= ‘I’e.+eik970x + PP, _etkeox , x<0
Y(x)= ' " ’ .
W) r(x) = 1), _e”Hnv>, x>0

From the boundary conditions of continuity of the wave function
lim W (x) = lim Wg(x), we find

x—0~ x—0+F

ke (V —-E,— mvz) —kpy (mv2 + Ee>

ke70 (V —-E,- mv2) + kh,V (mv2 +Ee) ’

(V-E,- mvz)2 + (7’1111%‘/)2 2ke 0 (mv2 + Ee)
(mv2 +E)* + (hvke)?  keo (V= Ep—mv?) +kyy (mv* +E,)’

Food for thought: Further insight can be gained by comparing the scattering
of a nonrelativistic particle from the same potential obeying the Schrodinger

=9)
equation (é’—:n + V) ¢ = E¢. Using that p, = fik is a good quantum number for
the momentum operator p, = —ihid,, we find that
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The wave function for the entire region can then be given as

o (x) ¢ (x) = e*o¥ 4 re=ikox  for x < 0
x) = , .
PR (x) = tekv¥, forx>0

From the continuity of the wave function and its first derivative across x = 0,

we find that
ko — ky ; 2ko
r= , = .
ko + ky ko + kv
Problem 6.17
Now let us consider again the reflection and transmission of the 1D relativistic electron
: : 0, x<0 .
with energy E, being scattered from the V(x) = {V 0 step-potential and under-
, X

stand the behavior of the various currents. What is the current density of the particle
in both regions as specified by the potential for the following:

a) E,>V +mv?;

b) V-m? < E, <V +m?;

c) mv* < E, <V —mv>.

d) Check the current’s continuity condition at the boundary x = 0 and comment on
the reflected and transmitted probability conservation relation. Consider the limit
of V — oo explicitly and compare with the nonrelativistic scattering.

The particle currents on the left and right sides of the potential are given by
Ji(x) =¥ (x)o PL(x); jr(x) = g ()0 PR (x),
and they must fulfil the boundary condition j; (0) = jg(0). From the previous problem
for relativistic electrons and holes, we have
(E,-V) 22y
77 .
hv ’

1 mv: +E, —V 1 1
¥4 (E) = ( " ) _ ( );
\/ (thn,v)z + (mV2+E,-V )2 +hvkyy Nyv \ £Av

hvkv 2
Apy = ——2—: Nyv =/ 1+ A v]
W = g, —y Ny = VI A

Case a) In the case of an electron with energy E, > V 4+ m? (see the diagram in
Figure 6.1), the wave function is

W) W r(x)= ‘I’e7+e"k">0x + ¥, _e k0¥ forx <0
x) = _ ’ .
Y, g (x) = 1Y, ek, forx >0
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At the potential step x=0, the current obtained from each side of the wave function
is

Sk

ﬁ(O)‘FE«DquHKO){l( Aco)+

lv_AeO :|
Ne70 Ne,O ( ’ )

* Ne,O Ae,O Ne,O _Ae,O
1 Ao =Aep
:%[(I,Aao)( : )+r(1,/\e,0)( N )

* Ae _Ae
wr (1ot (N0 )i ) (7))

=7 (1=1?),

12 A 2A
= | | |:(17Ae,V)< ilv >:| = eV |t|27

A2
Ne,V

) 1 1 1 2A.0
= 1,A — — 200
Jo {Ne,o ( e,O)] Ox {Ne,o ( Ao )] N€2«0

where jj is the current density when V = 0. Thus, the reflected and transmitted currents
are, respectively,

‘ r* r 1 2Ae.0 2
= 1, —A, Ox | 7 =- —Ir,
]r |:Ne 0 ( e,0>:| X |:Ne’[) ( _Ae,() >:| NgZ)O | |

)

Therefore, from j; (0) = jo+ j, and jg(0) = j;, and we have

’_ 2A00 |r|2
. 2
_ M — Neo _ |r|2 r= A&,O _A€~,V
Ljol 2A00 ’ Aeo+Aey’
NZo
P >
. 2
T_ m _ Ne,V . Ae,VN&() |t|2 . Ne.V ZAe,O
ljol 2Ac0 Ae,oNi v Neo Aeo+Aey’
NZo
Aoy N?
R+T =>+ Dy =1,
AesONe,V

which is a well-known result from scattering theory.
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Case b) In the case of an electron with energy (V —mv?) < E, < (V +mv?) (see the
diagram in Figure 6.1), there is a transmission of an evanescent wave, for which

W, 1 (x) = P, ek £ PP, e keoX  x <0
Y(x) = ' ’ '
Wr(x) =¥, e VY, x>0,

where k; v is a positive real quantity. In the potential step at x = 0, the current obtained
from each side of the wave function is j.(0) = jo + j, and jg(0) = j;; then we have

. 1 1 1 2Acp0
= 1, A . Ox | — =—,
70 |:Ne.,0( e,o)] ! {Ne,o < Acp )] Nz

. r* r 1 2Ac0 2
= 1,-A e = - : .
Jr l:Ne,O ( ) e,O):l Ox |:Ne70 < _Ae,O ):| Néo 7|

It is important to note that, for the evanescent wave, A,y becomes a purely
imaginary quantity (see the preceding problem); then, ¥, = i, e”V* with

1
_ 1 o
Yn+ =R,y ( i Ay >, resulting in

*

o[ ()]

jI: [N

2 ‘A
:zlvt,3|v {(L—i’AT,,v])( | {’*V| )] =0.

The reflection and transmission coefficients become

_2Ae‘0|r|2
_ il _ L =P — M
Ljol 2Ae0 ’ Aco+i|Agy|’
N2
e,0
_ il _ Ny 2Ae0
|./0| ’ Ne,O Ae,O +A17,V
Then, we obtain
ANeo+i|Apv| Aeo—i|Apy
2 =rr="-2 [Apv| Aco=ilAy ’—1

Aeo—i|Agv| Aeo+i|Agy]

showing that the known relation R+ T = 1 is fulfilled in this case as well.

Case c) In the case of an electron with incident energy mv?> < E, <V —mv?, which leads
to a reflected electron and a transmitted hole whose energy is Ej, —V < —mv? < 0 (see
the diagram in Figure 6.1), we recall that the solution is

W) W r(x)= ‘I’e7+e"k">0x + ¥, _e k0¥ forx <0
X) = , ’ )
W g(x) = 1W), _e”knv, forx>0


https://doi.org/10.1017/9781009355414.006

191

6 Relativistic Effects in Quantum Mechanics: The Dirac Equation

At the potential step x = 0, the current obtained from each side of the wave function is
Jjr(0) = jo+ jr and jg(0) = j;; then we have

. 1 1 1 2Ae0
= 17/\ Ox | 5 = : )
0 [Ne,o( e,o)} * [Ne,o ( Aco ﬂ Nez,o
) r* r 1 2A.0 2
r=|—(1,-A¢p)| Ox | =— == o,
J [Ne‘yo( EO)} * {Ne,o ( —Aep >} Nio d

[ i (4]

oI -A 2Any
= |(L=Awy) lh’v = -
Niy Niy

Then, the reflection and transmission coefficients are

~ 25012
_ |]7r| — Neo _ |r|2 ;= Ae,O +Ah7V
ljol 2A.0 ' Aeo— Ay’
N2y
2 )
. 2
_ m NhA,V - Ah,VNe,o |t|2 = Nhy 2Ae,0
| jol 2A.0 Ae,ON}iV ’ Neo Aeo—Any
N2
e,0
.. o thh,V _ V—Eh+mv2 _ thsz,O _
Further realizing that Ayy = IIEY — \/7 VEm? < 0 and Ao = ey
E,—my?
Em? > 0, then
Aco | Anv| [ 4he0 | Any |
=0 R T R S RAT =1
Ae,O + ‘Ah7V | (Ae,() —+ |Ah,V |)

d) Let’s see now what happens at the V — co limit for Ej, =V < —mv? < 0 using that
lim Ay =-1,

2
. Ao [Any] Aeo—1*  E.—J/EZ—m>V*
lim R = lim ' - ; _
Voo Voo Ae,O + |Ah,V | Ae,() +1 Eg _ m2V4
4A00|A 4A 2 EZ 2 A
lim 7 = lim 0 | Anv] = 0  _ e —m

= 2= 2= #0.
Vo—oo Voo (Ago+ | Any) (Aep+1)"  Ec++/E2—m?v*

Note that, even when the potential step becomes infinite, it cannot block the trans-
mission of flux of fermions (even though we have a transmitted flux of holes instead
of electrons). This is known as the Klein paradox for relativistic particle scattering
(Calogeracos & Dombey, 1999).

Let us compare with the nonrelativistic particle scattering, which was also discussed
in the previous problem. The motion is subject to the Schrodinger equation. The
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particle current is j(x) = 5L [¢*(x) V¢ (x) — ¢(x) V¢*(x)] and the continuity equation
jr(0) = jo+ jr and jg(0) = j; still holds.
We have to distinguish two different possible cases here:

E>V o ky=/2EY) 5

E<V o ky=i¥"V5 _

For both cases we have the same wave function,

¢ (x) = ekor 4 rekox  for x < 0
<I>(x) = . )
Pr(x) = tevr, forx>0

and the same result for r and ¢,
_ ko —ky o 2ko
ko+ky’ ko+kv
However, the E > V case corresponds to a propagating transmitted wave, while the

E <V case corresponds to an evanescent transmitted wave.
The incoming, reflected, and transmitted currents are found as

. Tko 2hk0
Jo = ) = _l |
m

. h > . . .
ji= |l|2 5 [e ikyx axelkvx _ elkvx axe lka] [t —
nii

m

For the propagating transmission, we arrive at

1jrl 2 ko —ky
R=2N 2, r= 0,1
| jol ko + kv 0.1}
2k
='J.—"=—|r|2>o, t=—""_¢[1,2.
ljol ko ko + kv

For the evanescent transmission, we have

h
Jr (x) — |t|27. [e—Kngxe—kvx _ e—Kvxaxe—KVX} —0,
ml

|]r| —Ir |2 _ ko —iky
ol ko + iky’
2k
= M =0, = 0
| jol ko +iky

The Klein paradox appears precisely for the evanescent transmission corresponding
to the creation of holes due to the scattering of the incoming relativistic electron.

Problem 6.18

Consider a Dirac particle with mass m moving in 1D with velocity v and energy E being
scattered by a potential Vod(x). The particle also experiences a quadratic correction Bp?
to the mass term with the constant B > 0. Assuming an incoming particle on the left
side of the potential barrier, obtain the scattered and reflected wave functions.
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We begin with the Dirac equation of this 1D massive particle:
[vhxox + (mv2 —Bﬁ?c) o+ Vgé(@ao} Y(x) = E¥(x).

The potential separates the space region into two parts and the corresponding wave
functions of the two regions will be connected by some boundary conditions at x = 0.

For the regions to the left and right of the potential barrier, the solution to the
eigenvalue problem H ¥, (x) = E,¥,(x) for p, = hk is

. 1 1 .
k.x le
Waal) = (0 = (o, e

E,= n\/ (mv? —Bh2k2)2 + (Avk)2,

where n = =1, N, = ,/1+A,2], Ay = m. Similarly, there are two possible

momenta (s = £) for each n:

. 4E2B?
kiw:iiB (2mB—1)+mn\| (1 -4mB) + —;—.
v

The general form of the spinor for a given energy E = E, can then be written as
‘Pn(x) = Cy pliy (k+7,7) PSR +C_yuy (k—«ﬂ) otk

The so-obtained wave function is valid everywhere except at the x = 0 point. At that
point, we must ensure the continuity of the Dirac equation due to the inhomogeneity
from the Dirac delta function, by considering H (p, = —ifid,) ¥(x) = EW¥(x). Using that

P(x) = <28 ) , we arrive at

( (mVZJrthfrgaj ok —(mv2+Bh2_<;§()9x+ Vod(x) —E ) (28) - ( 8 )

This is a linear system of two second-order ordinary differential equations. For our
purposes, it is useful to define a(x) = dya(x) and B(x) = dyb(x), which transforms the
system to first-order ordinary differential equations,

a(x) = dva(x)

B(x) = 9:b(x)
(mv? +Vpd(x) —E) a(x )+Bh2a a(x)—ihB(x) =0
—iha(x) + (—mv* 4+ Voo (x )b(x)—thaxﬂ(x) =

Collectively, one writes

a(x) 0 0 Br* 0 a(x)

2 b(x) | _ 0 0 0 Br? b(x)
B0 alx) | | - (Vd(x)+m?-E) 0 0 ih alx) |’

B(x) 0 (Vos(x) —mv* —E) —ih 0 B(x)
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where each equation from the preceding system is of the form d,®(x) = ﬁM (x)P(x).

1 ox
Using the Neumann solution ansatz ®(x) = %,e 1 Lo dm(x)d)(xo), where &, is the
Dyson ordering operator, one finds

&
lim [ dxM(x)
&

e—0/—
0 0 B> 0
= lim ° 0 0 0 Br’ dx
"0/ | = (Vod(x) +mv* —E) 0 0 ih
0 (Voo(x)—mv*—E) —ih 0
0 0 2¢BR* 0
. 0 0 0  2sBR?
= lim ’ .
e=0 | —Vo—2&(mv*-E) 0 0 2¢eih
0 ~Vo—-2¢(m*+E) -2eih 0
0 0 0 0
0 0 0 0
=Yol _1 0 0 0
0 1 00
This solution leads to the following boundary condition:
1 0 0 0
0 1 0 0
lim ¥(z) = lim 2, emz MOy gy | _ Vo 0 1 P(-e),
e—0 e—0 Bh2
S
Bh?
a(e) = a(-¢)
b(e) = b(-¢)
Vo
alE)=al—€&€)— al\—&
(e) = a(-¢) e (—¢)
0
Ble) =p(—¢) - -g)
(e) =pB(-¢) e (

Thus, for ¥(x) = ( Z(x) ) we have the following boundary conditions,
(58)-(36))-wor v
(o) )=+ G ) (o 5) (i)
- ¥ (01) =P (07) —A03¥(07),

where A = BV—;:Z. These boundary conditions are now used to study the wave function
scattering (see the scheme in Figure 6.2),
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lV(m) = 2o(2)

m A schematic representation of the potential and the two regions for which the Dirac equation must be solved is given.
Theiincident (7), reflected (R), and transmitted (7) electron wave function are denoted.

Wi ()= X (Agy (ky) € + Ryy (~ky) ™) forx <0
Y(x) = n=£l . ,
®) Ye(x) = Z (Tyuy (Ky) e’k"‘) forx >0
n==1

where the R, and T, terms denote reflected and transmitted waves, respectively. We find

Tu_(k_)+Tiuy(ky)
=A_u-(k-) +Asup (ki) +Rou (—k-) + Ryus (—k4),

ik_ T_M_ (k_) + lk+ T+M+ (k+)
= ik_A_u_ (k_) + ik+A+u+ (k+) - ik_R_ll_ (—k_) - ik+R+I/l+ (—k+)

— 03 <A—M— (k=) +Ayup (ki) +Rou (—k-) +Rius (—k+)> )
which can be written in a matrix form:
Re( B+ YA r++ 1+ Ay
R ) A\ oy - A )’
po( T Y2 e+ t- Ay
C\NT ) A\t ot A_ )’

g =2ko (AL +A%) —dk Ay A+ A (AT - A2),

= ZAA;N* ((k_ —ki) (Ap+AZ)+ (A4 —A_)) ,

ry—

- A ((k_ —k+><A++A_>+A<A+—A_>>,

re—=2ky (A2 +AL) — 4k A A+ A (A2-AY),
for = 2(keAs =k AL) (ky Am—koAy) + Aky (A2 =A%),
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tio = —— A (ky +ko) (A=A,

N.
=AM+ (ky +k-) (A-=Ay),
+
oo =2(ks Ay —koAZ) (ke A —k-Ay) — k- (A2 - AL),
A= ((A+2k ) A= (A+2k)AL) (A=2k) A = (A=2ky ) Ay).
It is interesting to note that the reflection and scattering of a Dirac particle from a delta

function potential leads to mixing of the = 4+ and n = — polarizations, as evident from
the off-diagonal elements in the R and 7 matrices.

Food for thought: What are the consequences of the 4 — 0 and 1 — *co limits
in the R and T matrices?

Problem 6.19
Consider the Dirac equation H = ca -p + mc?a*.

Obtain the (a) parity, (b) time-reversal, and (¢) charge conjugation under which this
Dirac Hamiltonian is invariant.

We recall that the invariance of a given Hamiltonian A under a symmetry transforma-
tion g of a given symmetry group G implies

H(gt,g7.8p) = U()H(t,7,p)U" (),
or, similarly
H(t,7,p) = U (g)H (gt,87.8p)U (g),

where U(g) is a unitary transformation that is a representation of the symmetry
transformation g in the Hilbert space of the system.

Then, the eigenfunction is transformed as |¢/(gz, gx,gp)) = U (g)ly (¢, x,p)). Invariant
observables A, under the symmetry operation are given as

(Aghy = <l/f(gt,gx,gp)|3(gt,g?, 8p) Iw(gt,gx,gp)>
= (U@, x.p)IU(AWF.H)U™ (&) IU()ur,x.p) )
= ((t.x.p) U7 () U(DALFP) U (8)U(9) (1. x.p))
= (Ut xPACFP) W1, x.0)) = Ay

The Hamiltonian is invariant under the symmetry transformation g if

H(1,7,p) = H(gt,87,p) = U()H(1,7,p)U ™ (g).
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a) We recall that the parity operator 7 reverses the position 7¥r~! = —7; consequently, it
also reverses momentum 7pa~! = —p. Also, 727 = —7F = (—1)°7, therefore, 7! =7".

For the Hamiltonian of the Dirac equation, we use the equality
Hn(t,7,p) = U7 '7H (1,7, p)7 " Uy = U7 'H (7,787 7pa ') Uy
=U;'H(t,~%,~p)Up,
UD'RH (1,7,p)7 Uy = U7 '7 7t (ca-p+mc*a*) 7 U,
=c(U;'d'Uy) (Rpin") +mc* (Uy'a*Uy)
=c (—Uﬂ_la/"U,r) Di +mc? (U;1a4Uﬂ)

= H(1,7,p) = ca' p; + mc*a®.

This means that the unitary operator U, must fulfil
~-U;'a'U, = o
U;'a*U, = o*
Equivalently, {¢/,U,} = 0 and [a* U,] = 0. Therefore, by using the anticom-

mutation relations of the Dirac matrices {a,a*} = 0, it is very easy to obtain that
U, = a* = U;'. Therefore, the parity operator can be represented as IT = a*7, and

ﬁll/’(taxap) > = 7704%\'1!’ (taxap) > = T]Cl4|l//([, —-X, _p) >
b) The time-reversal operator reverses time ©@~' = —, but not position Oro! = 47
consequently, this operator must be odd for the momentum ®p®~' = —p. Using
p= —ihV and applying the time-reversal operator, we obtain
0po ! = O(-inv)® ! = - ((:)i@’l> (@V@*l)
—h (@i@—l) V = —p = —(~ihV) = ihV.
To obtain the antiunitary operator that represents the time-reversal transforma-
tions for the Dirac equation, the following equality must be fulfilled

(t.7.p).

)

A (@;@*h@?@*',@ﬁ@*l) —BH(1,7p)0 ' =

Representing the time-reversal operator as ® = UpK with K being the complex
conjugation operator, we obtain

OH(1,7,p)0 = Uok [ca'pi+mcPa*] KU = Ug [ca™ b} + mc*a™| Ug!
=c (U@ai*U@;l) (=pi) +mc? (U@a/4*Ué ) = H(t,r,p) =ca'p; +mcta*,

where we have used that ¢ and m are real. This means that the symmetry transfor-
mation matrix Ug must fulfil

U@)a’i*Uél — _a,i
U@O/‘*U@’)l =aot
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©)

As all o matrices are real except the purely imaginary matrix o2, the above relations
are equivalent to

{al, U@} = {a3,U@} =0= [CUZ,U@] = [CL'4,U@] .

It is easy to obtain that Ug = a'a?, therefore, the time-reversal operator can be rep-
resented as © = o' oK, and Oy (¢, x,p) ) = UKl (1, x,p) } = na' &3* (=1, x,—p) ).
The particle-hole symmetry operator transforms particles into antiparticles, and vice
versa. It is also called the charge-conjugation operator because it can be proved that,
for consistency, all gauge charges (as the electric charge) change sign under the effect
of this operator.

As we are looking for an operator that transforms particles into antiparticles, we
need the equation for the particle and for the antiparticle (if it exists). The particle
(electron) is represented as the ket (|) = y, while the antiparticle (hole) will be the
bra ((y| = ¥*), therefore, we have

Hy = [ca/i (—ihd;) + mczaﬂ U =E..
Our goal is to transform the particle equation into the antiparticle one. To this
end, we conjugate the Dirac equation for the electron
(Hy) =H*y" = [ca’ (=ind;) + mc*a’] U= [ca™ (+ihd;) + mPa™] y* = E.y*.

Note that the hole has equal energy to the electron, but with opposite sign: E;, =
—E,, a property that the Hamiltonian has to obey.
Now, we multiply the conjugate Dirac equation by (—1) in order to exchange the
global sign to obtain the correct energy for the antiparticle
—ﬁ*w* = [CO/* (—ihd;) —mcza4*] U =-E " =Ep’*.

Finally, to obtain the unitary representation of the particle-hole symmetry for the
Dirac equation, we assume that there is a unitary matrix transformation U¢ that
transforms the initial Hamiltonian into the antiparticle Hamiltonian,
UcHUZ'Ucy = Uc [ca (=ihd;) +mc?a®| Us e

= [¢ (Uca'UZ") (=ind;) +mc* (Uca*UE") |y

= —ﬁ*w* = [ca'i* (—ihd;) —mcza4*] w*
where we have used that ¢ and m are real and ¢ = Ucy = ¢*. This means that the
symmetry transformation matrix Uc must fulfil

Ucd'Ug! = o*
Uca*Ug" = —a™

As all o matrices are real except the purely imaginary matrix o2, the above
relations are equivalent to

[al,UC] = [03,UC] =0= {arz,UC} = {a4,UC}.
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It is easy to obtain that Uc = na’a*; therefore, the particle-hole operator can be
represented as C = naa*K, and Cly (1, x,p)) = UcK W (1, x,p)) = nata Iy (1, x,p)).

Finally, note that, contrary to the rest of symmetries studied here, a Hamilto-
nian is invariant under the particle-hole symmetry if, under this transformation,
the hamiltonian changes its sign:

6ﬁ(t7?aﬁ)671 = —ﬁ(l‘,?,i)\)

Food for thought: Starting from the Dirac Hamiltonian in the presence of an
electromagnetic field,

ﬁn// = [co/ (=ihd; + qA;) +mctat + q¢ao] W= E.,

check that the antiparticles have the opposite charges of the particles.
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